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Maximum atmospheric entry angles for vehicles initially moving in elliptic orbits
are investigated and it is shown that tangential retrofire impulse at the apogee results
* in the maximum entry angle. Equivalence of maximizing the entry angle and minimiz-
ing the retrofire impulse is also established. . o

Galman1 has investigated the retrofire alignment angle that produces the steepest
atmospheric entry angle for a given instantaneous velocity increment. Baker, Baxter &
Arthur? have discussed minimization of the retrofire impulse with respect to altitude
for a given entry angle. They have also shown that minimizing the retrofire impulse with
respeot to retrofire angle is equivalent to maximizing the atmospheric entry angle. In the
aforementioned analyses the vehicle is assumed moving in a circular orbit.

The present paper analyses the problem of maxumzmg the entry angle for specified
retrofire impulse in case of vehicle moving initially in elliptic orbit. Galman’s result follows
therefrom as a particular case. It is further shown that for initial elliptic orbit maximizing
the atmospheric entry angle with respect to retrofire alignment angle and true anomaly is®
equlvalent to minimizing the retrofire impulse. Numerical examples show that maximum
-entry occurs when retrofire impulse is directed tangentlally at the apocentre of the initial
orbit.

ANALYSIS

Suppose the vehicle is initially moving in the elliptic orbit
l=1r(l 4 ecosb) : (1)

where I, e represent semi-latus rectum and eccentricity and r, 0 are radius vector and true
anomaly of the orbit. :
Let a retrofire 1mpulswe velocity decrement A V at an alignment angle 8 be apphed at

the point ( 7q,-8,) changing the vehicle’s velocity from ¥, to V,. If the vehicle makes at-
mospheric entry at an angle ¥ at a radial distance 7, from the force centre, by conservation

of angular momentum

V7o 08 ¥y = Vi *g 008 Vg (2)
where 7 is angle between velocity vector and the local horizontal and suffixes 1
and E denote conditions just after the retrofire 1mpulse and at the entry pomt

respectively. .
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Energy equation yields ' ‘
Vit — 2Vop? = Vy2 — 2Vog? o 3)
where Vogand Vgo are circular vélpc;_iﬁ_ig&s %mt rg and 7, respéctively. -
Also if ¥, is the value of ¥ just Before the retrofire impulse ,
Vycos (Yo —=%) = Vog—AVeos - (4) -
VE=V2—2AV Vg cos B+ (AV)? (5)
Equations (2) to (5) yield | ' |
[\/#l AV"o o8 7’0+ﬁ) ]

co3s Yp= )
2 1—e 6
S fElP (;LT.._ wl———)—2AV Ve Ct)q B+ (AV)a P' (. )
It can be shown that '
o s _esinb 0
ta,n '}’0 14 ecos 00 o . - (7)
V,;~=~[—‘l‘~_(1 + ¢ + 2e cos 00)]“1’ . ®

where p is gravitational parameter.

‘Obviously from equation (6) by virtue of equations (1), (7) and (8) ¥gzis a function
of two vanables B and 6, for speclﬁed AV. For extreme values of ¥ g '

&g , 4
aﬂ =0 , , (9
e : ' -

Using equation (6), conditions (9) aI;d (16) give o
7o [Vl — AV 74 cos (Y + B)] sin (7’0 + /3) : Vo 7g 2 (30%2 ¥g sin ﬁ (11)
rolv/, ﬁl — AV rqc08 (Yo + B)] [ (€ -+ cos Bp) sin (¥ + B) — 7y V2 sin 6, cos (¥y+-B)]
= pV,yrg® cos? ¥y cos B sin 6, . . (12)

Equatlons (11) and (12) can be solved for the two unknowm 3, 84 which on substituting
in (6) will give extreme values of ¥z

Equatlons_(ll) and (12) give

‘eqmﬂ —l—

] o

*~ Eliminating B between equations (13) and (11) we got an ‘equation in smgle unknown
0y which was solved numerically. Having known 6, equation (13) gave 8 and ‘then from
equation (6)extremum 7z was evaluated, .- -

tan B = (1?;)

~
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TThus extreme ¥z ocours when retrofire impulse is applied tangentially at the apogee of
the initial orbit. ‘ R '

Extremum 7y for
Case I = 16°, 51" )
i r (14)
. Case I1 =178°,568" ]

To decide whether the extreme values of 7 correspond to the maximum or the mini-
mum, we have plotted the variation of the atmospheric entry angle ¥z with respect to the
vectorial angle for various values of g (Fig. 1). A study of the figure shows that 6y =7
and B = 0 corresponds to the maximum value of ¥z and the values of extremum ¥y given
in (14) are maximum values of ¥ in the two cases.

If the initial orbit is a circle of radius 7, equation (6) becomes

- o (Too— AV canp) | )
co8 Vg = 15 12Vo — Voo —2AV Voo ces B+ (AV)H )

and equation (11) with the help of equation/ (15) can be written as

sin B [ (AV cos BR Voo— AV cos B { 2V0E2—V002+(AV)2:(

+Foo2 ot — Voo +(aVR}]=0 a9

From equation (16) either

Siﬂﬁ:o R

or

cos B = (AV[Voo)* + 2 [ (Vou/Voo) — 1]
ST AV/[Voo

which are the results obtained by Galman.

MAXIMUM ENTRY ANGLE AND MINIMUM RETROFIRE -~
IMPULSE :

-

For unspeciﬁea retrofire impulse it is evident from equation (6) that Yz is a function of
three variables AV, 6, and 8. Hence

(8AV) __.(2’2«’_) - (_"’_’.’E) - )
B Jrme,  \ 88 /ave, ~ \8AV]es, . "
NS - & L (es By

( 26, )YEa - ( 80, )AVB ) (aé\V)aﬂo 9)

Now it is from equatiohs (17) and (18) that the values of 8, 6, satisfying equations (9) and
(10) giving maximum ¥ g for specified AV will alsq satisfy equations .

£
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giving minimum retrofire impulse for specified entry angle provided that

t22¢] ' - - ‘
(a—ﬁ’)@eo # 0 (19)

Now from equation (6) (.;—ZE_V)QG = 0 gives
. (1

[Vl — AV 1o cos (Yo 4 B)] 79 008 (Yg + B) = 75® cos® Vg (Vg cos — AT) (20)
Dividing equation (20) by equation (11)

. AV
cobt (Vg1 B) =cot B — W
which. yields
either (i) sin B=0 ' , .(21)
or (ii) B = sin (\/M esm())__yo \ (29) .

Substltutmg B = 01in equation (11) gwes %p = 0.and hence by equation (7) §, = 0 or .
Putting B = 0 and 6y = 0 or 7, (¥, =0) in equation (20) we have

. 2 (”0 L )
AV =Vt (ro Vo — V1) rg L

which cannot hold good for arbitrary choice of 75 and A V. Hence B=0and 6,=0o0r 7 do
not satisfy equation (20) and therefore equation (21) is invalid. Evidently then 8 and 6,
satisfying equations (11) and (20) are related by equation (22), but since equation (22)
differs from equation (13), therefore 8 and 6, satisfying equations (11) and (12) will not
satisfy equation {20) and hence relation (19) is true. Therefore 8 and 6, given by equations
(11) and (12) for maximum 7z will also yield minimum /A V for fixed ¥g .

CONCLUSIONS

(¢) For a vehicle moving initially in an elliptic orbit, maximizing entry angle with
respect to alignment angle and true anomaly is equivalent to minimizing the retrofire
impulse..

(#) Numerical results show that maximum entry angle at a given entry altitude occurs
for tangential retrofire impulse at the apogees.
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