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ABSTRACT

The general procedure for determining the fluctuations
in different; phases of a population in which the changes
take place either as functions of time or some ‘paratneter
of the population is considered in this paper. It is indica-
ted that the solutions for most of the queuing prob'ems
can be obtained as special cases of the above procedure,
Following this, the exact solutions for stable or unstable
conditions arising for some simple situations have been
obtained, '

Introduction

The problem of birth and death process has been eonsidered in some -
great detail by Physicists, Statisticians and Mathematicians.  Notable
contributions on this topic have been made during the past two decades by
Lotkal, Feller?, Arleys, Moyal%, Bartlett5, Kendall® and others?. The :main -
purpose of this note is to indicate briefly that the solutions of many of the
queuing problems can be obtained as special cases of the generalized birth
and death process referred to above, '

Some Fundamental Results
(a) One dimensional process—Let ‘multiplication and death in a given
population take place according to the following rule :—
(z) The populations generated, by two co-existing individuals- develop
completely independent of one another. '
(#) An individual existing at time ¢ has a chance Mt -0 (df) of multi-
plyingand pdt +-0 (d%) of dying during the interval ¢ and ¢ +- di..
(#) The birth and death rates are the same in the population for any
value of ¢,

Assuming p, (t) to be the probability that the size of the population at
time ¢ is m, it can be seen that v : '
Pr (t+8) = {I—n(\+ p) & }p, (&) + (n — 1) A3 Dr1(t)
' ’ +(n+1) udt pata(?) - (1)

Representing p, (/) by p, and proceeding to the limit S¢ >0 equation (})
reduces to : :

dpa :

== W) (= 1) A gy + (n D upats .. ()
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Defining ¢ (2) = ,{o 2 (0) .. N (3)

as the probability generating function (p.g.f.) for p, it can be seen that equa-
tion (2) reduces to

o
dt

=(),z—y)(z—1) ‘g’z?; e . .o . (4:)

The solution of (4) has been obtained by Kendall (1948) and is given below
for reference
7”1

nO=t, no={1-n0}le—ma . . ®

where §; and », are functions of £ and are given by

, e * 8
& =1— o =1——

¢

W=t+e ) +1 " [ ef’('r’{x(r) +p(v>} ar

and »Pgt)=fi {,,(7)-—).'(7) } aT

As fega’.rds the first two moments of the distribution, it can be deduced
froin equation (2) and leads to the following differential equations

- - B
%_?’_ =M—p)n ' :

= ~ _t )
7?:; =2(x-p)n2+(x+p)nj

where 7 and 7% are the eipected values of n and n? respectively. Solving
(6) we note o
;;=ef()'—y:)dt-° .o . e X .o (7)

E —p —e —opt o -

Vi )=e l—e  +2e foe ),(‘t)dT} .. .. (8)
In the derivation of (7) the initial population is taken to be unity and
A and p are taken to be functions of ¢. ' '
‘When A and p are constants.

- O — wyt A Co—wt [ (—p o
n =¢€ ) Vg )= i—j-—__-% "‘e {e : ——1}" 9
Fora=gp, n=1V (y)=2 M TR O ¢ ()

(b) Two dimensional process—Suppose a process involves two kinds of
populations say, 4 and B, such that when 4 or B dies.they produce k indi-
viduals of the opposite kind with probability A df. Further assume that the
chance that any of the individuals die without producing anything is p dt,
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Taking p (n, m; ¢) to be the probability that at time &, the. number of A’
and B’s in the population is n and m respectively, it can be seen that

dp (n, e |
’“p%ﬂ =(n+ l)lﬁg(‘\ﬂgl;“}, m) + (m + Durp@nm-+1) —(n -+ m)
X0t p W+ 0+ DAp (L m— k) (1)
XAp(n—Fkm+1) .o . .. (11)
‘Deﬁninga.sbefore,‘q; (2 %) = 5 ) 2 (n, m, t) z: z: as the j(;int
N m=0 N=0 ’

probability generating fanction for p (n, m) we note
k o
%—?— =3 p—A+p) 5+rz } -a—g;— +{ Rl U S EA
: 1l é¢ §
:+ » 2 ruliRt (12)

The solution of this equation cannot be obtained so readily. However
the first two moments can be evaluated from the following differential equations
obtained from (11) R - :
2 = — )t b,

am
ot
2 ‘ - —_— - —

%_ =—2(\+p) W+ 2nmm - (A + p) 7+ AT

Y ‘e (13)
=—N\+p) m+irn, '

o - — R

> =—2\N+p)mt2kN0m + N+ p)m+ Brn; [ (14)
%Tm =—20+p)wm+ Exut+ Eamt —Ban —Fam;
From (13) we get 7'
N . .. (15)
The initial conditions % (o)) =0 and m (0) = o |
give o = P=}.

Thus n =} (¢~ +¢ ) |
m=3E" — ") . v e (16)
wherea = A (1— k) + g3 6 = A (1 + k) + p. o

‘As regards the evaluation of the variance and covariance of # and m,
following Arley, we rote from (14) that ’ . »
' /
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M‘%_ml_ za(n+m)‘z+{x+u+kx(k_2)}n+m (17)
Solving (1), .

—at ) ’
@¥%F=e {x+u+%xw—m+wxa—méwf} (18)

Substituting (16) and (18) in (14) and solving the resulting equations, we
obtain’ ;

_ p —at gg_ v pa + gb —
=g+ ¢t /»+(1fﬂ_—a§*)“ ;
—-bt o '

- ; : pa — gb" L

*f+'2%‘ e +(’“ - 2abq e "
(k?«.)"‘ (k— 1) . o — 2at ae— 20t

a 2b———a T 2(b—a 2(—a)(2b—a)

wherec—-2(7~.+# p= ),-l-u—l—kﬁ)\.,q—)\—l—p—k?x,
1) QKB N2 e~ —2at ae—2bt )
€= {b(2b——a) T T i@m—a J°
WN? (k—1) o 2 b T

= (w()?.b(—a))> 5 T b__a,) oy

The variances and covariances for n and m ean be calculated, after mak
ing the necessary corrections,

Queuing problems in-relation fo-Birth' and Death Process

We shall now examine the solutions discussed above with reference to
some simple queuing problems. Taking the simplest case where the queue.is
formed and cleared-with probabilities Ndt and p dt respectively, the differential
equation corresponding to (1) for the probability ps (t) for the length of the
queue to be n at time ¢ is given by . :

d
I WP AN Pt e (0)

In terms of the p. g. f. ¢, this reduces to the form

7—2’- =N—gfz)(z—1)s .. o e ‘"(21")

r— /z)(z—l)t ' o
¢ =2 o e e . (22)

It has been assumed that when ¢ = o, the size of the queue is 1.
'The expected value and the variance of the. Iength of’ the qneue are

- ()\—?')t_}‘]i (23)
Vw=a+er J T T
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Suppose we are concerned with thadength of the:queme-and alwo the num-
ber of people served in a system where the probability of arrival is \d; and. the
probability for servide is ud. Tiet P (ny, 1y ¢) be'the probability that there are
%y, people in the queue and n, under service at time . The ‘differential
equation for this state is:given by

D(ny, my, ¢ -+ d)
| - {1 — ()& }fp(mt%hq

+ 7“;‘ Pin—1, (”'a» t) + y.dtp (”L"‘,"l’ ng—1,¢)
+ udt p (ny, ny + 1,2) - o (24)

dp (my,
. (3: ) o (A + 2p) p (mg, ) + X p (0, — 1, m,)

Teapmt Ly —Dtppm,n+1) .. (2

In terms of p.g.f., the above equation reduces to

d ;
7%— ={-—(R+2P-)+ A2y + wfzy + L::}‘!’ - .. (26)
' #2g : .
p=rhe {(7\.+2p)+)\21+y-/23 + 2 }t . . (27)
Suppose when ¢ = o, #, = 1 and Ny =0
R {(7\+2P)+7\21+F/zz+ }t )

”‘=o’—“)t+1} e L e

—

i
4

Ny =0
Vi) =\ + pi
V (na) == y-t e ) .o .s (30)
Cov (ny,mg) = —ut ‘
dp,

For stationary conditions we assume that 2; = © for different values

of n. The solutions of these have been considered by Feller? Benson & Cox®
and others?,
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