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- ABSTRACT

The t-test commonly used for testing two samples is based
on the assumption that the samples are random and belong to
the same normal population. These assumptions may or may
not be valid for different types of experimental data. In cases
where these assumptions do not hold good, it would be pre-
ferable to use tests which are independent of the nature of
the distribution of the parent population. A number of such
tests, some developed in the Defence Science Laboratory, is
given in this paper.

The tests depend on a sequence of A’s and B’s obtained by

pooling together the two samples {xm } and { Ya } and arr-
anging them in ascending or descending order and treating the

observations belonging to {xm } and { Ya } as A’s and B’s
respectively. For this sequence the number of AB’s or AB’s
and BA’s are noted for the following cases: _ '

(1) Between any two observations.of the sequence separat-
ed by (k—1) observations or less;

(2) Between any two observations in blocks of (k<-1) con-
secutive observations moving from one end to the other end.

Tt has been found that the standardized deviates of these
statistics serve as more reliable tests than any of the other
existing tests. Further work is in progress to confirm these
findings.

Introduction _
The main problem in dealing with two samples is to decide whether two

given samples {x } and {yn} belong to the same or different populations,
This is usually done by evaluating the quantity

t = (x—y) nm
: 8 \/ n+m

where x and y are the means of samples {xm } and '{yn } and s? is the pooled
variance within the two samples. Theabove ‘t’ is compared with the theore-
tical ‘4’ tabulated by Fisher for the desired level (5 percent or 2-5 percent
or 1 percent) of significance. If the observed value of ‘4’ is greater than the
theoretical value for the desired level of significance, then we come to the
conclusion that the two samples differ significantly from each other.
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It will be noted that the theoretical values of ‘t’ have been calculated on the
assumptions that () the samples belong to one and the same normal population

and (47) the samples{ Xm} and {Yn} are random ones. If the distributions of the

parents are not normal; suitable changes should be made in the values of ‘t’ used
for purposes of comparison. Though for all practical purposes the assumptions
regarding the form of the distributions may hold good, in actual practice the
nature of the distributions is not known and therefore one is not sure of the
theoretical value of ‘t’ to be used for purposes of comparison. Besides this point,
the second assumption that the two samples are random may or may not be true
in which case our conclusions regarding the samples will be biased. The t-test
does not take into account any information on this point. Therefore the con-
clusions arrived at by using the t-test are subject to these limitations. It may -
further be observed that the application of the t-test involves the calculation of
the means and the variances and when there are large number of samples for
examination the statistical analysis will take a good deal of time. In view of
these circumstances, tests which are independent of the nature of the distribu-
tions and means and variances of the samples and are at the same time depen- .
dent on the random distribution of the observations will be preferable, provided
the efficiency of these tests compares favourably with the ‘¢’ test. The purpose of
this paper is to describe a number of such tests some of which are new and have
arisen as an outcome of investigations undertaken in this laboratory, These
tests can be used for testing (i) whether a given sequence of binomial observa-
tions is random or not and (i) the significance of the difference between two =
samples without evaluating the means and the variances, :

Description of some of the tests reported in literature

A number of such tests has been developed from time to time by various
authors. The most important of them are the following : (1) Run test?, (2) Median
test?, (3) Dixon’s® (%-statistic and (4) Wilcoxon’s® T test. We shall now givea
brief description of these tests.-

(1) Run Test—This test was evolved by Wald and Wolfowitz (1940). The
two samples {Xm } and {Yu } are pooled together and arranged in ascending
or descending order. The observations of the ordered sequence are identified as
A or Baccording as a particular observation belongs to sample {Xm } or ‘{Yn }
respectively*. This process leads to a sequence of two quantities A and Bas the
one indicated below: ' .

AABBBAABBAAA

Defining a run to be a succesrion of A’s or B’s we note the number of runs
in the above sequence. By comparing this observed number with the expected
value on the basis of the variance for the total number of runs in the given
sequence the significance of the difference between the two samples {xp } and
{yn } car be decided. The expected number of runs and the variance for the -

- distribution of the number of runs for m x’s and n y’s are given by o
2mn 11 and 2mn (2mn — m — n)
m-+n (m~+n)? (m-4n—1)
respectively. - : »
* The ordering is best done by plotting the observations of x and y as A and Bon s line.




' DEFENCE SGIENCE JOURNAL . ‘11

If X is the observed number of runs noted for glven samples -{Xm}

and {yn } ‘
2mn

m-+n

X — —1

Z =

- 2mn. (2mn—m—n)
o (m-+n)? (m+n—1)
erables us to decide whether the two samples are significantly different or not.
If the value of Z <{—1-64 or —1-96 or —2-33 then we consider the two samples
to be significantly different according to the level of probability required viz.,

b percent, 2-5 percent or 1 percent It may be noted that the test is essentially a
one tail test.

- It may be remarked that this test is not sensitive when the difference
between _the populations to which the samples belong is very small. But
when this dlfference is large this test is very sensitive.

2. Median test—The details of this test were discussed by Mood (1954). The
test is based on the number of x’s to the right or left of the median of the com-
‘bined samples { {Zm } and {Yn 1. As in (1) above, the pooled samples are
arranged in ascendlng or descendmg order and the number of x’s to the left or
right of the combined median (i.e. the middle value of the m--n observations)
is compared with the expected value on the basis of the variance for the dis- -

" tribution .of this number. The expected value and the variance of this
- statistio when (m--n) is even or odd are as follows: -

m=n ;. median value lies between nth & (n+ l)th observations :

s S
[ M) = 9 m = 9
" o ome
M) = Cmran) T 4 @m) }
m—l—n is odd; there are (m--n—1)/2 observations on either side of the median.
- m+n—1 m 1
p (M) = ) mtn |
_ mn(m-+n+1)
The test here consists in evaluating the quantity
7 M— m (M) -
' - '8D.of M

Qhere‘M stands for the actual number of x’s observed to the left of the median
value. If | Z | > 1-96, then the two samples can be considered to be signi-
_ ficantly different at the b percent level.

The efficiency of this test as compared to the ‘t’ test for a normal population
is 2/7, but is more than the run test when the difference between the means of

thepopulations to which {Xm} and { Ya } belong is very small.
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- 3. Dizon’s test—The criterion proposed by Dixon (1940) for testing two
samples {Xm} and {Yn } depends on the quantity -
m-1 1 m; 2 :
2 — (_____ — =
i—z-=1 (n+1) m
where m; is the number of observations of,{Xm }between iand (i-+1) the obser-
vations of {y;1 } when {xm and fyn \ are pboled‘g.nd arranged in ascend-
ing or descending order. It has been shown by Dixon that nkC? follows a X2
distribution with v degres of freedom, where
k=am (n+2)/n, v = an (m -+ n 4 1)/(n+1)
and 8 — m{n-43) (n44)
2(m—1) (m+n+2)@+1) :
and therefore if k and nk(C? are known, the question whether {xm } and ‘{yn }
are from the same population can be settled from the A2 Tables. When

m and n are not very small we may approximately assume mC?{n--1) to be
distributed as X2 with n degrees of freedom. ’

The actual efficiency of this test as compared to the other has not been
worked out. This test includes more information than the test (2) and therefore
will be more reliable than (1) and (2). - :

4. Wilcowon’s test—This test is based on the sum of theranks of x’s or y’s
when {xm \ and {yn \ together are arranged in ascending or descending order. -
Mann & Whitney® have shown that the number of times y’s precede x’s in this
sequence and the ranks of x’s are connected by the relation, sum of the ranks of

. m 1 ‘
x’s -+ number of times y’s precede the x’s = mn + _ﬁn_;j_—__)_ ie.,
(m+4-1),
2

T —sum of the ranks of x’s and U = number of times that y’s precede the
<'s in the combined sequence. The expectation and the variance of U for two
samples belonging to the same population are as follows:

where

T+ U=mn-+m

E (U) :%‘3 " WL

v (U) =~%’3(m+n+ 1) J

A test of significance for the two samples can be worked out as follows.
" We note U, the number of times that y’s precede x’s or (x’s precede y’s), and
calculate )

mn

U— 5

mn
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If now | Z | >1-96 we consider the two samples as belongmg to two, ‘separate
populations, Otherwise both the samples ean be considered as coming from the
same population. The eﬂiaency of this test works outto be 3/x as compared to
‘t’ for very small difference in. the pepulation means.

* All the methods described above are valid only if m and b are not very small
i.e. not less than 7 or 8. The actual distributions for small samples have been
given for some of these tests and can be used to determine the probability of Z
taking a value greater than or equal to the observed one.

Some new tests

“We shall now describe a few similar tests recentlv developed in thls labora-
tory. These tests are mcre efficient than the existing ones. They are based on the
sequence of A’s and B’s obtained by pooling the two samples {Xm } and {y,, }

together and ordering them. The tests consist in noting down the number of AB’s

or BA’s, or AR and BA’sin the sequence on the basis of the following scheme:
Note the number of AB or BA’s, or AB and BA’s by considering the sequenoe
from left to right for the followmg combinations,

(1)-Adjacent ohservations hke land 2; 2and 3; 3 and 4;.. . .. N1
and N
(2) Alternate observatlons like 1 and 3; 2 and 4; 3 and 5;. ... ;N—2
~ and N.
(8) Observations 1 and 4; 2 and 5 3 and 6 ........ N—3 and N
" andsoon. o
Define

X, =12} (28)+(34). .. . +(N—1, N)
Xz—(’13) -(24)+(35). .. . -+(N—2, N)
—(14)+(25)+-(36).. . .. +(N—3, N)
Assume that the combination (rs) takes the va.lue 1 or O respectively accord-
ingasris A and sis B or otherwlse In this case X;, X,, X,. .. .represent the

number of AB ¢ombinations arising from adjacent, alternate a.nd other observa-
tions separated by varying numbers. Now we take

Tk _X1+X2+X3+ .......... +Xk
and note the number of AB’s observed in the sequence. If AB and BA are ta.ken ;

then the score givenis 1 aecordmg as (rs) is (AB) cr (BA). Let Tk represent the.
number of AB’s and BA’s in Xj-++Xp+......0... Xk,

In addition we shall consider the number of AB, or AB and BA i ]oms in the
sequence by treating it as (N——k) moving blocks of (k—[— 1) consecutive observa.
tions on the lines shown in the diagram below:

I . I . I . R . . C e
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Each of the . (k-+1) observation gives k(k4-1)/2 . differences.

NEW METHODS FOR TESTING RANDOMNESS OF BINOMIAL SEQUENCE

Take the

total number of AB or AB and BA joins for the (N—k) blocks: Let Wi and
Wi, represent respectively the number of 'AB’g ,of‘.ABiang}' BAs.

Now Ty, Ti, Wi and Wi can form the basis of a family of tests for testing
‘the significanice of the - difference between two samples. The expectation

and the variance of these statistics for various values of k are noted 1n the -~

tables below:—

TABLE T

Values of T for AB joins in spacings of varying sizes '

Values e
..of | Expected “Variance, " -
| (k4+1) Velue . ' g
®m1 @ @)
-xﬁn m2? . =
9 X D) D
(2N—3)mn @N—Tmn  (AN*—26N-+4d)m(m—D)n@—1)
3 I NEDY NN—1) T T NN—1) (N—2) (N—3)
_f @N—3m '
\ TNE—) S
. [3—2)mn | (ON—22)mn  (9N%—69N+-146)m(m—1)n(n—1)
tINEoD | FE=p T N (N—2) (F-3)
ol rwamyt
L ’E—D) S
. PEN—Dun  2EN—25)m (16N~ 140N+ 350)a(m--Lna—1) |
| NEY) NE-D |, NN (N-2) (N-9)
 y 8eN—8mn \
ERGEE ==
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TABLE II
Values of Wy - for AB joins for blocks‘of' varying sizes
Values _ _
of | Expected Variance
(k+1)|  Value ‘
ol @ 3)
5 | mn mn?
N NN—)
s b m | (ON—22)mn - (9N 67N{128)m(m—1Ljn(n—1)
3 )N(N—l) NN—1) T NN—T) (—2) (N—3)
- 9(N—2)?m?2n? |
NEN—1)2
4ON—3mn _ (36N?—346N+-884)m(m—1)n(n—1)
‘s NNST) N T N ) )
 36(N—3)men?
NIN_I)?
 4(25N—127)mn
5 IO(NA)N(N—-I) N—)
© (100N*—1170N+3690)m(m —1)a(n—1)
T NE-D) (N—2) (=)
. 100(N—4)men?
— TRR—I?

Nore—N=m+n
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TABLE III

4 AB cmd B’A yoms T PR spamng fbr mmms sizes

LTRSS o S G ﬂ;..ﬂ».*,d,w,uw T

1 Values

: Expectéd - Variance
| of (k1) Value ’ o
. (1) . . B (2.) . - j’i v .' .~ bttt ,_r,_«,{gji 1 .. ; ;‘-‘ Leas d e v. - —- -
o 2(BN-—19) i
3 2089 yNo NN=1) | N(N—l)

N(N—l)(N—Q)(N~3)

+(64Nz 560N--1400)m(m —1)n(n—1)

NE-—DE—2)(N-3)

b 4N Bm .
L NN-1) [ '

—{ - 3>?m)f=
o mn
B Sl (=) 4"’”“29’ N(llzﬁ—l)
(363 276N +-584)mpi=T)n(n—1)
‘ N(N——I)(N “5)(N -3)
| ”{6(N —2) N(N 1),
. mn
5 NS (B‘w 266)\,(N 5




TABLEIV ~ .
AB and BA joms W for blocks of varymg sizes :.
Values | ‘Expected’-f : . Variance
of (k+1) Value ' R
R (2) 3)
m+11 (111~l-ﬂ)2 (m+n—~])
3 IG(N —g) e e I} 4‘(9N-26) N(N——l) ‘ o
L (36N 268N+512)m(m—1)n(n— 1)
'N(N 1) (N—2) (N*s)
—Je_g_m
B S - N(N~—1) S
4 12(1\7’~ 3)N (N——l) 36(4N— 7) (N—l) " |
+(144N2~—-1384N+3536)m(m —l)n(n—1)
- N(N—1) (N—2) (’\I-3)
f N'——-3 mn
112 ) NAN=T)
5 28
5 20(N 4)N (N =5 80<5N )N(N ) |
B _‘_(400N2——4680N +14760)m(m—1)n(n—1)
- R - N(N—1) (N—2) (N"—?’) T
mn
. {QO(N‘%) =1 S
NoTE—N=m4-n * This app)ie‘sf for 'fabl? 111 also,
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Any of the tests described above can be used for testing the randomness
of a binomial sequence of observations and also for testing the significance of the
difference between two satnples {xm } and §¥a}. When (k4-1)=2, W'k=T"xand
reduces to Wald and Wolfowitz’s test discussed eaxlier. Also when (k-+1)=m-+n
T, W'k reduce to Wilcoxon’s test. When (k+1) >2 we obtain . a
number of new tests which are all more efficient than any of the similar
existing tests. The tests are performed by finding the standardized deviate

X—E(x) '

\ e I=EHofx - 4
where X stands for the observed Wi, Wi, Tk or Ty as the case may be. When
k is about 1/5 or 1/6 of (m-+n); Wy and Ty seem to be more efficient than for
other values. If | Z | =196 we consider the test to be significant at the 5 per cent
level, (The efficiency of Wy and Ty is maximum when k=m-n). . °

Tt would be noted that the application of the test is very much facilitated
if the expected values and the variances of Wy, Wy, T and Ty, are available, .
With this end in view some of these values are given in the Appendices 1 &11,
11 & 1V for some chosen values of m, n and k. ’

Aprlications
Randommess in a sequence—Suppose a sample of 40 bulbs has been collected
as it emerges from a factory and it has been found that ten of them are defective.

7

Tt is required to know whether the defective ones occur at random or not, This

can be decided by noting the sequence of the order in which the bulbs have been
produced in the factory. Let the sequence of the sample be as follows:

GGGDDGGGGGDGGGGDDDGGGGGGGDGQDGGGGGGGDDGG
G denotes a good bulb - ' . RS : L
D denotes a defective bulb

" Phe observed and the expected values of W and T i.e., the number of times ...
that G comes before D in blocks and at spacings of length 3, 4, 5 and 6, and other
quantities associated with the distribution of the standardised deviate are given
below in Tables V and VI respectively. .

 TABLEV |
Number of times that G precedes D for varying block sizes

Observed

Standardised

Size of block k-1 " Expected ‘Variance
, ' ’ (0—E)
Deviate
3" 21 21-92 7-84 —0-34 .
4 45 4269 - 91.87 0°49 '
5 5 69-23 51-46 0-80 *
6 ) 107 100-96 10559 0-59
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TABLE VI s
Number of times that G precedes D for varying spaces
Length of spacing Observed Expected, - | Variance ' - | Standardised
k+1 ' (O—E)

Deviate———

3 5 14-81 . 307 0-11
4 24 21-92 512 092
5 33 : 28-85 : 7.83 [1-48
6 40 | 35-58 11-41 1-31

On comparing the values of the standardised deviates with 1:96, the
value of the normal deviate at the 5 per cent level, we find them all to be
less than 1+96.indicating thereby that the validity of the null hypothesis.is not
to be questioned. Hence the above tables show that the given sequence can be
considered to be a random one, For blocks of five observations the standardised
deviate is & maximum.

In actual practice it; is not conveniently possible to fix in advance the size
of the block for which the standardised deviate is a maximum. However it may
be noted that. the efficiency of the test increases with k, reaches a maximum for
a particular k£ and then decreases as k increases further

Two sample testing—Table VII gives the data for two random samples of
twenty-five observations each, from a normal population with mean 25 and
standard deviation 10.

TABLE VII
Data of two samples considered for their analysis
Serial No. Sample : Sample
o A . .. B
1 36-75  36-55
2 27-09 : 2987
3 26-15 i 34-78
4 37-10 . : 18-62
b 21-09 v 23:28
6 18-96 -] . 23.89
7 9-19 . 2267
8 23:33 . ) 10-74
9 . ‘ 273 , 34-50
10 ' 23:25 30-12
11 ‘ \ 26-38 A A S 4477
12 12-46 772
13 23-44 i ) © 15-40
14 - 25:12 35-27
15 31-71 . ) 15-17
16 . o 21-82 . - 24479
17 22-62° - 16-40
18 31-71 . 19-69
- 19 21-28. 24-12
- 20 22-25 : o 2323
21 ) 28-23 . 31-12
22 30-80 . 32-66
23 9°107 22:46 .
24 22:77 . 14-80-
25 " 3047 ‘ 18-25
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Pooling together the two sampies and arranging the fifty values in ascend-
ing order and identifying each of these values as A or B according as the observa- -
tions belong to sample A or B we obtain the following sequence:

ABABAB BBBBBABAAAAABABABBAABBBAAAAABBAABAAB

BBBBAAAB ’

~ The results of examining the above sequence for A precedmg B in blocks
- of various- s;zes are noted in Tables VIII and-IX.. :

: TABLE VIII -
~ Number of times that A precedes B for blocks of varying sizes

Bize of Blook " QObserved Expected Variance Standardised -
(k+1) , ; " (0—E)
4 Deviate
3 33 36-73 | 1587 71 .. .—0:95
4 66 71-94 4201 ] e
5 107 117-35 88:82 . —1-10
6 162 172-19 163-24 ~(-80
TABLE IX
Number of tumes that A precedes B for mrymg sizes of the spacings
‘Length of spacing Observed Expected Variance Standardised
k4-1 . . Deviate (O—E)
S.D.
. 3 23 TS 7o 6-44 —0-69
4 36 - 36-73 10-02 ~—0-23
5 47 - 48-47 - 14-22 —0-39
6 61 3 59-95 - 19-26 0-24-

The values of the standardised deviates (being less than 1-96)are not signi-
ficant and hence they reveal that there is no difference between the two samples.
The value of ‘t’ for the two samples works-out to be 0-43. The value of Z for the
two samples is greater than 043 when the size of the block or spacing, i.e.
(k+1), is 3. This indicates that the present test may prove to be better than
even the ‘¢’ test Further work is needed to confirm this ﬁndlng
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Values of Ty and Ty for d few values of m and n ’ ‘

' (a) Spacings 3: (', =(@N — 3)nm/N(N —1)
. and less m
Me—*(‘iN

) RN =T |
n(n — l)m(m — 1)
— DN — 2 —9)

5 +(4N-2—.,26N+44)T\T(
o ——{(m — 3)nm/N (N~ 1)}2
() Spacingads > ;
and less p.’,_,=3(N — 2)nm/N(N — 1) »

nm

e : " n(n— 1)m(m — 1)
+(9N2 69N+146) NN —T)(N —2)(N — 3)

— {3(N — 2)nm/N(N — 1)}z
@ g o

Lo - R Expeét.ed Variance Expected |. Variance
N m- n Value - o - Value g
v o -« - - rﬁlﬂ :»:. P . ) »-. - . 1{1 s, e -

20 RRET VI o .‘13.}’4},;; ol A3*21:~l-— ;gjgl” 5:26

SRR ARG - S BRI T S Mool 396 91.79 .. 6-30
.24 6o | 943 | . 181 ,}3;”99,, 3.95
o 2Bl .5—,__.”, 349. R s i3—{}7-— e 2468

2. | 90 .. 1_9..74,,, .5.22.: 1. .29.?3.' . 8:21

,,_w . 30 1 m .},4{31_': o 309 | - 2092 513
O —— 3_ b ..1.2J5_4~...'..,_,_. 9.85 ) .,.;&;71,. . 4-00
. *“35 N . 5 —-8‘64»'4»_ 120 1979 - |...2:33
.25 25 o 4244,:51%,;.'.,:,,_“ ..... : .@49_ f -86-73 - T0°0L.

i A 4010 1534 - 284 | 2351 - 477

.30 2 . . 2344;w 597 —-35-27-- 9.37

_45...] .B 8L 1402 f 13:52,2. X9
30 2075 | o TThef - dde2d | 11.92
10 . | 16{5’:% L 253 24-58. . £-38
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Values of Wy and Wy fof a few values of m and:n

APPENDIX II

mn

(@) Blocks of 3: {p. L =3(N — 2)nm/N(N e 1)

(b) Blocks of 4:

. 1(9N2 — 67TN--128) -

ke=(ON — 22) Ty

(o ~—Imm —1)
NE — DN — 2)(N —3)
— {3(N — 2)nm/N(N — 1) }% ’

Sy =6(N —Jnm/NN —1) -
i =(36N — 136)nmfN(N -,

~=1ymlm sm-1)
(86N — BAON-+884) e )“’_( o
— {6(N — 3)nm/N(N —1)}2 ‘
@ ®)
) Expected ' Expected .
N m n Vla,lue Variance Va'lue Variance =
bt 1 Mg ¥} Yo

20 10 19-31 | 744 3744 | - o108
15 15 | el | 912 4100 | 2448
% 24 6 | 1390 | 430 | - -26-81 1393
25 5 | 1207 349 | 23.28 | 11'74

20 20 | 299 1224 | 5692 3326

: 30 10 - 21-92 7.34 12-69 Y R

40 32 8 1870 | -5.67 | 3643 | 17-60

35 5 | 12:79 29t | - oae0 | 1051

25 25 - | 8673 | 15-37 | - 7184 [-4z0l

e 40 10 2851 | 684 46+04 01
. 50 30 - 20 - 95:96- - 14-28 | - 6906 " '39-36
45 5 13-22 2-55 -95-90 © | - 9+31

30 30 | 4424 | 1851 | 86.95 | - 5076

50 |- 10 | 2458 | 630 | 4831 1980
AR 20 | 89.82 |- 1484 | 77-29 41-76
45 - | -1 | 8318 . 10-84- | 65:21 31-69
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Values bf T'i, T, T, and 'T’ for a few' values of mandn

 (a) Spacings 2 m--2mnlim
-oand less: o g —9mn(2mn — m . n)/N*(N — 1)

mn

mn

k=N — 19)N(N ,) i

>~ it (16N2 104N+176)m(m — l)n(n — 1)
SRR L NE— DN — 2N —3)

R

. (c) Spacings ¢ p/,=6(N — 2)mu/N(N —1) =~ =~ e
~ and less: mn
. 2*4(9N_ — 29) B =y

(36N2 — 276N+-584)m(m — La(n — 1)
NN — 1)(N —2)(N — 8)

— {6(N —2)mn/N(N —1)}?

' "(d') Spacings 5 ‘. L, S nin k
enlow T HEIETEY R
. l"z—(64=N ——260) *N*(‘N—‘“‘-)*

(64N2 — 560N+1400)m(m - 1)n(n —1)
' NN —DN— 2)( =8 .

e {4(2N — 5)mn/N — 1)}2



24  NEW METHODS ¥OR TESFING RANDOMNESS IN BINOMIAL SEQUENCE

APPENDIX III— contd.

)

(@

(a) ()

: Bx- | Varis “Ex- 7| Vari- Ex- Vari- Ex- | Vari-
pected | ance peeted ance | pected ance | pected ance
value value value | value

N m ¥ Ba | B L N Ro | BT wy
10 10| 10000] 4741 1947 818 | 28-42 | 1045 | 36-84 | 11-71
15 6| 7-507 2:57) 1460 4-73| 21-32| 6-68| 27-63| 850
20
; 12 8| 960 | 4.35| 18-69| 7.57{ 27-28| 0-79| 35-37 | 11-18"
12 12| 12000 | 574 2348 | 1018 | 34.43 4487 15-64
24 - 38| 81 10-67°| 4.48| 29-87| 8-12 | 30.61| 11-05| 39-88 13:30. .
18 6 9:00 3131 17-61 5:86 | 25-83| . 8-37 | 33.65| 1776
15 151 15-00.1. 7-24 | 20:48 | 13-204-43-45 | 1796 | 56-99 | 21-60
20 10 13-33 | 567 | 26-21| 1049 | 38-62 | 14-60 | 50-57 | 18-12
30 24 6| 9-60| 285 18-87| 5-56| 27-81 | 8-33| 36-41| 11-30
25 5| 833 2.11| 16:38| 4.23| 24.14 | 6-50 31-61 | 9-30.
20 20 | 2000 | 9-74 | 30-49 | 18-26 | 58:46 | 2548 | 76-92.| ‘31.56
25 15| 18-75 | "853 | 37-02 | 16-04 54-81 | 22-62 | 72:12{ 28.37
40 3¢ 10| 1500 | 538 | 29-62| 10-36 | 43.85 | ‘15-11 | 57-69 | 19-78
82| 8|-12:80| 3-87 26-27 | .61 | 37.42| 11-39 | 49-23 | 15.41
35 5| 875| 1.-74| 17-28| 364 2558 | 5.9 | 3366 | 870
25 25 | 25°00 | 12:24 | 4049 | 23:22 | 73-47| 32.97 | 96-04 | 41.54
40 10 | 16-90 | 4-90 | 31:67| 9.64| 47-02 | 14.46 | 62-C4 | 19.52
50 . - -
30 20| 24-00 | 11-27 | 47-51 | 21-42| 70-53 | 30-54| 93-06 | 38-70
45 5| 9:00|-71-47 ) 17°81 " 3:14| 26.45| 5-35| 34:96| 17.67
30 30 | 30-00.|.14-76 | 59-49 | 28.23 | 88.47 | 40-47 | 116-95 | 51.53
50 10 | '16-67.] 4-43| 33-0837 886 | 49-15 | 13.51 | 64.97 | 18-60
60 = :
40 20| 26-67{ 11-60| 52-88 | 22.35| 78-64 | 32-39 | 103-95 | 41-79
- 45 [ 0157 22:60 | -8-20 | 44-62| .15-99 | 6636 | 23-54 | 87.71 | 31.03




API’ENDIX v

" Values of W', W’z, W'y and W'4for afe'w values qu and n

R e 1~ﬂmﬁm+ﬁ P e
a (a)«nmcks O-f 2 ‘ e S,
, pa=2mn(2mn —m— n)/NZ(N“-—- 1)

p,1==6(W—-2)mn/N(N_.l) e

Msxé(QN %) e — N(N i

(3614:2 —— 268N+512)m(ni — I)n(n —1)
o NN —1)(N — 2)(N = 8}
e — {6(N\-—~ Q)mn/T\I(N —_ 1)}2 ,

e Sl it bl it S Nt 8 e e i et © % s e ke

e 1=12 (N— 3>mn/N(N—— 1

SR ) Blocks Qf4 i

- @2—«36(4\{ 17) —:N’(Nﬁ"‘—'—)*

j f . (144N3 1384=N+3536)m(m — I)n(n — 1)
NN — )N —2(N—3)

B TE UCHER AL rarrim e o

e {12(N-— ‘31)!10.'*1/1‘1(N - 1)}2

L T EE “ 1——20’(N e 4)mn/N(N — 1) e e e
¥ fd) Blocksofa : . it e
3 ‘ 80(5N . 28) N(;;m T

' 1 4061% —;'4680N¥FI4760)m(ni‘; l)n(n— 1)
e RN — (N — AN — B i e

— {20(N — 4)mn/N(N — 1)}z



26  NEW METHODS FOR TESTING RANDOMNESS m_' BINOMAL SEQUENCE

APPENDIX IV—contd.

(a) T @y T (e) )
Ex- | Vari. Ex- 1. Vari- Ex- | Vari- Ex- | Vari.
pected | ance pected | ance | pected ance | pected | ance i
value - _vg}ge_ ) ; va.lge | - value '
N m n (1% Pe @y iy w'y g U B
10 10| 10°00| 474 2843 | 19-74 | 5368, | 45:38 | 84:21 | 7T71-94
% 15 5| 7.50| 256 21-32| 12-05| 40-26 | 34.72 | 63-16| 79-40 -
12 8| 9.60| 4.3¢| 27-28{ 18-42| 5154 | 43.75 | 80-84 | 79.12
12 12| 12.00] 572| 34.43| 2478 | 65-74 |
24 18 8| 10-67| 4-48| 30.61.| 20-16 | 58-43| 51.91'| 92.75 | 10423
- 18 6| 9.00| 3-13| 2583 | 15-03 | 49-36 | 4284 | 78-26 | 97-02
15 5] 1500 7-24| 43.45| 32.32| 83.79-| 80-52 | 134-48 | 152.31
20 10| 13.33| 5.67| 88-62| 26-10| 74-48 | 68-56 | 119:54 | 140-02
30 —
24 6| 960| 2-85| 27-81| 14.54 | 53-63 | 4452 | 86-07 | 108:27
25 5| 833| 21| 24-14} 11.38 | 4665 | 37:22 | 74.71| 96-18
20 20| 20-00| 9-74| 58-46 | 44.87| 113:85 | 115-63 | 184-62 | 22722
25 15 | 1875 | 853 | 54-81 | 3975 | 106-73 | 104-54 | 173-08 | 21158
40 30 10 | 15-00 | 5-38 | 43-85 | 26:27 | 85:38 | 74-30 | 138:46 | 165-82
32 8 | 12-80 | 8-87| 37-42 | 19.64 | 72-86 | 5885 | 118:15 | 139-78
3. 5| 85| 1.74| 2558 | 9-04 | 49-81 | 34-41 | 80-77 |. 93:38 .
26 25 | 25400 | 12.24 | 73-47| 57.40 | 143-88 | 150-68 | 23460 | 302:19
40 10| 16.00| 4.90| 47-02 | 2475 | 02-08 | 78-18 | 150-20 | 17092
50
33 20 | 24.00 | 11-26 | 70-53 | 53-10 | 138-12 | 140-78 | 225-31 | 286:36
45 50 9.00| 1.47| 26-45| 8-68| 51-80| 3160 | 84:49.| 86:30
30 30 | s0-00| 14-75| 88-47| 69-91 | 173-90 | 185-73 | 284-74 | 377-21
50 16| 16-67| 4-48 | 49-15 | 22.89 | 9661 | 69-59 | 158-19 | 167-22
60 - .
40 20| 26-67| 11-60 | 78-64 | 55-77 | 164-58 | 151-65 | 263-11 | 318-36
45| 16| 22-50 | 8-20 | 66-36 | 40-32 | 130-42 | 113-79 | 213:56 | 250-75




