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ABSTRACT

In this study, a singular perturbation based technique is used for synthesis and analysis of a near optimal
midcourse guidance law for realistic air-to-air engagement. After designing the proposed midcourse guidance law
using three dimensional point mass formulation it has been validated through detailed realistic six degrees of freedom
simulation. During terminal phase only proportional navigation guidance have been used. The calculation of optimal
altitude in present guidance law has been carried out using Newton’s method, which needs generally one iteration
for convergence and suitable for real-time implementation. Extended Kalman filter based estimator has been used
for obtaining evader kinetic information from both radar and seeker noisy measurements available during midcourse
and terminal guidance. The data link look angle constraint due to hardware limitation which affects the performance
of midcourse guidance has also been incorporated in guidance law design. Robustness of complete simulation has
been carried out through Monte Carlo studies. Extension of launch boundary due to singular perturbation over
proportional navigation guidance at a given altitude for a typical engagement has also been reported.
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NOMANCLATURE
BVR Beyond visual range
DCM Direction cosine matrix
CDF Cumulative distribution frequency
CG Centre of gravity
DOF Degree of freedom
EKF Extended Kalman filter
GBPN G-biased proportional navigation
LOS Line of Sight
LV Local vertical
MC Monte Carlo simulation
MMI Mass moment of Inertia
ND Normal distribution
PIP Predicted impact point
PN Proportional navigation
SDINS Strap down inertial navigation system
SP Singular perturbation guidance law
TPBVP Two point boundary value problem
ub Uniform distribution

1. INTRODUCTION

In air-to-air engagement, it is desirable to launch an
interceptor (pursuer) against a target (evader) when it is
beyond visual range (BVR) of the pilot of the launch aircraft.
The evader is tracked by on-board radar and the information
is communicated from launch aircraft to the pursuer through a
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data link. During the midcourse phase of flight, the objective
of the guidance system is to reduce the line-of-sight (LOS)
separation between the pursuer and evader and to place it
within the seeker lock-on range. Classical guidance laws
like proportional navigation (PN) perform well for short and
medium range application. The aim of the present investigation
is to study the singular perturbation (SP) based guidance law
as a viable alternate to the conventional guidance laws for
midcourse application in a realistic pursuer evader air-to-air
engagement. The SP approach gives real time approximate
solution to optimal control problem and eliminates the need
for extensive computationst. An excellent historical review of
SP theory as it has developed over the years was discussed
by Naidu and Calise? and O’malley®. The paper on SP-based
guidance to minimise the miss distance in real time for short
range air-to-air interception, by Sridhar and Gupta* reported
that it provides a significant improvement over PN. Calise® has
used SP method for on-line optimal control of an aircraft as
a minimum time interception problem. Later, by applying the
same technique for BVR interception, Cheng and Gupta®, Sheu’,
et al. and Weston?®, et al. have reported that by proper trajectory
shaping during midcourse, almost 25 per cent increase in
effective launch range over PN guidance could be achieved,
Subsequently, Menon and Briggs®, Kee??, et al. and Raikwar™,
et al. reported the superior performance of near optimal SP
guidance law over PN. Sigal and Ben-Asher'2 computed SP
based midcourse guidance command and optimum initiation
time of second pulse of a tactical flight vehicle (FV) with pulse
rocket motor. Chandrakant®® has designed midcourse guidance
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law of an air to surface FV. Here the path constraints have been
accounted for by constructing the optimal altitude in the outer
layer solution. The boundary layer correction on fast variable
also have been done using feedback linearisation.

In all the above cited references the SP guidance law has
been developed by optimising different performance indices
using three degrees of freedom (3 DOF) point mass model of
pursuer and evader. But the intricacies of implementation of
SP guidance law in realistic six degree of freedom (6 DOF)
simulation model along with detailed results are not reported.
This study bridges this gap by addressing several of these
practical issues. The paper’s contributions are :

(i) Revisit of SP guidance law derivation along with
algorithmic details as extension of®

(i) Anovel real time implementable algorithm for computing
optimum altitude, critical for a successful on-board
implementation of the SP guidance

(iii) Several implementation issues for realistic 6 DOF
simulation with SP guidance law and

(iv) Pursuer has to always within the maximum beam width
(#20° )of the data link of the launch aircraft (Fig. 1).
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Figure 1. Air-to-air engagement (pursuer, evader and launch
aircraft).

This important practical constraint has also been modelled
in the present problem. The noisy radar measurements from
launch aircraft radar during midcourse phase has been processed
by extended kalman filter (EKF) based estimator in closed
loop to estimate its current position and velocity components.
This Kinetic information is communicated to the pursuer from
launch aircraft through this data link and it form the inputs to the
midcourse guidance algorithm to generate its lateral acceleration
(latax) demand along the yaw and pitch planes. Robustness of
the proposed midcourse guidance algorithm has been shown
against different system uncertainties and sensor noise variation
through large number of Monte Carlo (MC) runs.

2. DERIVATION OF SP GUIDANCE LAW
The governing equations of motion of pursuer as 3D point
mass model assuming flat earth is (Fig. 2)

x=f,(X,0)=Vcosycos¢ ; X(t,) =X,
y=f,(X,0)=Vcosysing ; y(t,)=Y,
h=f,(X,00) =Vsiny ;b)) =h

h
-

neosar 7 msine

Figure 2. Pursuer configuration in state space for SP guidance

law.
E'=f4(m)=M ; E)=E (1)
mg
o= t,m =319 ) =g,
V cosy
y= 1,(x,m) = 9MEOSO=COST) iy

\%

The state variables (x,y,z) are downrange, cross range and
altitude of the pursuer in the inertial frame, E = (VZ/(Zg) + h)
is the specific range, V is pursuer velocity, y is the flight
path angle, ¢ is the heading angle, T is the thrust, D is the
drag experienced by the pursuer, m is the purser mass, g is
acceleration due to gravity, nis the total load factor and o
is the orientation of the load factor (bank angle). The control
variables T are (n,0). Now let us define the load factor as

L L

pet_ bt ()
W mg

where L is the lift and W is pursuer weight. At any instant of

time V should be interpreted as

V =,/2g(E-h) (3)
In the present analysis the aerodynamic drag is calculated

as follow:

D =D, +Dn’; D, =C,,QS;

p =Mk 1

QS CNCL

Here k,and C,, are functions of Mach number M and pis
function of altitude h.

Ky =kg(M); Cpo =Cpe(M,h); p=p(h) ()

The in-flight evader state is used instead to predict the

point of interception (PIP) which is treated as a terminal
condition for the system of Eqn (1). The terminal conditions.

(vavh) (tf) = (Xf!yf'hf) (6)

1.2

2.1 Optimal Control Formulation of SP Guidance
The performance index for optimal guidance problem to
be analysed is

Minimise J :j; (L+kn?)dt @)
where (t,, t, ) are initial and final time, 1 is the resultant
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load factor and k (0<k <1) is the weighting factor. Also
the guidance solution should satisfy the following inequality
constraints.

| <npandh<h, 8)

where Mmax is the maximum allowable load factor on the
pursuer and h,,. is the maximum height of the pursuer so that
its LOS wrt launch aircraft should be less than the maximum
solid angle of the data link (+20°) .

Solution to the optimal control problem can be obtained
by defining a Hamiltonian® as

H =AlE+@+kn?) =1L f(x,u,t)+(L+kn?) 9)
where &= (x,y,h,E,¢,7)" and A, :(kx,xy,kz,kx,kx,kx,kx,)T.
Here 2. elements are Lagrange multipliers which satisfy

: oH Y
%)

] (10)
?»a(tf):(xf XY =Y. 2, —z,0,0,0)

L,and2, are constraints since H does not depend explicitly
on x and y. the optimality conditions are

°oH cH

—=0,—=0 11
on oo ()
The transversality condition due to free final time is

H(t, )=0 (12)

where H is time varying. Offline solution of a 12-th order two
points boundary value problem (TPBVP) resulting from the
above formulation, is notamenable to real time implementation.
This facts lead us to other solution methods such as the SP
theory based on time scale separation.

2.2 Time-Scale Separation
In SP theory the derivatives of some of the states are

multiplied by a small positive scalare
x=f(x,z,8t), x(t,) =x(0), xeR" (13)

e2=9(x z,&t), 2(t,) =2(0), zeR" (14)

The scalar € is a modelling tool. When we sete = 0, the
dimension of the state space of Egns. (13)-(14) reduces from
n+m to n because the differential Eqn. (14) consisting of &2
degenerates into algebraic or transcendental equation

€2=0=9(X,2,0,t), ZeR" (15)

In the present problem, there exists a clear separation in
time scale among all the state variables which canbe divided into
three groups®* such as (i) Slowest: (x,y,E), (i) Slow: h, and
(iif) fast: (y, ¢). Here at first the slowest variables are solved
assuming fast variables to be in equilibrium. Then, the slow

variable along with the slowest variable solutions (x y,é,h),
are solved assuming fast variables be in equilibrium. Finally the
last fast variable (y,(])) are solved along with the slowest and

slow variables (%, §, E,h ). Note that results obtained from each
individual layer is not optimal because they do not satisfy the
boundary condition imposed in Eqn (6). So an ad hoc boundary
layer correction needs to be carried out in (h.7) in the second
and third layer for adjusting evolved near-optimal altitude and
flight path angle to final values as given in Eqn (6).
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2.3 Outer Layer Solution

In section 2.2, the overall SP algorithm has been described
eliciting the importance of timescale separation. Now let us
derive the relevant equation for real time solution of present
problem.

2.3.1 Slowest Time Scale
The slowest variable are (X, y, E) . Since (h,¢,y)are faster,
according to Egn. (15),

sh=V siny = S(i) :mzo; ey = wzo (16)
V cosy \Y
So, in the equilibrium condition
7,=0 6,=0 n, =1 (17)
The simplified Hamiltonian Eqn. (9) is then
. V, (T -D.
H, =1,V cosd, +A,V,sind, +xE11(Tm—gl)+1+ k (18)

The subscript ‘1’ denotes the state and control variables
in a slow time scale. In this time frame hand ¢, may be
considered as pseudo control variables. The optimal value of
0, is given by

oH,

Ay
=0; tan¢p, =— (19)
1 >\‘x1
Since A, and %, are constants in Eqgn. (10), ¢, is also a
constant. Now using Eqgns. (1) and (6) we get

y -y, /t _
tan ¢, :¥: (Ye —¥o) ', _ (Yr = Yo) 20)
Yoo (X =x) 1t (X =%)

The transversality condition in Eqn. (12) implies that

, V,(t,)(T-D
MoV, (t )eos o, + 4V, (t; Jsind, +xE1+l)

+1+k=0

(21)
Again, based on Egn. (10),
Mgy (tf ):0 (22)
So using Eqns. (21)-(22) we obtain

:_(1+k)cos¢1 - :_(1+k)sin¢1 23)

IO R

Ag, NOW can be obtained from Eqgns. (21) and (23). But H,(t)
is time varying and not autonomous. To permit H, (t) = 0 the
concept of average thrustT,, and m,, is very crucial®®. Which
will be discussed later.

vV, (T,, - D.
H,(O=02,,V, cosd, + 1.,V sing, + kEll(aV—l)+1+ k=0
man
(24)
Using Eqgns. (23)-(24), we obtain

m,, g (1+k 1 1

Mgy = ( ) IV (25)
Tav - Dl V1 (tf ) Vl

where V, (tf ) is v, atthe t, . The pursuer forward acceleration
can be approximately written as

_ Tav B Dl _ Vl (tf )_Vl
om, Ot

av go

Vi

(26)
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Based on Eqns. (25)-(26) we can rewrite the expression

for A, as

EL (1+ k)t (27)
\AA (tf )
But calculation of A, from Eqn. (27) needs time-to-go

(ty, ) estimation which will be discussed later. Final step is
the computation of optimal altitude h, based on the equation

E1 T

oH, _ This vi alegand
oh oh v,
g 9. (T-DB) g Vv, b,
-\, —COS{, — A, —Sinp, — A -\ =
><1\/1 ¢1 yl\/1 4)1 El mg V1 El mg Ohl

(28)
After eliminating (1,2, ) based on Eqns. (23) and (28)
we obtain

1+k
g(@+k) 1(T D), V,* ab, _o (29)
v, (t,) mg | mg oh

Again, after eliminating A, based on Eqns. (27) and (29),
we obtain

oD, mV, g
—=—| —2+(T-D) | 30
oh, { t (T l)JVf (30)

Equation (30) has to be solved to obtain the optimal h.
Here D =D(p,V ) along with p=p(h) and

2
D :%pVZS (Coo +Cpi )=D, + D1 :%pVZCDo +ﬂn2

N _ g D, 1 , Op j
d—=-2 Z8C,,|VEIE-2 d
MHTV 2 D°£ on P9
]/CN&)V 7_2pg
5/2) (p Y

@ _D, D, Dyp DN D p, DN
op oh oV oh opon v an

(1)

D, ,
Zn - (9)

= +—L
choh oh

1 .8 e, 200
:ESCDO(V O—E—Zpgj (nmg)’ ©2) (sz)

The optimal height h, can be obtained by optimising the
cost function based on Eqgn. (30).

2
ab, m_V,
3,(h)= —1+{Ll+(Tav —Dl)}% (32)
GD ahl tgo Vl

where, a_hll is obtained from Eqgn. (31). Cost function Eqn.
(32) is optimised to obtain h, using Newton method.

~ ~ -1

hl,k+1 = hl,k _[(szh)J (V‘]h )k (33)

Change and Gupta® as well as Raikwar', et al. used
approximate algorithm for calculation of optimal h,. Present
algorithm is computationally slightly more complex but
more accurate. Initial guess altitude his supplied as input.
Subsequently, h obtain from the previous guidance step is

used as initial guess for current guidance computation step.
For satisfying the inequality constraint as given in Eqn. (8), h,
is considered by h__, . Then, for current (h, V) of pursuer, V, at
altitude h, may be obtained from specific energy conservation
relation
2 2
WL h, = VZh (34)
29 29

2.3.2  Slow Time Scale
The slow time scale is defined by the altitude (h) dynamics

which is faster than the dynamics of (X, y.E)but slower than
(v.9). To solve for the altitude dynamics (&,;,%,,, A, )from
the slowest time scale are used. Since (¢,7)are faster than h
can be assumed in equilibrium
_gnsine _ g(ncoso—cosy)
~ Vcosy Vv

=0 (35

6,=0 n,=cosy,
The simplified Hamiltonian Eqgn. (9) in the present context is
H, =V, cosy, cosd, + 1V, cosy, sind, +
V,(T-D,) (36)

+1+kcos’y,
mg

where subscript ‘2’ denotes slow time scale. Variables and

(V,, D, ) are current pursuer speed and drag.
The control variable in this time frame isy,. The
optimality condition is

H . . .
H, _ 0; =4V, siny, cos, — AV, siny, sin ¢,
o, (37)
— AV, COSY, — 2k oSy, siny, =0

AoV, siny, +Ag, ——22

After elimination of the Lagrange variables through Eqgns.
(23), (37) reduces to

V,siny,(1+k)

V()

+A,,V, cosy, —2kcosy,siny, =0 (38)

Therefore,
Ay = — (1+k) 2kcosy, tany, (39)
\A (tf ) Vv,

Additional condition for free final time H,(t)=0and
Eqn. (37) gives

_@+k)V,cosy, (1+Kk)V,sin’y,

Vi (tf) Vi (tf )COSYZ
1+k)t -
—{( k) g°}{vz (T DZ)}+1+kCOS2 v, =0

ARGy My,
Which simplifies to

@k, +k5inzvz={(1+k)t93}{vz(T;_DZ)}_(“")

V, (t, )eosy, WV, (t

+2ksin?y,
(40)

(41)
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Putting sin’y, = (L—cos”y,) and neglecting the cubic
terms, from Eqn. (41) we get

_| @20V (t )_ te (T, —D,)
1+k V, v,m,,

secy, (42)

This equation gives the value ofy,. Note that in Eqn.

(42) V, is pursuer velocity at optimal altitude h,, V, and D, are
current pursuer speed and drag.

2.3.3 Fast Time Scale
((I), y)deﬁne the fast time scale. The Hamiltonian can be
written as

H; =X,.V, C0Sy,COS P, + AV, COSY, SiNd, +A,,V,Siny,

V,(T-D i
+}\’E12(—3)+}\’¢3&m+}\’y3g+1+kn§
mg V, cosy, Vv,

(43)

where subscripts ‘3’ denotes the variables in the fast time scale.
I D, is the current drag of the pursuer.The original guidance
problem control variables are(n,,0,). The optimality
condition is

. Msgm"‘)‘yz J
on, V, cosy, V,

~coso, + XEIV—Z(—2n3Di3)+ 2nk=0
2 mg

(44)

where D,; is the pursuer induced drag at current time. Other

optimality condition ZH3 =0 Which yields

S
hys =M tanc, cosy, (45)
Eqns. (44) and (45) together give
g 1 V,D;,
R — Y -k 46
V3 V, coso, { E1 mg Ns (46)

Let us define
r{xﬂ\’ZDﬁs —k} (47)
mg

where D, is given in Eqn. (4). From Eqns. (45) and (46) we
get

V. V. .
A= ZFEZm C0SGy; Ay = ZFEZnssm 6,C050, (48)

Now, given current (y,, ¢,) and desired (optimal) (y,,
¢,) the orientation of the current velocity vector V, and the
desired velocity vector have to be obtained. The direction
cosine matrix (DCM) of the current and desired velocity vector
are

COSy,C0Sd,  COSy,Sing, siny,
Cf=| -—sin¢, €05 0, 0
—-siny,cosd, —siny,sing, cosy,
cosy,Cos¢,  Cosy,sing, siny,
C’=| -—sing, cos ¢, 0 (49)
—siny,cos¢, -—siny,sin¢, cosy,
Given the current and desired velocity vector (V,,V, ),
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their corresponding direction cosines (0,0, ), the turn angle
(total angle through which flight path must be changed) is
given by,
COSAy =, - Uy = COSY, COSY, COS (¢, — ¢, )+siny,;siny,
(50)
Assuming the difference (¢, —¢, )in the above Eqn. (50)
to be very small yields

cos Ay =cos(v; 7, )= Ay =(1; -7, ) (51)
The lift vector is perpendicular to 0, and the optimal lift

vector should be in the plane containing (0,,0, ). In Fig. 3
another coordinate system has been defined. Let this coordinate
system have x axis in the direction of the velocity vector of
the pursuer, h'axis in the plane containing the h axis (Fig. 2)
and the velocity vector V and perpendicular to V. The y axis is
defined automatically to complete the right handed coordinate
system. Now referring to Egn. (49) we transform the velocity

in the desired frame (¢,,v, ) to the current velocity in the local
vertical (LV) frame (¢, 7, )as follows:

- T . N
Va = |:dein 'dei] =V, [COS Y, C0S¢; COSY,sing, sin Yz] ,

lyi
- o u
V. =C'Vy = |:de' de' de‘] (52)
After some algebraic manipulations, we obtain,
V, =V, (—sin ¢, cosy, cos ¢, +C0s ¢, COSy, Sin¢, ) (53)
V. =V, (~cos¢;siny, cosy, cos¢, —sin ¢, siny, cosy, sing, +cosy,siny,)
Hence, the desired lift orientation angle in the current
LOS plane is (Fig. 3)
V. . V..
dh . . dy
—-—— 7 Sing,——X— (54)
2 2 3 ‘ ,
dy' +th‘ df/‘ +Vd2h
Additional condition related to free terminal time H,(t)=0
by assuming T and m to beT, and m,, may be obtained using

Eqn. (44) and the values of (A, %1 hers Ay hyai s Jas given
in Eqgns. (23), (25), (39) and (48). This condition is

_(+k)V, o8y, (L+k)V,siny,siny,
A V, (t; )eosy,
@+k)ty, V, (T, —D,)
RS

+1+kn,’ + 2I'n;’ sin’ o, + 2I'n, €0s 5, (N, COS G, —COS ¥, ) =0

oSG, —

+2ksin’y,

(55)
From which
@k, cos(vs -7, )+ oksin y, - @+k)t, v, (T, —D;)
Cos Y,V (tf ) ViVy (tf ) My
+1+(k +2I")n,” + 2I'n, cos o, cosy, = 0 (56)

Which, on simplification, using Eqn. (42) yields
(k+2I")n,* —2I'n, cosc, cosy, +
1+k)V, sin? (v, — ) (57)
(L4 )Vasin” (v; 72 +2ksin’y, -2k =0
CoSY,V; (tf )COS (Y3 —Y2 )
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Figure 3. Coordinate transformation in context of SP guidance
law.

Further simplification and approximation yields

(k+2I")n,* —2(I coso, cosy, )n,

@KWV, (15 =7, ) (58)
= 0
cosy,V, (t, )

Neglecting lower order terms and using Eqn. (51) the
above equation yields the solution for n, as

SR L L

2.4 Boundary Layer Correction

Optimal altitude h, obtained by optimising cost function in
Eqgn. (32) issuboptimal because it does not satisfy boundary
condition in Eqn. (6). So ad-hoc boundary-layer correction on
optimal altitude® ** /" is given by

by =h, (L—e™" )+ hen (60)
where, 1, is the horizontal range from pursuer to PIP and h, is
altitude of PIP. As suggested int

k, € [0.00003, 0.03] (61)

Ad-hoc boundary-layer correction on optimal vy,
Eqn. (42) is given by5 1

-2k cos®y, +

1 1 et
To =gjt T (t)dt . m, =gjt m(t)dt (64)
where t is the current time andt, is the predicted intercept time.

2.6 SP Algorithm for Midcourse Guidance
The analysis given above leads to the SP midcourse

guidance algorithm which is given below.

Step 1: Define pursuer and evader initial conditions
(XO’yO’hO' 100+ Y01 %00 Yio+ Mo tO!(I)IO’YtO)'

Step 2: If pursuer-evader distance is less than the seeker lock-
on range, switch to terminal guidance.

Step 3: Calculate t,, and PIP (x,,y,,h, ).*

Step 4: Calculate optimal heading angle to the PIP, using Eqn.
(20).

Step 5: Determine angley, from pursuer to PIP. where
¥, = tanl{(hf _hﬂ)} .d, is PIP-pursuer horizontal distance.

dh

Step 6: Determine pursuer optimal altitude h, by optimising
cost based on Eqgns. (20), (32) and (33).

Step 7:hcorrection (boundary layer) h; = h, (l— g th )+ h e
where, k, & [0.00003, 0.03]

Step 8: Constraints h by h.,, ((8)).Then, using Eqgn. (34)

obtainy, = N2+ 2g (h-h).

Step 9: Determine the final value of V , i.e. V; (’[f )using Eqgn.
(26). V, (tf ):Vl gO( )

av

Step 10: Determine the flight path angle y, using Eqn. (42).
Step 11: y correction (boundary layer) v, =Ky, +(1—k, ), ;

k“)) e[0,1]

! (I’ seeker
Step 12: Determine o, by comparing the desired and current

pursuer velocity vector using Eqn. (54).
Step 13: Determine the load factor magnitude n, using Eqgn. (59).
Step 14: Go to step 2 in the next guidance cycle.

| Aero Data CpeiM), CrefM). Mass vs. Time, Thiust vs. Thne |

y; = kyyz + (1— ky )Yh (62) Coa Crie. Tum Mhr o6, Cire, Tors v | Coa Cas T.,,m,“ e |
where, v, is optimal pursuer flight path angle,y, is he (! l,h Y
flight path angle of the P_IP from the pursuer location i sen| 5eg0r [AE G 5 res ], e m g0
andk, is a constant to satisfy™ _@ﬂg FRPYEY P A g RS TS _Bc_;ﬁw Y= i) A0

K, = (T~ s e[0,1] (63) b’%,:y; i 2220 PP Lol il e

(r Ve ker ) gh=0 —;— o P o A B ) s e
where r is the instantaneous distance from the pursuer o o —~ ?f:i E :':’(1
to the evader, r,is distance from the pursuer to the 1}’:\ :fm f[t {I’_{n;oﬁ Bdel oo
evader at the start of the midcourse guidanceand r_,, . = = -
is the seeker lock-on range. The schematic diagram
of the SP based midcoursg guidance law is shovgn in iy trd e (ot Ton e Yo, 2 180 Plaot Dynamics
Fig. 4. %) ha, v2) (2, v2, 4,190

EREMLLY

2.5 Computation of (T,,.m,

*Control Input

Time varying Hamiltonian can be made H (t) =0  Figure 4. Schematic diagram of midcourse SP guidance law (equations for

by introducing average thrust and average mass. f...

.f, are in Eqn. (1)).
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3. 6DOF IMPLEMENTATION OF SP GUIDANCE

ALGORITHM

The pursuer aerodynamic data base consisting of
Cpo (M,h)andC, used for this algorithm is shown in
Fig. 5 and Fig. 6, respectively. The time history of the pursuer
thrust and mass data for evaluation of (T,,,m,,) is given in
Fig. 7. The output of SP guidance is (n;, 5, )along the pitch
and pitch plane. These latax components are in local vertical
frame. They have to be converted to body frame for generating
autopilot. Demanded pursuer acceleration in local vertical
frame transformed to body frame using latax demand.

|:axd 8y 8y -;:Cibcliu [0 My nz]L (65)

The pursuer position(x,,Y,.z,) and velocity
(me NymVam ) are available from on-board strap-down internal
navigation system (SDNIS). Its azimuth and elevation angles
along with DCM, are

cosy, cos¢,  cosy,sing, siny,
C| -sing, cos¢,, 0
—siny, cos¢,, —siny,sing, cosy,

¢m = tan_l (Vym /me )’ Ym = tan_l &zm V Xlz'ﬂ +\7an ) (66)

Calculation of total drag using Eqn. (4) is very important
for computation of optimal altitude. So, latax achieved by
the pursuer and sensed by the accelerometer is fed to the SP
guidance block for accurate induced drag calculation. Let
(nyr My ) be the fed back latax components in the local vertical
frame from the acceleration output after necessary orthogonal
transformations. The transformation equations are

nxf ) ax
nyf :Ciluclln ay
Nt v Y sensed
m?gk 1
Nt :\/nif +an ;D= Do+Dme?Do =CpQS;D; = QgS : kg = C
Na
(67)
Input to SP algorithm is (X,,, Y, Zy Vs ViV, ) ObtaINEd

o o o o -
H H H H

&

38 » ) . g
MACH NUMBER

Figure 5. Pursuer C_  variation with Mach number and
altitude.
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Figure 7. Time history of pursuer thrust and mass.

from the SDNIS. An EKF based on board radar estimator
is used to process the noisy range, azimuth and elevation of
evader to estimate its position and velocity components relative
to the aircraft. The estimated inertial position and velocity
components of evader is sent to the pursuer through a data link
at a certain frequency. Position and velocity information of
both pursuer and evader arev input to the SP algorithm which
generates (ny WM, ) as guidance output.

One important practical constraint in midcourse guidance
is that the pursuer has to be always within the data link beam
width of +20° with respect to the launch aircraft for receiving
the evader information (Fig. 2). So at any time instant based on
data link maximum look angle constraint, launch aircraft and
pursuer SDNIS information, h,,, (Section 2.6) was computed
online. Calculation of the h based on its constraintsh,, (8)
has been carried out in the guidance algorithm. Instantaneous
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position (x,, Y,,z,) and velocity components (V,,.,V,,.V,, )
of the aircraft are available from aircraft SDINS. At any time
instant the pursuer LOS with respect to the aircraft can be
written as

AX=X,—X;; Ay=Y,—Y.,; Ah=h —h;

Oima = tan " (AX/AY); ¥)e =tan™ (Ah/ JAX? +Ay2) (68)

The pursuer LOS as given in Eqgn. (68) has to be always
within y™ = +20° during midcourseguidance and

Ima

P =6 =X, )+ (Y =2 Y tan i +2, (69)
Demanded pursuer optimisation altitude from Egn. (32) is
modified as h, =min(h_,,.h )and used in Eqn. (34).

max !

4. 6DOF SIMULATION RESULTS

Here we show through simulation that the SP guidance
law during midcourse gives rise to more closing velocity at the
end of midcourse which in turn gives more launch range when
compared to PN guidance. First we will consider a typical
engagement (Table 1) with a non-manoeuvring evader. For this
case study PN or SP was used during the midcourse phase and
PN was used during terminal homing phase. The aerodynamic
data, the purser mass history and thrust profile have been
discussed previously. After launch from the launch aircraft, the
pursuer’s initial elevation and azimuth is kept constant for 2.5
s using an altitude hold autopilot. Also, at launch, the on-board
radar estimator of the launch aircraft is initialised to process the
evader noisy measurements, tracked by on-board radar. After
attitude hold phase, the midcourse guidance is initiated. During
this period, the evader position and velocity components
estimated by the radar EKF, are up-linked to the pursuer
through data link from the launch aircraft. Once the pursuer-
evader range becomes less than 15 km, the pursuer on-board
seeker starts tracking the evader. At this time instant. EKF based
seeker estimator is initialised to estimate the relative position
and velocity components of evader with respect to pursuer by
processing the noisy seeker measurements. At 10 km range-
to-go the radar based midcourse guidance ends and PN based
terminal homing guidance starts. From this time onwards the
pursuer is in autonomous mode and seeker based estimator
output is used by the terminal PN guidance for pursuer latax
generation. During midcourse guidance, radar EKF sampling as
well as update of position and velocity information of evader to
pursuer is carried out at every 100 ms using the data link. During
terminal guidance, seeker EKF processes seeker measurements
at 10 ms interval. Guidance update during midcourse, as well
as during the terminal phase, is carried out at 10 ms interval.

Table 1.  Typical engagement scenario for SP midcourse guidance
(Non manoeuvring evader)

Head-on engagement, Seeker lock-on range = 10 km

Parameter Pursuer Evader
Initial velocity 380m/s M =1.2) 228 m/s (M =0.7)
Initial elevation angle 0 deg. 0 deg.

Initial azimuth angle 0 deg. 180 deg.
Initial altitude 8 km 6 km

Details of evader model, PN guidance law and terminal seeker
estimator are given in Srinivasan?®, et al. A brief description
of midcourse radar estimator in launch aircraft is given in
Appendix A. In 6DOF simulation the guidance law operates
in the presence of sensor noise, body rate coupling with LOS
rates of seeker, estimation error, guidance lag, autopilot lag
and actuator dynamics. Three loop autopilot!’ has been used
in simulation for tracking guidance demanded latax along both
yaw and pitch plane. The control surface deflection demands
are passed through four independent actuators. The actuators
have been modelled as a second order system with command
2

input/output transfer function 8—°=¢

5, $°+20,0,5+0

¢, = 0.366, o, =20 Hz, 5, =24 deg. and 3§, =25. deg/s.

The actuator nonlinearities consist of dead zone and backlash

of 0.23 deg and 0.115 deg half-width respectively. Based on

the simulation results we infer the following:

(@) Using PN guidance during midcourse, maximum launch
range is 41km with impact Mach 1.1

(b) Using SP guidance with maximum range of 48 km can be
achieved for the same initial condition as in PN. During
midcourse phase maximum LOS with respect to launch
aircraft is 19 deg which is within data link limit. In this
case interception Mach number is 1.2.

(c) Pursuer velocity and Mach number corresponding to PN
guided trajectory (41 km launch range) and SP guided
trajectory (48 km launch range) are shown in Fig. 8.
Time variation of pursuer LOS with respect to aircraft
(dima»Yma ) @long yaw and pitch plane are shown in
Fig. 9. Complete engagement trajectory for all the above
cases is shown in Fig. 10.

(d) The demanded and achieved t achieved accelerations in
pitch and yaw planes along the body frame corresponding
to SP during midcourse and PN during terminal homing
are shown in Fig. 11. From the figure we see that initially
pursuer experiences high latax to reach the optimal
altitude which is the main reason for pitch up.

A complete 6 DOF Monte Carlo simulation of the given
engagement condition (case study of Table 1) has been carried
out to study robustness of the present SP guidance law in the
presence of uncertainty in the initial kinematic conditions aero
data thrust wing/fin misalignment angles, centre of gravity (CQG),
mass moment of inertia (MMI) of pursuer and random noise
sequence in airborne radar and pursuer seeker measurements.
Variation on different parameters for MC simulation is given in
Table 2 which are based on experiments and wind tunnel tests
and other subsystem consideration. MC engagement result
corresponding to both (PN+PN) and (SP+PN) as (midcourse
+ terminal) guidance law for 41 km and 48 km lock on range
is given in Table 3. The results are based on 100 runs. From
the results we can infer that for a given engagement condition,
subjected to data link hardware constraint it is possible to
increase the launch range by 17 per cent through SP midcourse
guidance law over PN for supersonic interception. Supersonic
interception is preferred for overall system effectiveness and
lethality point of view. Cumulative distribution frequency
(CDF) comparison of miss distance corresponding to PN and
SP midcourse guidance law is shown in Fig. 12.

with
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Figure 8. Time history of pursuer velocity and match number
(PN or SP during midcourse, PN during terminal
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Figure 9. Time history of (¢lma,yIma) (PN or SP during
midcourse, PN during terminal phase).

We next obtain the outer launch boundary for engagement
at 10 km altitude corresponding to anon-manoeuvring evader.
The inputs for launch boundary generation are seeker lock on-
range = 10 km, pursuer and evader initial velocity = 370 m/s
(M =1.2), their initial elevation = 0 deg, pursuer initial azimuth
= 0 deg. and evader initial azimuthe (0, 180) deg. With these
initial conditions, the normalised outer launch envelope using
PN and SP as midcourse guidance is shown in Fig.13. With the
present data link constraint it is possible to extend range by
about 15 km for engagements at 10 km altitude.

5. CONCLUSIONS

In this study SP guidance algorithm originally developed
by Sridhar®, et al. and Cheng®, et al. has been derived and
thoroughly analysed. The guidance law has been implemented
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Table 2. Perturbation of different parameters in 6 DOF simulation for MC Study of Tablel

Parameters Distribution type® Factor™ Parameters Distribution type® Factor™
t(s) uD (0.2,03) AFz Thrust (s) ub (6.7,7.3) AFN
u,(m/s) ubD (370,390) AFZ Pitch misalignment (°) ND (0, 0.2) AFN
v,(m/s) ub (-2, 2) AFZ Yaw misalignment (°) ND  (0,0.2) AFN
w,(m/s)v ub (-5, 5) AFZ Wing misalignment (°) ND (0, 0.2) AFN
p,(°/s) ub (-2,2) AFZ Fin misalignment (°) ND  (0,0.2) AFN
q,(°/s) ubD (-2,2) AFZ |, (kgm?) UubD (-0.1,0.1) AFN
r(°/s) uD (-2,2) AFZ l,, (kg m?) UubD (-1.0,1.0) AFN
w(°) ub (-2,2) AFZ l,, (kg m?) Uub (-1.0,1.0) AFN
0(°) ubD (-10,-2) AFz C, ND  (0,0.15) AFN
o(°) uD (-2,2) AFZ C, ND  (0,0.15) AFN
mass (kg) ub (-3,3) AFZ C, ND  (0,0.15) AFN
x-cg (mm) uD (-3,3) AFZ C ND  (0,0.15) AFN
y-cg (mm) ub (-2,2) AFZ c? ND  (0,0.15) AFN
z-cg (mm) uD (-2,2) AFZ c ND (0, 0.15) AFN
h (km) uD (-0.5,0.5) AFz

“ND=Normal Distribution with (1,3c), UD=Uniform distribution with (lower, upper) bound
“AFN=Additive factor over nominal value, AFZ=Additive factor over zero

Table 3. MC based 6 DOF simulation results of engagement of Table 1

Midcourse end”

Terminal impact

(Mid + Term) guidance Time (s)  Altitude (km) Mach Time (s) Mot Estimated miss (m) True miss (m)
PN + PN (28.4 +0.74) (6.6 £ 0.05) (1.86 + 0.15) (42.1+ 1.6) (1.22+0.15) (5.1+ 2.5) (5.6 +2.4)
SP + SP (36.6+1.03) (8.87+0.07) (1.90+0.14) (50.02+1.8) (1.40+0.14) (52 £2.2) (5.6 + 2.6)

*The MC results are normally distribution with

in realistic 6 DOF simulations model of an air-to-air
engagement in the presence of sensor noise, autopilot lag and
actuator nonlinearities. The paper has proposed an improved
SP based algorithm from the point of view of practical on
board implementation. Based on the Monte Carlo based 6 DOF
simulation studies it is inferred that SP guidance is a viable
alternate to PN guidance for midcourse application within
the constraint of maximum look angle of the launch aircraft.
Guidance gain tuning may be explored for better robustness of
SP guidance algorithm?® 18 as avenues for further research over
the present work.
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APPENDIX

A. EKF Based Aircraft Radar Estimator during
Midcourse Phase
Launch aircraft radar measures evader position relative to
itself (Ax,Ay,,Az, ) in the polar form as

_ 2 2 2. o1 AY, ol Az,
AL = JAX + Ay} +Az?; Aa, =tan E Ae, =tan W
(70)
These measurements are contaminated by a zero mean
Gaussian noise given by n,,n, and n,as

Ar, = Ar +m,; Aa, =Aa, +n,; Ae, =Ae, +1,; (71)
Realistic radar measurements noise covariance Rp for
(Ar,,Aa,,Ae,) as (10000m2,4><10‘2 deg?,4x10? degz)
have been taken. The converted measurements in Cartesian
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Coordinateare
Ax,, = Ar, cosAe, COSAa,; Ay,, =Ar, cosAe, sinAa,;
Az, = Ar, sinAa, (72)

EKF based radar estimator'® has been used to estimate
position and velocity components of evader relative to aircraft
AX, AV, AZ;, AV, AV, AV, ) based on the measurements
given in (72). Evader position and velocity components in the
inertial frame are obtained by algebraically adding aircraft
position and velocity components available from its SDNIS
and transmitted to pursuer through data link as follows:
X =X, +AK; Y, =Y, +AY,; Z, =7, + A7,

(73)

\7Xt =V,, +A\7xt; \7yt =V, +A\7yl; \7ZI =V, +A\7Zl



