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-ABSTRACT * e

A new type of priority is defined in which the priority unit
has a right of interrupting the séfrvicc;of anonpriority unit but
only after the completion of the patticular phase in progress;
it being assumed that aunit demandsa particular number of
phases according to some probability distribution. The effect
of such priority has been investigated. A particular case of
this sorb of priority corresponds to the head-of-line priority
assignment discussed by Cobham. ‘ ‘

Introduction s S

In many queuing problems, a customer demands a certain number of
~ gervice-phases to be performed upon him. A problem of this type was dis-
cussed by Gaver! assuming the queue discipline to ba “first come, first served”.
But in many practical situations, priority is imposed on certain customers
either due to the higher payment or otherwise (for the same type of service)
and therefore the investigation of the same problem with priorities appears to
he more reasonable and practical. . R

"

For the sake of simplicity, only two priority classes have been considered.

" The priority and non-priority units arrive according to a Poisson distribution

_ with mean raten; and ), respectively. Let ¢ and c;- be the probabilities that

" g priority and a non-priority custofer demands for j phases respectively. It is

- further assumed that a priority or a non-priority phase has a ‘negative exponen-
tial service-time distribution with mean 1/u. Obviously, the priotity units are
sarviced prior to the non-priority ones but if there are no priority units, the .
service facility takes up a non-priority unit, if any and starts servicing on its
phases. If a priority unit arrives at this stage, he has a right to interrvpt the
seryice operation on a non-priotity unit only after the completion of the parti-
cular phase in progress. Siunce, in such a situation, neither the service on a nou-
priority is totally finished, por it is at once interrupted, this constitutes a new
type of assigmment and is obviously more practicable. This sort of priority
assignmentsin between the head-of-the-lina priority introduced by Cobham?
and the presmptive priority discusied by White & “Christie3: However,
by putting ¢ = 1, thiz problem reduces to that of Cobham fora wide class
of service time distribution of -a prierity unit.and au exponential-distribution
for the non-priority units. - )

Detailed Balance Equations ' _ ;
Let Pi,m,n, and P2,m,n, denote the probability that a-priority phase and
& pon-priority phase is in servige, m priority and » non-priority phases are

132



DEFENCE SCIENCE JOURNAL . 138

present in the system, including the phase in service. Assuming Pl.o,n. =0
w21, Pomo =om>=1 and Py, —P2,o,o, = Po, the equations of
detailed balanee are - _ _ .
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Multiplying the equations, (1) to (4) by the a.ppropna.te powers of » and. y
‘and addmg, we finally obtain, .
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In order to ﬁnd a relation between Fi, ty) and Fop (y), we multlply equa-
tion (4) by y» and sum over n from one to infinity. We thus, get a. relation,
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Lllmmatmg Fy, (y) from (7) and (8) we get - .
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and then from (6) and (9) we get
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The mean number of priority phases in the system
3 =1
) H (z, y) //‘y=1 ; | ,
- This expres,si’on involves F,4(1). To evaluate it, we find from (11)

Hy (L, 1) = Fap (1) O“%‘—)

S Fa ()= — j - H(L])

Also, since the mean service rate is the same for both type of vnits, the
mean fraction of the time, the service channelis working onnon-priority phases
is proportional to the fraction of the time, the channelis busyandto the fraction

of the non-priority phases which arrive and therefore
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Putting this value in (12), we get

L,= The mean number of priority phases in the system
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If no priority is assumed in our model, i.e., the units are setviced according to
the “first come first served” discipline the mean queue length
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Waiting Time Distribution >

If W(g, t) dg, is the probability 'oha.t a pnog}y uﬁlt walt for a txme between
¢and ¢ + dg, then
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The Laplace transform of the waiting tire d1atr1but10n is given by
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which is the same as that of Gaver . Since the Laplace transform of the service
time distribution of a priority unit is obviously given by o
, \ i1

” ,
Hs) = Laplace transform of 2 ¢ D(I‘L%O)l exp (—pg) pdg
v = .

o n
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. @* =] .
= 8 | R N Shg 2 joj
W (s,t) NI I—H @] [ 5 't % ]
p pp+s) =
This is the reqnired relation between Laplace transform of the waiting
time distribution of the priority unit and its servicing time distribution.
Ife; =1,j=1andc; =o, J#1, the non-priority unit brings only ope
phase and then our priority assignment becomes similar to that of Cobhams?.
In particular,
(1) Ife; =1,j =kand ¢ = o, the service-time distribution of 4 priority
unit is & — Erlang type and the Laplace transform of the waiting-time distri-
bution becomes
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Where M;, is the mean waiting time, M,, M. 3 etc. are the various moments
of the distribution. These can be thns obtained, either by diﬂ'erentiating partial-
ly with respect to s aird putting s = o, or by expanding W (s, t) in ascending
powers of s. Thus for the 4-Erlang service time distribution,

A+ 1/2 {k (k4 1) M} Which can be verified with the

M, = o e —2E) Col‘)]:.lam’s. formula for mean

walting time,

@
k=1,

M = Mt which is the same as due to Morset. It is
N ®(r—2N)
- obviovs, that the variance ¢2 = M, — M, % can be easily calculated in any of
the cases and other higher moments can be calculated.
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