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fA"NOTE ON THE DERIVATION OF THE BEST ESTIMATE OF RELIABILITY

IN THE EXPONENTIAL CASE

A.M. Ksmrsagar & M. N. BEATTACHARYYA
- . Defence Science L:abora.tory, De]h£ :
‘ (R‘efceived 27 March 68)
In thispaper, the best esfimate of rel@a,bility‘ in the exponential case is obtained by deriving the
distribution of an unbiased estimate conditional on a sufficient statistic. Pughhas aleo given 'this

derivation. Thederivation isinteresting initself and is obtained in this paper by the use of

inversion theorem. e e

If a sample of size  is available from the exponential distribution

1 -tfe R :
0‘6 dt <t <o

' . . . —T/g - . . o s
the minimum variance unbiased estimate of ¢ '0 " where T is a fixed quantity, is

n—1 . R L n
[ 1— %— ] where £, 8 ........ .., tu are the sample values and u = 2 t;. \The
- g 1

result was first obtained by Pugh! and later by Enns? by a different method. Pugh used

the Rao-Blackwell theorem? to obtain the estimate.- It is well known that u = &'t; -

is a sufficient statistic for 6 and hence the minimum variance unbiased estimate of ¢—7'8

will be obtained by taking the expectation of any unbiased estimate of e~T/0 , condi-

tioned on . Pugh has remarked that the method of obtaining the conditional expectation
is a tedious one and he, therefore, verifies that (1—Tju)" - is unbiased for~ e—7/0
and concludes that it is. the required estimate as it is a function of 4 alone. However,
the derivation of the conditional expectation is interesting in itself and in this note a
derivation of this result based on the inversion theorem in statistics is: presented first.
‘This has then been verified by obtaining the conditional distribution itself and its expecta-

tion. We have no way of knowing what method of derivation Pughhad in mind but ours -

" appears to be a simple one.

" This result is useful in reliability theory as ¢—7/6 measures a8 the probability that

an equipment following an exponential distribution does not fail in time T

If 7 of the n value #;, £5,....... ..., tn are greater than or-equal to T, it is obvious

, __ that r/n is an unbiased estimate of ¢—7/6 as it represents the sample proportion of

equipmengs not- fai_]jng before time I'.
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ﬁONDITIONA.L EXPECTATION OF rny, GIVEN o (THE
ps SUFFICIENT STATISTIC) ‘ :
To be specifio let: us suppose &hat Byclay ooy gy axethqvalues which are Iess \
than T and &y, 11, ....... 05t aH excesd 7. -Consequently the joint distribution of r
and & (i=1,9, ........ ym)is 5
. ' f‘("r"‘tl’:tZ""",'""‘»’w‘ 't-n) dt]. Lama e d&n B
. =, %;rl{ g etilo Ji,'{. s o
Oy ety < T ay
' T<tn___,.+1 ...}...,‘tn<00
r = O 1 s f‘v”,\ ;n
The margmal dlstnbutlon of 7 is obvmusly ‘ .
P(r)= G { 8 }
: : r=0,‘l‘ deieen. , N
Hence the- charactenstlc functlon of u, condltloﬂa.l onris
X . - - " B 'T
L s ‘ q,»—r{ idt, 10 -
. - E( q?ud/')‘g%-szi : foe "ge | dts} |
=1 0 ) 06 ] SC SR , ,

A1 i e T
(T =dbgy . . s(3) \
where /

Hence, a.i)l;lymg the mverslbn tﬁ Ex;:; {E'~ z (ﬁ} Y ﬁ ) /13133 Iy b ) th
s eorem to ingh/r ),
\ ]mntdmmbutlono %and ris (ehdir) and m pymg Y p( °

B
o= 0,
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n

. - O 2 e . REIY
»y(r,vvu);du=!_-{~fe“"“¢i4’ (1—~A)'H ;
R f“” S
’/’=0 1 ..;‘.’.»‘,',,’7"!« o .,.jt

But the margmal dlsmbutlon of % i8 the well known dlstnbutlon (see Pugh)
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(}ONDITIONAL DISTRIBUQION oF r, GIVEN w

2"79(") f
—-T/G‘
LY TO R

. ‘(1,'“17“'

1~—i9¢_)'ﬂ

8

dé"

SHS

(1—t9¢)

by a well known result m eqinpleﬁi iﬁtegration.
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1, if %> T and = O'therwise.
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In the previous case we avoided the actual derivation of the conditional dlstnbutlon
of r, given u as we were interested only in the mean of this distribution. However, for the

sake. of mmpleteness, we denve here the actual condmon,al dlstnbutlon of r, given w.
L ,'me(é)ami(ﬁ), it is G ,
n o
-0 1 F b 4r (1—4)y—rdp -
(M) =%w = | a—w W
Exp&ndmg (lwA) Ve obtain ‘ E}f\
| (r+s)m % g—ieli—(r-h0] ' K
h(rfu) k (u z o : f (1 — dog)» ) |
R e ® SR
¢ | vt (r+8)T) ,
e L z —"1)‘[1"" ] if 4> aT
. R . ‘ 3—0 " k y . " .
. and == 0 otheravﬁﬂe . (8).
’ l - ’ ) " ro=0 s 1 $ ose e » ‘
T Asa check we‘cald,ulaté E (r_ /u) from this 9’150" . SR
= n—r ‘ T
(5 /) Z E *<-“[ ‘“’]
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~where

k—r+8—1







