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Renyi’s entropy for & generalised discrete probability “scheme is extended to a generalised
continuous probability scheme and a number of properties of both Renyi’s entropy and its

extension are considered. . -
: )

Let 2 be an arbitrary space, B a o-algebra of the subsets of 2 and p, a probability
measure on B. Renyi' defined the concept of a generalised random variable X on Q, € B; if
2 (2y) = 1, he called X a complete random variable and if 0 << p (2,) < 1, he called X an
incomplete random variable. In particular, let X be a generalised discrete random

variable describing the scheme of events [ @y,........ 5@, ] With respective probabilities
[P @i D ()] Subjectto ) |
o< Zp @) <1L,p @) >0forslli Lw
gl ‘ ) : 4 A ' s

By‘ using the‘ concept of Kolmogorov-Nagumo, generalised mean of the self—informdtory

' variable log; ——l(——-)- w.r.t. the strictly monotonic and eontiniious parametric function
P | EE L
) (Q—a)z . ‘ ~
%(w)=2 ’ a<<Oa#l 00 ‘ - (2)

In the same paper Renyi developed the concept of entropy.of order «, & > 0, & %.1, 00,

Denoting it by Hy (Xa)ys it is given by ? c
’ ' : _T/ L ZP“(%)#
1 R S o

HyXa)y = T—a “Zg*zp(m,-)

In _thelimit; as oo = 1, (3) tends to o

| > p (03) logg » ()

- S CH (X, = — :
Y o z P (x;)

. ) : R
' T
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: Suppose Xc isa generalis ] contintions »xa,ndom vanable and
funct:on, posxtlve and deﬁned over £, s 50 that ;

Re Followmg the procedure adypted fo;: gettmg (3), if we take the Kolmouorov-maoumo
genera&ed mean nflong( B :

lbby H (Xc)g, we have

wrt gm

| -

In thm paper, some of the properﬁeﬁ 0€~(4) and*(ﬁ) ammaﬂemd., 'In all what follows, 9,

. will be dropped from the integral sign‘in (5) but its presence will otherwise be understood,

" the underlying integrals will be assumﬁ to ex1st and. ’ohe base of logarlthms willbe
,_assumadtobee-\& G oo e s




Lot p (i) be the largsst or'one of
. My are positive, we have .
; ST .. ’ )u\
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PGy’ ff(w)f 0 i =
Hy (X) —-‘—-log : P
| f 7@ &
. l.‘
m—log Gy S o)
‘where ’

. N
T ff (v) do

oLl L - -

Fo

Sor it Gy—1 is finite for all « > 0, then using the above argument we shall have -

(i) C’ontmmty T : S e

o My given by (8) isa power mean of order~«——-1 o > Oand we lmow’ that My
isa eontmuous functm of a, Hence frcm (7 ), H,, (Xg), m also & contmuous functmn L

From8 page 18 of Reference 7, contmmty of Ga....l is given by ( 11) Hence by (10)
H o (X c)y is also a contmuous function of a. A

{v55) M onotonicity

,

1st method: By? Th« 16 of ReFerence b, Ma—l glven by (8).is a monotomcally increas-
ing functxon of . Hence by (7), Ha (Xc)g isa monotomcally decreasmg function of «.

< From? page 144 of Reference 5, G’,,_.; given by (11) is 'a monotonically mcreasmg,
- function of « provided it remains finite fbr o> O Hence by (10), H, (Xc)g is a mono-
o t,omcally decreasing *’unchon of 2, :
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S L [res
da % @ ), (1——‘«)? 8 | f flay dz |
G / - “ e 1 j‘f (70)100f(x)clx
i B E N fa(x) aw | .’ " S B ) d | _
S f s f ) s ™ wa] o
\( +)? ff(x)dm ff“(w) d’x: ST |
b’ But by Jensen’s inequality for integrals we have - L ‘ s . /
‘ e : :
i ; f(&) da | i) do
—f—(ﬁ-ylogflr (w)dx <log ‘f =-—log_ (13)
: I e f f(w) @ fr@a
© Using (13), (12) reduces to U e e
- Bimilarly g B ' ,
iz " (Xd)y L0 o T (15)

By’(l4) and ( 15)’ Ha (Xc)y and Hy (X ) are monotomcallv decreasmg functmns of o
() Mazimality ‘

H, (X3)y is maximum when all the #; are equally hker Kapurt proved it by the

techmque of dynamic programming. It can also be proved by the techmque of Legrange 5
-multipliers,

Hy (Xo); can be infinitely large

Consider T f (@) - EvT]/‘A’ r>9 |
SR E . : =0 2<9. ' .
¥ This makes f @3‘2 = f ‘—%— = 5. So f(2) is a generalised probability
e : —c0 \ ’ 9 S T
‘densityfunction.For'oc:-% O S .
< - PR , o . . o d L 2 P ) .
‘ 5 ‘9 e g

N



- ‘ number a, (@ > 0),

} Vm 19, A:mm

Thzsmakes ‘tom&xmnse Ha (XJ,, 1tselfa. problem Whgn X@ is & complete conti- _L“
 nuous random variable, this prob&emof maximising Hy (X,) (a-entropy for complete
continuous dlatributmns) has been 8ol 6&5 for three sets of constrmnjzs i

(a) when X, i is bounded by a ﬁnil:emterval

‘() when - X o assumes only nonnega.txve values a,nd jts first moment is S 8 preasmgued‘ ;

(c) when Xc has a sPeclﬁed stand:xrd dema,tmn

The correspondmg results for H o« (Xc)g for these three sets of constraints can be obtained
~owith ahght mod.lﬁcatzons of the procedures" followed for« Hy (X c)

(v) Suocessive demvatwes S *_ "

’Let ‘

30 timt -
o L ff‘(w)(logf(w))
Letting. . Sp=-t
, ff“ (z) dz
waha‘{re‘ R d; 5 = S +1‘-S¢ 8;
Usmg (17), (18) and (19) we have
L f@= -
# (ff) Sz~8 2 ‘ ,
L@ =838, S k28 %

. Using (16) -




Supposethatresultlstmeforkth denva,twele, gt

SR —prs ; ST e

““t\’v‘;"“) . ) _._.L . (k+1>
'H‘; (}.m-oc)zsl', O é T

B = 5 [‘n H<ﬁ'4'1>+¢<n>]’a; GaFleo @)
1—q o o T : S A

Multiplying (20) by (1 —

" and integrating the result w.r.t. o« from oy to ap we have

@y
) Puttmgoa = 1 am’tocz = o in (21) we hme E P A -

' H(n-—l) (1 ——.g)“ f(l —-—ot)”’"‘l ¢("') (ZOC . < (22) : o

Puttmg n=1in (20) we have

H’a—- T (¢ ) e
s ERE R — o .
SO‘ . L‘b H’—-—-H =‘_1¢” s

g qc-él « Ot | | |
Suppose o |

From (20) forn = k+lwebave .

H® = —.

1 &
& +1) — : (Ic—l- 1) ga)
B =y [¢ + (k+1)3 ]
Lt H(E+1) =— It [‘(k +2)+(]c+1) [{(k+l)]

a2y s o




 and for a>1, (25) reduces to -

om0 DmsasVenidAmmie Sl "
- ’ . ; 1/,; (, ‘ : S -

o BN gk TR
- Boin general -

“ ":wl‘ e,“
M) = . =
4 Hln o1

With the help of (17) (18) and (19) successive’ denvgxtwes of ¢ (ac) can be determmed S
and then by using any out of (20), (21) and (22); sub]ect to whichever is convenient, suee
sive derivatives of H (X c)g can be determmed . (23) gives-the expression for thi
purpose fora = 1, :

Similar results for H (X ,;) F can be denved m ‘the same manner.
(vi) Bounds Jor Second Defwatwe

1 ree L [feesewn
TT—ap 8 -+ T
fﬁﬁ“}dx G Jﬁé)lbgf(ﬁjdaf =
+ (1) |
f I (@) dz f f @) dz |
( f (w)logf x)dw)

D)

”(ff(x)dz) [(1~ a)zﬂ’(Xc),] = (1 ) [ff(x (1ogf(x)) aa ff(w) o — :

H'a (Xq)y =

y

N (1~¢)2H (Xc); logt—

~

%[ﬂ_ﬁ)ﬁ(xé)] | 1_~¢) ”f , (bgf (x))zdw

g e A
L""

A

\ \ | | (ff (w Iogf Jw)] (24)W

: ‘Perfommg the mentioned operatmn on the LHS and applymg the Schwarz sc}
: vmequahty to the R.H.8. of (24), we have

—~2H'(Xc>g+<1——a)H"(Xo>g>o N (25>“

For0<oc<1(25)reducesbo , o - A
(X c)g>2g'(xc)g/<1~a) e e

, H” (Xc)g —2H“'€Xc)g/(”-‘1) . B . (27).
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(26) gives the lower bound for H (Xc)g forO <o <land (21) its upper bound for
> 1. These bounds are precise in the sense that they. are attained when f(z) is uniformly
distributed. As proved under ‘Monotonicity’ H'u (Xc)y = 0, 80 the 10wer bound gwen by
(26) is negative and upper bound given by (27) is positive. - ~ - . _

Following the above procedure, simxlar results for H {X d)g will be obtamed

GOMPARISON DRI

Hy (X d)g is ﬁmﬁg, posmve and 1nvanant under the transformatmn of coordmate sys-~
-does not have any of these three propertles ¢ '

) ybe mﬁmtely Iarge follows from the example considered 1n‘Max1mahty
Fa (Xc 5 may be negatlve * o : : : ;

" Consider f(z) = 0gr<e )

SO , =0 elsewhere ' B R

The value of b that makes f (w) a generaliséd probabiliﬁy ’gi;néity'fl‘l‘nétioﬁiiys gii@nby .

)

L (29)
For I<a< 1
ﬁjh o J‘b"‘ww dz i 1
" ‘_ NREIEE g* e T ,
) PR <1 f a‘j;;;(%_l_l) L (30)
f b a? d o L |
 endfora>la# o
!‘ /a'
f bat dy -
: ) s . . . . 325 \ —1 R
- >1 i a<v(~°———-—*) , (31)

v _ L J‘bwzdw s



s ) © o DamSeE T, Vor. 19, “AvRr. 1960 -
i From(29)and 30),f0r0<m<1waha”m

h H(ng%o‘_\ i “>(2«—hl) -
andfrom(‘)9) and (31),foroc\l,o;9éoowehave : '

H X )g is not mvamnt” under the ’smnsformatmn of coordmate systems

Consider the transformatlon of the generahsed random Vanable X'to another general-
“ised random variable ¥ by a continuous, monotonic ‘and 1- Itransformatzon Y 3 (X)

The CDF of Y in terms of CDF F (2) of # i glven by e
@ (y) = P{a(w)<y} o '
——P{y(w)<y}—-F[9“(y)] |
=0 ‘ . lf g (— oo)
and it can be easily venﬁed that the dens1ty function p( y) of yin terms of f (z) of z is g1ven by

py)y=20 for ‘ y§g(__ Qo) s
_ - S e :
PO= TR .
P =0
- Hence 3 |
1 —a
ff @ L] S
Ha (Yo)y = «> 0, oca‘l 0 (32)

ff(w)da; e

I the. 11m1t asa > 1 wnd ff (2) dx = 1 (32) bends to H1 (Y Vg = H1 (Xc)g +

£ (o] g

In partmular, 1f Y =4X 4+ B, :
H, (Yc)y—Ha (Xc)y+1°g ]AI
CONCAVITY CONVEXITY

In this Sectlon, only H, (X d)g will be studled Throughout this discussion it will be,
~ assumed that p (m,) are distinct and different, at least two in number. and are arranged in
. ascen‘dmg order, Le.p (@) <p(@ist1),i=1,...... n. We sha,ll ultlmately establish the
following : s

(%) In the ne;ghbourhood of mﬁnity ’Ha (X ,z),, is convex

) as already known




ﬂ(u) K TP%L 2 t&eﬁ Ea X4y cenvex fex::-a >’ 1

(m) For n = .9, Ha (Xd)g is convex for « >(} . |

Denotmg log—-j—ﬁ—(;—r; by ’;f(,oc) .’, T | !

@i Zp (w.) (bgp(z,))
?Jm_lvﬁMI@pMHwM _
Zpt@) S Ep m)

or its eqmvalent Z' B, (@) A C by My and fellowmg the ;_ameedure adopted for
/gettmg ¢'” (.'1;) in Successwe Demvatwes we shall have - : : e
. fm (QL) ; (2 ﬁ‘- ,i) (2 ‘3; Ai ) (Zﬁ, Ai ) ’ ((33) :

and foll‘cwmg : : : ax7f ettmg {28}, 1), (22). ami (23) and denotmg the
second demva”olve of Ha (X d)g w.r. t o by b9 we shaﬂ have o

LI

H"a: lia [M M2+ 1 M+ ( 2f(ea] “(34?”
\ : | «% V | | -
(1 - “2)3 H'qy = (1— 0‘1)8 il % + f (1—a) .f" (o) do :‘ 5 (35)

‘ o o _ ' , PR
A f (1»—%@)%?':@)‘ (@)
, H1 =y f’" (1) G e 1)

o A comparison of the expressions for H ”a and f ") shows that the expressmn for H !

is quite involved and it is much easier to study the behaviour .of f”' (x). Since we have
- relations (35) to (37) connecting H"; and f"'(a), so we shall study f ”’(oc) and draw corres-
pond.mg conclusions for H' from these relatlons '

e

We observe the following ] ; :
(%) ‘A; are fixed real numbers with )\i < MH s for by hypothesis p (:lg",-) < p {zi +1).

()= 2 p"' ((:; 0 Z' Bi= -1 and Bi are’ contmuous fumt;ons of afora > 0.‘
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(m) By = : Zp;a(z?)) is a "sﬁnctly decreasmg ftmctmn of @, @ > 0
. ! ‘ o )
. 1 It :ﬂ,' ~~~~~
v @= 1 w2 a @0
fOI" s i s \,ﬁ. R
L By o= It
e ) L a0 P%(z1)

TR L e -
f———to s ‘- strictly increasing function  of «, « > 0,
TP @) s grimpmen o ¢ 9

WA O = g B P (oe>——1

for
RPN S | | i ‘

a—>00 Pn = ac-—>oo S P (“-"1) S B 2’ (xn-—l) }
. SR pa(w”)i:p“(w e T T
Lemmal

The fﬁnction A ) has the property that if each A is replaced by A + c
(¢ mdependent of 'o,) then f " ) temains invariant, ; .

Proof s :
, Mk (W)*E ﬁc (?u +€)" )
_@%&L - z; B k(N + »c)’“—l‘ =k et ()
, aMi(a,é); B g ’_:___ o

I LTI
| so . ' | = € & E 5

o f " (oy0) = 3M2 (%6)—~3M2 (M)-~5M2 (w)-i*ﬁMﬂ(«aG)wﬁ
whenca the result follows. foo / Lo et
Theorem 1 ' , A LR o7

If Ba () = —;—* bhéi; f”’ﬂ(“) <0 for o > otl/,v»‘, o Q

: ’Proof ' ' o
Forn =2

. Bince by the above Lemma f e (ac) remains mvamant 80 repla.emg 1\ by R. /\1 it
- 'we shall have .

: f"’ () = ﬁa (1 o ﬁa (1 —28) Qo AP

(38)
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o

The expressmn ﬁz (1 — ﬁa) (Az ) 1s"p031twe ~and for oS o, ﬁz —-;—— , whence -
the result follows e .
Forn>2 »

o

Assume the theorern is vahd for all n satisfying 2 L g k and consuier ne=k + Lo |

have ’
4

o \f’” (@) = 2 B d:? —3k+1 dsb:-l-x —3 ( E 13. di + 3k+1 dk+1)

=1

( z B; di¥ -——.3k+1 tlk+1) +2( '_{’i_ﬁkfdéﬂ- BHI JH.I )3,'

o= B By —3 B%-‘H d3k+1' -+ 253k+1 dBtr

k—1 -1 E1 . ‘ L
LT gz —3 (2&@)(25Mﬁ)+2(2ﬂj)’
=1 =1 -

i=1

t=1l

i 1

-1 o
é«’m (2 ﬁk+l {f : )?’.Z Bid : >,

) \,‘2‘,’ Bl " ‘,/ ‘
, +3ﬁk+1 dk+1([ 2 (2 ﬁa, )—‘ Z Bidd ]

- el o $==1 -
=P, +P, +P;+ P , T
where g B S B ’
(0) Py = Ben1 Pri1 ——3}321c+1 dk+1 + 2 Brp1 1
= P41 @p+1 ( 1 —f3ﬁk+1 + 2 %41 ) .
= Br+1 ( Ay — A ) (1f23k+1.) ( 1 .—'j-'ﬁga+1 )
Smce BkH ( 1— Bk+1 ) ( Akiry — Mg ) is positive, so for B,,ﬂ >, —2—“,‘1’1 <0, -

Do Y k—1 L oy B—1 3.
- (%)P_z PRTIe ( Z pd ) ( 7 g, )+2(,2V Bid: )
Regardmg the numbers dy, d e dk_l, 0as \s and the numbers Bis Base o oo +Bo—1s -

. (ﬁ,ﬂ + ﬁk+1) as, welghts, P, becomes f ") w1th n = Fk ; since B -{— Bi+y > —1— When-‘

ever ﬁk-]-l > -1« i the mductlon hypothesxs 1mphes tha.t P2< 0,

| D Letd; = )\, — A e Agam by the above Lemma repla.cmg X by /\ ~— A in f”' (oc) we




SRR e : ERARE T
[gmee ﬁk + ﬁk+1 > :21 ) 80 2 ﬂf, < % ] (40)
“ o L he== 1 . ’

: Reiatmn (40} and the fact that Brii an& dkﬂ are pﬁsm "& m‘ke{ P4 negatwe

Usmg (), (@), 4%@) aml (%),f "'(os) gfwen
5 proof.

There emsss an acl, 0 < x1»< 00, sueh that H >0 for o> .
Proof, "

Al

‘ Smce Ba (a) increases eontmuously f;om —L tolso there exmts a value P of o for

: :whlch B () = s Bonco *’Y oo 1.

(z) CaseO<p<1

Forp < oc”<"1,'putt,ing G = up=1 m(35) we ha/,véf S

f,.,v

AT -u—--a)w'f'—f —‘-f<1,'—#>2f"fi<«>if¥—?'s = .

i ,,gg,mf\_ ok

I:I >0

-

o For o 5= 1 > P, smcef (l) < 0 for 1 > P 80 for g = 1 the result follows from
- (3Ty and for « > 1, the result follow§ from (36)

(w) Case«p-—- 1. - LT S
-The resultfoﬂowsfmm (86) Sl L S - .
(445) Casep> 1 e T ‘g‘ ‘ ' : B

HI

: ‘Iffor some B > p, HB <0 theﬂfrom (%)forﬂlasahsfymgp<oc<ﬁ,ﬂ <0
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. i ) ” - : r” . ;
i function of ¢ Hence for some o, = p, 1'1ocl > 0 and from (35) for a > «, Hbc >0,

This completes the proof. ) \ 5

Corollary 1 : ' ‘ o o
Hy (X;),1s convex in the neighbourhood of co.
It follows immediately from the Theorem.

g

lv Corollary 2 7
- If ——g(m—“L~ > l— then H. (X4)y is convex for\ocp> 1
Tp(e) T 20 e '
Proof o o o
. o .
Since Bn (x) = ML;SO for o« =1, Ba (1) o Z'p () > _:2_1_ .
?P“(wi) : ‘ {p (3 X

Hence by Theorem 1 for « >1,f" (@) <0 and tlhe> proof of Theorem 2 implies

that H", > Ofor «. > 1.
Lemma 2

I, ()= _;_ , then £ (a) = 0if n = 2,
Proof , R SR C
¥ 0> 2, we have for By, = —;— from the proof of 'I:heorem 1,P, =0,P, <0,
P; = 0 and P, < 0. “This implies that for # > 2, f' (a) < 0.
But from (38) for # = 2 and B, =_;_, £ (@) = 0. |

Lemma 3
Forn =2, 8, (x) = —]21- if a-=0.
Proof - '

This follows from the definition of B, (x) and-its strictly increasing character
fora > 0. , - o ‘
Theorem 3 T

If n =2, then H 4 (X;), is convex fora > 0.
Proof :

From Lemmas 2 and 3 and Theorem 1, f* («) < 0 for & > 0. Hence by Theorem 2,
the result follows. ‘ ' : (

. REMARKS

1. The developments of Successive Derivatives, Bounds for Second Derivatives and
Concavity — Convexity are due to the ideas gathered from references 6 and 7. -
o 2. Hy(X;), given by (3) is also defined for « << 0, but Renyi restricted to the range
« > 0 sincein proving uniqueness of H, (X ), Renyi used its property that it is maximum
when all p (z;) are equal and this property is retained by it only fora > 0. For o < 0, it -
is in fact monotonically decreasing and minimum when all the p(z;) are equal, :

™
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Shma.d’ showed that the funct:on _— :

log (z'_'p/(@‘i) & a)]/a N __.oo <a < °°: , oo (42) |

‘where 23' p(z;) =1and a; > 0, has two horuontal asymptotes and may have more than

' two pomts of inflexions, i.e. it is not convexo-concave for — 00 < a < ao.
Considering Hy, ~ (X,), for— oo <« < o0, it can be written as

a—1

‘ vHa@d»=‘—log.'{&;¢,(xf>$*€we) @

, v o

From a compamson of '(42) and (43) it nnmedx@taly, follows t that (43) i ;s minus-one
times of (42) with the furﬁhe‘r difference that in- (43)\33 ‘which play ‘the role of a; , are
restricted to 0 < p (%) << 1. Hence we can reasonably expect that H (X 4) for « >0 may
- not be concavo-convex, i.e. may have more than two points of 1nﬂex1on but an example to
authentlcate this is still to be constructed.
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