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ABSTRACT
The validity of the applicability of the Lanchester’s equations
of the type ' ’
daM -
dN ‘
5 = —BM

(where M(t) and N(t) are the effective attackers’ and defenders’
strength at time t; P (t) is the attackers’ reinforcement rate ; and
A and B are the respective loss rates, per opposing combatant) to -
the situation at Breskens Pocket is investigated. It is concluded,
on the basis of a series of calculations, that the above type of
equations fairly describe the said engagement if we assume that
the defenders’ strength is reduced by about 40 percent by the time
the battle ends. § : -

Introduction . SR

. Lanchester?, in 1916, proposed a set of differential equations, from which it
is possible to predict the expected result of an engagement. These equations
are formulated under the assumption that the casualty producing rate of an
entire force is proportional to the number of troops in the force. J. H., Engel?
has verified the validity of these equations to the combat situation where the
U.8. forces captured Iwo Jima. It is the object of this paper to test the validity
of a certain type of Lanchester’s equations to the situation at Breskens Pocket.
Analysis - . :

Let M(t) and N(t) be the number of effective attacker and defender troops:
at time t ; P(t) and Q(t) be the respective rates at which the combatants are be-
ing reinforced ; t is the time measured from the start of the battle ; A and B
are the attacker and defender casualties per opposing combatant and finally
let C'and D be the operational loss rates for the two sides. Then the engagement
is described by the following set of differential equations : )
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These are the most general set of Lanchester’s.equations.

It is not possible to test the validity of the applicability of equations (1) to
the situation at Breskens because of the large number of parameters involved
or, to be more correct, due to insufficient information regarding the engagement .
We can make one simple assumption, which is quite valid for most of the battles,

. that is, the losses due to operational causes are negligible as compared to those
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due to enemy activity so that C=D=0. Further, for lack of any information
regarding the defenders, suppose that the defender troops were neither reinfor-
- ced nor withdrawn during the course of the battle. Under these. citcumstances,
the sitnation at Breskens is described by the following two equations :

dM

5 =P—AN | (2a)

= e

For further treatment it is convenient to make the following substitutions:—
AN(0)=A, , B/N() = B, , vAB=u ‘

and N(t)/N(o) = E(t) e
where N(o) is the initial defender strength. With these substitutions, equations
(2) transform to ' - T

dM
dE ‘
5 ——bM . ~ (3b)

For arbitrary but integrable P(t), these equations admit of the following solu-
tion (see Appendix I)—

M(t) = M(o) cosh pt —%l—isinh’yt + f cosh u(t-—) P(s) ds (44)

t ‘ :
" E(t) = cosh pt — . M(o)sinh ut — L f sinh p (t—s) P(s)ds (4b)
. Al X A. o )

- where M(o) is the initial attacker strength engaged in the battle.

The following information regarding assault on Breskens was available
(See appendix 2, Table I).
(¢) The total number of attacker troops entering the engagement on each
day, their number being zero at the start of the battle (M(o)=0).
() The total number of attacker casualties during each day of the battle.
(i%) The time for which the engagement lasted.

.Two points are to be noted. Firstly, nothing is known about the rate at
which the defender forces are being reinforced or withdrawn. This rate, how-
ever, we have assumed to be zero. Secondly, we do not know about the initial
strength of the defenders, and neither do we know their strength at the end
of engagement. Itis precisely for lack of information regarding the second point
that we choose to deal with the quantities E, A; and B,, as occuring in equa-
tions (3a, 3b), rather than with N, A and B, occuring in equations (2a, 2b).

Now solution (4) which we have derived involves the continuous time

variable >’ whereas we know P(t), the reinforcement rate for the attackers .

only for discreet values oft. ' We choose one day as the unit of time and makea
gimplifying assumption that the attacker troops are entering the engagement at
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a constant rate during each day. Th’us, if a reinforcement P(r) arrivéé at the
beginning of the r-th day, then we define P(t) as ‘

Pt)=P(r) for r<t <1
where r is a non-negative integer.

~ With this understanding, integrals in equations (4) can be replaced by
summations as follows : .

.

M(t) =M (o) cosh pty, — %-1 sinh pt 4=

: 71; 2 P (r){ sinh p (t—r)—sinh p (t—-r——l)) - (4a)

E(t) = cosh pt — £ ginh uh
A,
- 1 t—1
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. AT, =0
These equations hold for positive integral t. These formulae are not convenient

- for computational purposes. For calculation purposes, we write them in a
different manner : : .

M (6-+-1) = cosh p M (t)— [ E (1) — ;Ig]:}sinh u (5a)

E (t4+1) = cosh u E (t) + P (1 — cosh p)—-—Lmh”‘ (5b)
. A]_ . 'A-l -

where E (0)=0.and M(0) is equal to the observed effective attacker’s strength
at the start of the battle. For the situation at Breskens (M (0)=0).

Whether or not the situation at Breskens is described by the equations
(4a, 4b) or (4a’, 4b’) or (5a’, 5b’) depends upon the fact whether it is possible to
assign values to A and B (which is the same thing as pand A, since we are deal-
+ ing with them) such that calculated values of M(t) and E(t) arein good agree-
ment with the observed values *M(t) and E(t). (In our case the question of

" agreement between E(t) and E(t) does not arise since E(t) is not known).

We will now briefly describe a method, due to J. H. Engel2, for rough esti-
mation of A; and B, and then obtain a better estimate from them.

Let the battle last for T days. Integrating (3b) from 0 to T and replacing
integrals by summation, we have

, [ 4
&={hﬁm}/{§Mm}

- Now integrating (3b) from 0 to t, we get
to._
E() =1—B;, 2 M(r)forr>o
r=1 s (7)
and E (0)=1 j

© #In what follows bar (——) over a variable will imply the observed valué
of that quantity. :
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where E’ (t) deriotes the approximate theoretical value of the fraction of the

_ defender strength at time t. We designate it approximate theoretical value since
it has been caleulated from (3b) by using observed values of the eﬁ'ectlve attack-
er strength on different days:

Now integrating (3a) from 0 to s, where ‘s is some fixed time at or near the
termination of the engagement, replaclng integrals by summatlons, and using
(7) we get

A1={(£‘P(t)——,ﬁ(s)}// E‘E’(t) e (8)
(r=0 /| t=0

Having obtained A, and B, the approximate theoretmal values of the attacker
strength are given by

M'(t)=k.§0P(k)—-AlztE' (k)‘ e )

The choice of A, assures that _I\E(o) =M(o) and M(s)=M(s) and that of B, assures
that E(o)=E(o) and E(T)=E(T).
The introduction of ‘s’, some fixed time at or near the termination of the en-.

gagement requires some expla.natlon What happens in an actual battle is that
A and B, the casualty producing rates per combatant of the'two sides do not re-

main constant throughout the period of the battle. - They are sub]ect to-the

influence of many factors such as the morale, the training, the experience of the
soldiers; the nature of the weapons used, the ratio of the troops in battle to that
in support, and last but not the least to the terrain. It is not possible to consi-
der the influence of these factors. But, besides all these factors, during later
stages of the battle, when the battle becomes sporadic, the rate of combat may -
be markedly affected. Roughly, ‘s’ may be taken as the time when the attackers

are able to hold the ground securely. For the situation at Breskens we have =+

taken s=T, the length of the battle. This is justified by observing the number
of day to day casualties of the attackers which remain quite high even till the
end of the engagement.

From formulae (6) and (8), we find that the determination of A, and B,
involves the knowledge of E(T), the observed fractional strength of the defenders
at the end of the battle. Since we do not know E(T), we make estimates of A,
and B, by taking E(T)=0-25, 0-4, 0-5 and 0-6.

Having obtained a rough estimate of A, and B,, we can now obtain their
exact estimate. For t==T, taking M(T) equial to the observed attacker strength at

the end of battle and E(T) equal to 0-25, 0-4, 0-5 and 0-6 in succession, we

get from (4a) and (4b) two equatlons in two unknowns u and A,. Let us
write them as

f(,u, Al) =0
and b(u, A,)=0
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We knew a rough estimate of A, and p by the method given above. Then, by
Newton’s method of successive approximation for finding the root, a better
approximation to the roots will be A;4-h and y;+k whereh and k are the roots
of the simultaneous equations

of of R
h AN kdf(u, A)=0
( oA, )A;,u + ( o J A e &)

(aAl )AW ( A,,ukW(“”Al):O-

It was found for the case in question that this process of successive approxima-
tion has not to be employed more than once. The choice of A; and B, by this
method ensures that (i) the total caleulated number of attackers’ casualties is
equal to the total ocbserved number of attackers’ casualties, and (ii) the observed
fractional defenders’ strength at the end of the battle is.equal to the calculated
one. Appendix III gives two sets of calculations, one based on the rough esti-
mate of A, and B; from formulae (6) and (8) and then calculating M(t) from (9).
This we call as rough theoretical estimate of M(t). The other one is based on
the exact determination of A; and B, from (10) and then calculating M(t) from
(ba, Bb). This we designate as exact theoretical estimate of M(t). Tables III k
and IV give the effective attacker strength and attacker casualties on different
‘days. On going through the calculations we observe that for E(T)=0-6, the
agreement between calculated and observed values of M(t) is quite close.

(10)

Conclusion derived is that the Lanchester type equations (2a, 2b) are valid
for the engagement at Breskens, if we assume that the enemy strength is reduced
by about 40 per cent by the time the battle ends.

The author is grateful to Mr. A. K. Mehta, Junior Scientist, Defence
Science Laboratory for help in the calculations.
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R | | APPENDIX 1
Solution of Equations (26) and (2b) ~ ‘
dM ) ) . . RS '
- dN ‘ ,
— = —BM e L (1b)
 Taking Laplace Transforms of these equat ons with mspecbe to ‘t’ we get
| pM 4+ M(0) =P — AN S (2a)
and pN + N(©0) = —BM © - (2b)

where ‘p’ is the transform parameter and a bar denotes the LiT. of the respec-
tive variable. S

Solving (2a) and (2b) for M and N we have ‘
Al\ _AN(0)

i P 55 ¥ Ry v Ry v e -.
- B = BM(0)
| N=—§:EP+IT”“N‘°)_“‘“(K)B @b

Now, since L~ (P2 AB) = _cosh (\/ AB t)

VAB \ ..,
L = AB) = sinh (\/AB t)

and ( o) 2 (p)) f £(t) g (t—a) da-

-—ff(t——a)g(t)da

we immediately get »
M (t) = M (0) cosh (VABt) — \/% N (oj einh (V"A”B;:)
A ' b
+f cosh VAB (6—s). P(s)ds, -

N (t) = N (0) cosh (VABt) — \/ T%M (0) sinh (VAB t)

.
. ’\ - S ’
gy %fsinh\/AB (6—s). P (s), ds
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DT APPENDIXIT
TABLE I
Data available
Tﬁﬁe in ‘daysv"' ' Observed a’ota.cker Py
: v casualties (men) - M(t)
0 —_ 2700 o T
1 e 1m0 2636
P 53 o 4383
3 e 1800 4339
4 - 50 0 6089
5 52 0 6037
6 26 0 6011 |
7 47 0 5964
8 61 L0 5903
9 T 0 5849
10 48 0 5803
11 18 0 5785
12 40 0

5743

*Fighting strengthk of a brigade has been taken to e 2700 men.

TABLE II

Apprw@mate (md exact values of A1 and B1 for dzﬁ’erent values of

N (T)/N(o)

A
10 B,

N(T)/N(o)=o-2$

N(T)/l_\r(o)=o-4

N(T)/ﬁ(o)=o-5

N(T)/N(0)=0+8 ‘

Approx.| Ezxact
67-71.| 89-21
1-16 |

112

Approz. | Exact. .
61-96 | 6305 |
0-93 | 0-98

Approx. |- Exact

58-63 | 59-43
078 | o081

Approx.; - Exact
55-66 | 56-22
0-62 0- 65
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TABLE III
Effective Attacker strength
Timo N(T)/N(0)=0-25 | N(T)/N(0)=0-4 | N(T)/N(0)=0-5 | N(T)/No=0-6
in -~ [Observed| Approx | Exactly | Approx.| Exactly | Approx., ‘Exactly | Approx.| Exactly ' -
days cale. cale. cale. calc. cale. cale. cale. cale.
0 o o of o] _of o 0 0 0
1| zess| 2632 | 2o | ‘se3s| 2037 | 2041 | 2641 | 2644 | 204
9| 4333 | 4367 4364 | 4378 | 4376 4384 4390 | 4389
3| 4330 | 4304 | 4301 | 4320] 4317 | 4328 4336 | 4335
4| 6089 | 6046 | 6042 | 6064 | 6062 | 6075 | 6073 | 6085 6083
5| 6037 | 5992 | 5988 | 6012 6009 | 6024 | 6022 | 6035 6033
6| eoit| 5042 | 5938 | 5964 5961 | 5976 | so7a | s9s7| 5986
7| 5964 | 5808 | 5804 | 5919 | 5916 5931 | 5920 | 5942 | 5940
8| 5903 | 5858 | 5854 | 5877 | 5874| 5889 | 5886 | 5899 | 5897
9| 5849 | 5823 | 5820 | 5839 | 5837 | 05849 | 6847 | 5867 5856
10 | 5803 | 5792 | 5790 | 5805 | 05803 | 65811 | 5810 | 5818 | 5817
11| &8s | 6766 | o766 | 5773 | 6772 | 6777 | 5776 | 5780 | 5780
12| 55| 65745 | 5745 | 5745 | 5745 | 5745 | 6746 | 5746 | 5745 ;
TABLE IV
Attacker Casualties
i N(T)/N(0)=0-25 N(T)/N(o)jzb'é { N(T)/N(0)=0+5 | N(T)/N(0)=0-6
in Observed|Approx. | Exactly |Approx. Exactly jApprox. ;Exactly | Approx. Exactly
days | cale, cale. cale. calc. calc. cale. | cale. | . cale.
1 64 | 68 69 62 63 59 59 | 56 56
2 .| 53 65 67 | 60 61 57 58 55 5
3 44 63 63 58 59 56 56 53 | b4
4 50 50 : 59 56 56 53 54 52 52
5 52 54 55 | 52 52 | 51 51 50 50
6 26 50 | 49 48 ~49 48 48 | 48 48
7 47 44 44 65 | 45 45 46 45
8 61 40 39 42 41 42 43 43 43
9 54 35 34 38 | 38 40 39 41 41
10 8 | 2 30 34 34 38 31 39 | 39
no| 18 | 2 25 32 | 81 3¢ | 8¢ | 3 [ a1
12 0 | 2 21 28 27 31 31 35 | 36




