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. ABSTRACT

A new method for comparing the proportions obser-
ved in two binomial samples involving the characters,
say A and B with probabilities p & g has been given in
this paper. This method provides the basis for a more -
reliable comparison than the usual 2 X2y 3-_contingency
test. Taking the samples in order of occurrence to be
Xg, Xgeoroos p SN CTH Vn , the tests
depend on the statistics Xy and Y, which are based on
a system of scoring X (xx—yi)or 2 ] Xk—yr | where
| k—1|<8, & constant. The score for (zx—-y;) is zero for
combination AA or BB and is 41 or—1 if the combina-
tion is AB or BA. Similarly | % —jy | is zero in the first
case and +1 in the latter two cases. The tests have been
illustrated for examining the percentage of defectives
produced in two machines. The applications of the tests
in psychological investigations have also been explained
with reference to the data discussed by McNemar.

Introduction ey i

The ¥? test with one degree of freedom is usually used for testing the
significance of the difference between the observed proportion or percentage
of defectives in two independent samples. The samples-are arranged in a 2X2
contmgency table and the 2 is calculated as follows: :

TasLE I
2 X 2 contingency table
l B
Defective Non-Defective Total
f, £,
) N,
Sample I . .  (e;=N,N,"/N) (e,=N;N,’/N)
B . L f, N,
Sample IT .. . (83=N,N,’/N) - (eg=N,N,’/N)
Total .. Ny N,’ N -

In the above table f represents the observed frequency while e stands for the
expected frequency calculated on the assumption that the two samples
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are homogeneous and the propertions of- defectlve.q and -non-defectives are

N//N and N,'/N respectwely o ;

Then
. R TR

Xe— y(_f_:gx)__ . (f f "fz 3) N

‘ ¢ - N1N2 NIIN 2

fe=l

‘df.=1

The difference between the two pro'pmtions is considered to be significant or
not according as x? is grea.ter than 3841, the 5% ¥ dlue (6 633 n" 1% level is
desired), or less than 3 841

The two samples can ‘also be compa.red by calculatmg the tandardlsed
deviate of the difference between the proportlon of defe ‘mves, ,

fl/Nl-—-fs/N _ IfI Z] > 1-96 the sample proportions -

Z = = are s1gn1ﬁcantly dlﬁ"eren’ﬁ at 5% level.

N;N2 ( )
N Nz

The above two tests, namely X? and Z are, however, eqmvalent for com-
parmg two binomial samples :

It may be noted that these tests make only an overall comparison cf the
two samples ignoring completely the order of occurrence of the individual
observations. Theoretically, these tests are valid only foe random samples.
Hence the correct application of the tests calls for prior testing of randoraness
of the samples which obviously necessitates the maintenance of the order of
occurrence of the individuals at the time of collection of the data. From
practical point of view also the order of occurrence of the observations and
examination of its randomness seem to be of importance, especially in Statis-
tical Quality Control work (S.Q.C.) while comparing two processes or work
in two shifts or two machines ete. It is reasonable that a test which takes the
~order of occurrence also into consideration will provide a more reliable
comparison between two samples. A class of such tests developed by us are
briefly .discussed below, :

Definition and sttnbutxon of Statistics Xs and Ys ’

Let two binomial samples of size n, arrunged in order of occurrenge be
as follows : .

#o

Sample I x; %5, .. - .. L. xwoTT
© SampleIl y; v .. .. SRR

where xp and yr, the rth observations.in samples I.and II ar: either. A or. B.'
with probablhtles p & q respectively for both the samples. Then a class of
statistios Xs and Ys which will take into account the order of occurrence of
the observatlcns n’ the two ﬂamples, is defined by ‘

8 n——l n—l

Xy = 2 (Xr-—y:-)+ 2 2 (xr—Yr+:)+ Z z (Xt;+i"'"}’r)

1==1 r=1
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wSn] - 53 [aonals5 Shan ]
i=1 r=1 e

(s—012 ........ ’.‘k k< n—l) . N\

~ where (xy — ¥r +1) is zero, - 1 and —r 1 acoordmg as (v,) both X«; & y, +i
are either A or B, (u) X 8 A &'yryiis B and (iu5) vice verss, while
| Xy — Yr41i| I8 zero in case (¢} and 4+ 1 in’both ‘the cases (m) & (W) It

may be noted that X, , Y, , X; and Y, reduce to i e
n . . . ' ’ ‘
S A s
,Xo: ) (Xr — yr), Y = Xr "" y: ',,'
r=1 T T P o . )
SN I . a1l - n—1 ;
X, = Z (x,—y,)+2 (xr—yr+1)+Z (xr+1—Yr):.
=1 r=1 o sr=l et
B ) e  11’-—1 o : ‘n—l . _
Yl = E Xr — Vr + 2 Xr -_— Yr+1 + : Xl — yi‘.'
r=1' o=l :
The first tWO cumulants of X, , X1 ,» Y, and Y1 are as follows
Statzstw Xo \ :
Ky = 2npq
Siatzstzc X3
£ =0

% = 2(9n—10)pq
Statistio Y, ;
ICI = 2npq ‘
 m=2pq(=2pq)
 Statistio Y, - o A
k= 2(3n--2) Pq
kg = Bupq (3—10 pq)—4pq (5—I81>q)
- The expectation and variance for the general ease when the probablh-
ties for A and B are p;, q; and p,, g, for the ﬁrst and second samples respec-
tively are given below : o
E(Xe)=Walpr—p,), E(Ye) Wl(P1q2+q1pz) i sl e
Fors<n/2 R
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V(Xe)=W,Z2+W,Z,, V(Y)=W,Zg-}-WyZ;and -
For s>n/,

V(X )—W1Z1+W Zia > V(Y )—-W1 +W3Z4 .
where o ..
W1=(n+2ns)—s(s+1), -
W2=2 { (2ns? +-ns)—}(5s%+65%--5) },
W;=1 (n—1) (6ns—n2+4-2n)—2s (s2—1)},

Zy=(Pyq+asP2)—(Pr—P2)%,
Zy= { P192(P1+92) +%Pa(%: +P2)—2(P1*152)2 }

Zy=(py95+91P2)—(P1921%D,)?

Zy={ p12a(P1-+a) +QuPo(Gu-+Pa)—2(P1+0Pa

Tt has been shown ofi the basis of the first four cumulants that the dis-
tributions of Xy and Y, for finite values of p tend to the normal form as
n tends to infinity. However, when p is small the distribution of Y, tends to
the Poisson form.

The above statlsmcs X, and Yy can be used for testmg the difference
between two binomial samples. For large values of n, this is done by calculat-
ing the standardized deviate of these: statistics by'assiming p to be the same
for both the samples. - This value may be taken to be any of the observed
proportions for the two samples separately or. the proportion obtained by
pooling the two samples together. Among these, that value of p which gives
the maximum power for the alternatives arising from samples I and II is to
be preferred. For small samples the probabilities that X >a or Ys >b can
be determined from the exact distributions.

POWER OF THE Di1rrerENT TESTS

The power of the statistics, 4.e. the chance that the test shows to be sig=
nificant, when the samples are not homogeneous, was examined for the hypo-
thesis p, and the alternative p, varying from 0-1 to 0-9 for 1=30 and it was
found that the power of the statistics X, was maxjmum for, Xy As regards
Y, the power increased rapidly as s increased up'to s= n/,; beyond which
the increase in power was much less and the information on the order included
© in the test became less and less.

The power curves for the tests based ori. X, and Y.;/g “for the hypo-
theses py==0-1 (0-1) 0-5 and alternative p, = 0-1 (0:1) 0-9 afe given in
graphs I and II for n=30 when the probability for the rejection of the hypo-
thesis Hy = py, when true, is +05. As the power curves for the hypotheses
Po="19, ‘8, *7 and -6 are the reverse of those for -1, -2, +3.and 4 respectlvelv
they have not been given.

In fact the standardised deviate of X, and X2 are algebralcally identical.
Henoe their power curves should be the same. In graph I there is some
difference between the power curves for p="1 & *2. This discrépency 1s due to
the fact that, the value of n=30 is not blg enough for assuming bhe dtstnbu-
tion to be nermal.
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~In the above graphs the continuous curvesI to V represent the powers
of the statistics X, and Y2 for the hypotheses Po="1, *2; -3, -4'Gnd -5 res~
_ pectively while the dotted curves 1 to 5 show the corresponding powers for
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the standardized deviate of (Sin"'+/f, — Sin4/f}), where f;, and f, are
the observed proportion of defectives in the two samples.

As seen from the above graphs, the standardized deviate of Xo and the
contingency X2 test (almost equivalent to square of the standardized deviate
of (Sin 4/, — 8in-T3/f,) appear to be equally "powerful for testing two
binomial samples. It may, however, be noted that while the existing test is
an overall test ignoring the order of occurrence of the individual observations,
the statistic X, takes that also into account. For Yy the test is slightly more -
powerful than th> usual X2 test for hypothesis py,=qe="'5 and alternatives
near about p;=-3 to +7. For other values of p,, the more powerful regions
are as shown below. ' :

TABLE 2
Hypothesis, p, * ' Approximate region w;
o P > el
2 P: > '3'
3 1 2 <m < +3 and
_ ) near about -6
4 o 2 < py < 4

ArpLICATION OF THE TESTS

Example I—Suppose thirty articles are collected from each of two ma-
chines aceording as the order of production. Let the inspection results be as
follows:— R .

Machine I BBABBBABBABBBABBBBBBBBABBABBBB,
Machine IT BBBBBBBBBBBBBABAABBBBBBBBBBBBB,

Where A stands for defective and B for non-defective article. .

The object is to examine whether the two samples are homogeneous
i.e. the percentage of defectives in the two machines are same and are produced
at random. :

The observed proportion of defectives in the first sample is -2 and that
in the second sample is +1. The hypothesis to be tested in this case is that the
two samples are homogeneous. If this be true, either of the sample proportions
can be taken to be the.estimate of the population proportion p. But the object
of the test is to find out the real difference between the two samples, if there be
any. In the present case this will be done in a more striking manner .if the
population value of p is taken to be -1 instead of -2 because the power for
Po="1 is more than that for py=-2 for all alternatives (p,=-1 to *9). Thus
assuming p=-1 and"q="9 and using the formulae (7) and (8) the standardized
deviates of theé statistics Ys for s=0, 1, 5, 10, 15, 20, 25 and 29 and of the
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statistic X, along with the usial large sample binomial test are calculated and
given in the following table. :

TaBLE 3

Standardized deviates of the statistics Y, X, and the binomial test -

Value of Observ- | Expect- ’Stand ard | Co-effi-

ed value | ed value | deviation | sient .
8 of ) of vari- | Standardized deviate
Statistic ation Z ’
Statistic Y -
' 0 R 540 2:10 38-88 -76 not significant
1 25| 1584 | B82| s674| 1.57 Do.
5 ' 87| 5400 | 19-00| 8535 | 1.72 Do.

10 : 139 93:60 | 33-13 85:40 | 137  Do.

15 ‘ 189 | 12420 | 43-76 3523 | 148 Do,

20 217 | 14580 |© 50-80 | 34-84 | 1.40 Do.

25 232 | 158-40 5484 | 3462 | 1-3¢ . Do,

29 234 | 16200 |  56:03 34.50 | 1.28 Do.
Statistic Xo B 0 2.32°| 129 Do,
Uﬁ:lol:ﬁﬁle ::s?Ple . | 1-08 Do.

It may be noted that Z for Yy (s=1, 5,....\vvvuinn..s.. .25) is greater

than that for X, and the usual large sample binomial test. Z, is considerably
more for values of s between 1 and 15 and is maximum for s—5, This is partly
due to the fact that the reduction in the coefficient of variation is sharp up to
s==5. So for practical purposes the value of s may be taken to be 5. .

None of the tests in the present case has shown any significant difference
between the two samples. The best decision that can be made in the present
case is to coufirm the results by collecting bigger samples.

Ezample 2—The statistics X, and Y, are based on different types of match-
ings between the individuals of two independent samples, on the basis of their
order of occurrence. When the two samples are not independent as in the case
where every individual of one sample is matched with a corresponding indi-
vidual of the second sample, the ordinary x2 test can not be applied’. Bug
the statistics X, and Y, can be applied for comparing the percentages in such
matched samples also. An' example of such matched samples is provided by
McNemar2. 205 soldiers were asked before and after & lecture on the diffcul-
ties of war against Japan, whether they thought that the war against Japan
would last more than or less than a year. Matching occurs because the same

goldiers reply before and after the lecture, o ‘
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The replies in this case may be classified in 8 2X2 frequency table as shown
in Table 4, ‘

TasLE 4
Comparison of proportions in two _samples

After looture "} TR
- Total .
Less More
Before L Les .| @%e | @)% 70
Lecture ,
More © 0 @nss | 13
86 | 169 206

The problem is to test whether the lecture was eﬂfé‘dtive in convincﬂxg the

soldiers of the difficulties of war-against Japan thereby making a significant

change in their opinion, : B ,
McNemar’s ® solution is quoted below. .. -

“Before the lecture, 70 men-out of 205 thought that the war would last
less than a year, whereas after the lecture this number dropped to 36, The
comparison which we wish to make is - that between the two frequencies
70/205 and 36/205. There are several ways in which the test may be derived.
Perhaps the easiest is to note that both numerators, 70 and 36 contain the 36(a)
men who persisted in thinking that the war would last less than a year. Hence,
equality of the numerators would imply that the same number of men
changed from ‘Less’ to ‘More’ as changed from ‘More’ to ‘Less’. In other words,
if the lecture is without effect half the persons who changed their minds to
change in one direction and half in the other. Thus the test can be made by
testing whether the numbers (b) and (c) are binomial .successes and failures
out of n=(b-+c) trials, with probability }. For this S

_ (b—$np | (c—in) (b—o)?
X2= In + In =(b+€)— 34

with 1 degree of freedom. A correction for continuity cam be applied by sub-
tracting 1 from the absolute value of the numerator before squaring”.

Let us examine the application of the statistics X5 and Y, in the present
example. As there is definite matching in the present case, the imatched
differences (Xr —Yr ) OF |Xz —Y:| where x; andy: are the replies “more’ or
“legs” of the rth goldier before and after lecture, can only be considered.
Thus either of the statistics. X, and Y, only is to be used for comparing two
samples. Designating the reply “more” by 1 and “less” by 0 the data of Table
4 can be marranged as in Table 5, ‘ _ (
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TaBLE 5.
. Replies of Soldiers

B(Iafc_)re lecture R '. After lertui'e‘ ‘ . Nulhbér of soldier
T | 1 S 138
'.,6, . - S R
0 0 | 36
. ,, -, ' 50., o
| K 205

The above table shows that the number of soldiers replying (1,1), (0,1)
(0,0) and (1,0) are 135, 34, 36 & O respectively. Thus the values -of X, and Y,
are —34 and 34 in this case. The proportions of 14.e. “more.’ before- and after
the lecturé are 135/205 & 169/205 Tespectively. Assuming that the proportion of
soldiers replying “more” before and after the lecturé remained the same and
taking that to be 135/205 the standardized deviates of statistics X, and Y,
are calculated and given below ’ e

L= ——-——————-—X° =—-—354
i, Vempq -
and 2= e 2P gy

- Val2pg—4p*ql . |
These values are significant at 1 per cent level indicating thereby that the
proportions of soldiers replying “more” after the lecture changed significantly.
Tt is interesting to note the interpretations of statistics X, and Y, in the present
case. The statsstics X, represents the difference between the number of soldiers
who changed their opinion in one direction, say from “more™ to “less” and that
of those changing in the other direction i.e. from “less” to “more”, while Y,
represents the total number of soldiers who changed their opinion after the

lecture.
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