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The laminar radial flow of second order fluids between two infinite parallel discs (one rotating and
the other at rest) has been disoussed. A source of strength M is assumed to be present on the axis
of rotation, which induces the radial flow. The solution is obtained in powers of the radius vector,
for small values of the Reynolds number B ( = pad?/g,)-

Livesay! discussed the incompressible radial flow between two parallel plates using:
the integral approach and the assumption of a parabolic velocity profile. Savage? pointed
out that in the flow regime where intertia forces are important the flow must depart from
a parabolic profile, even at radii sufficiently large for entry effects to be negligible.” He
presented the solution by expanding in terms of the downstream coordinate. For small
values of the Réynolds number when the spacing to the radius ratio is small, the pres-
sure distribution is found to agree well with experiment far away from the centre. But
in his analysis no-slip condition on the plate z=0 is omitted. Radial'flows have further
been studied by several workers 3—7. Kreith & Peube® have discussed incompressible
radial flow between two parallel discs rotating in the same sense with equal velocities in
the presence of a source at the axis. Their method is also that of a series expansion in powers
of the radius vector. The solution so obtained satisfies no-slip condition at both the plates.

The radial flow of an\incompressible non-Newtonian fluid between two parallel plates—
one rotating and the other at rest has been investigated here. The constitutive equations
of an incompressible second order fluid, as suggested by Coleman & Noll® are

i = — 00 + b1 Ay + b2 By + s AF Ay , (1)
Ay =vij + v | @
and Bij = a3,j + G + Uni U5 + Vm,j 0™ i (3)

~ where 7;; is the stress tensor, gi; is the metric tensor, v; , a; are the components of velocity
and acceleration vectors, ¢,,4,,¢; are the fluid parameters, p is the pressure and comma
denotes covariant differentiation. The solution of 6:8 percent poly-isobutylene in, cetane
at 30°C behaves as a second order-fluid and the values of the constants ¢,, ¢, and ¢; have
been determined experimentally by Markovitz & Brown?, and Markovitz'?.,

The method given by Kreith & Peube® has been adopted in the present investigation.
The inlet condition is taken as a source flow of strength M along the axis. The functions
in the series expansion have been determined for the small Reynolds number (R=pw
~ d%/¢,). Their variation against axial distance for different values of non-Newtonian fluid
parameters have been shown in Fig. (1) to (6). ) :
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The momentum equation for the’incompressible flow are .

ou AR R
(WA'_P?"’@-’M«)?%—R»';:’@ R @

~ and the continuity equation is

We shall use polar cylindrical coordinates (r',8,2') in.the fdllowmg‘ 811&1};51'5, Let the

ity components in these_directions be w', o” and w’ respectively. The flow takes place
betwoen two parallel discs's’=0 afd 2'==d. “The disc'2'=0 rotates With“afng'ular velocit
 and the dige z=d is assumed to be.at rest. The source of strength M.is taken on the axi};

velo--

of rotation #/==0. - The. fldw-is assumed to be axiallysymmelric about-the 2=axis, so that

(o

We introduce the following non-dimensional rciuéaa;;tiinés,
w=@fed, . T o= (@fed, . w= (e,
p=Whe), " r=(d), * =), -

B=Ghap), - K=ade®), - S=lem). G

The eqlia.ﬁion.s (1) o (5) in non-dimensional form are

3

>rir/)

oy B O\ ap g g




Py for. &, Vor. 19, Jawvany ;1'9,5,9‘" R R

emsl (00 0) {(5)+ () (%))
+

9 (ou u o, v ow , ow ow 22
9 (v v, ov v, w Fw) , o
+2az(ar-az+ar az+ar az)+ (

1 @ au ou 2\, &
tye) (v e R )t om

| G R LA K=t {/(,%)2_,_,
-(F P {E-) ek
(

(.?”_.__2.) +2 (.ﬁ“__}_ ?E‘i___; LAY

or ')

+ (5 -5 REAE A | o

r\or or or | v-r
eor[ e (T am T E) (B0
R e (B ter T ¥
(B %) e o 2% &) ®
R R s
rerl s {(8) (4 ()] (04
(eFreg - (Ferae i)




>
W

'where n is -odd.
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“and . .
R T (10)

. Wodefinea sfrea.m function § in the form

1 1. 3 .
“u-—--}—--—a—z—, w——rT"""r-—’ (11)

which satisfies (10).

" On considerations of symmetry of the flow, the stream function ¢, azimuthal velocity v

and pressure p &t sufficient distance from the source (so as to neglect entry effects), are |
assumed in the following form RIS K S

=2 &) +f-1 () —|—¢—2_f3(z) —I- —i—?l“"";lf, @), - (12)
v =191 (@F+r1g (z)‘—l- =3 g, (&) + ... ; ...... ' (z); (13)
emd RE o
p =Ty @)+ b))+ e Inr ok 2 Bl b e
+ 12 hon (), " o - " (14)

The boundary conditions are

5 O =f, 1) =0, Jors =185 ceueennns (15)
f's ©) = f' =0, | | fors=41,153,*5,.....;..£; . "-(16)
L) —f0y=M, . {17

such that M = (Q/27d? ), where @ is the volﬁn;e flux of the flow, and prime denotes
differentiation with respect to z. ‘ :

90 (O =g (1) =0; fors=1,3805...cccerrrr . (18)
g1 (0) =landgy () =0 (19)
Substituting (12) to (14) in equations (7) to (9) and equating the coefficients of equal powers

- Tofronboth sides, we get the follawing set of equations .
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L % ,
g" 2R(f3 91 1 g—f g +fsg ) + 2KR(—3f"" '

4f g __—f glll + 3j” g + 2f g" +f lgsl + 2flll
fl 17 +flll g) + 2SR(3fH g _I_flllg + 2fl”gs_3fll g +fl 4

3

+2fu/g I u 3fl 2 ), . . = E (29)

Equatmns ’(15) to. (29) W111 determine the flow completely
SOLUTION OF EQUATIONS

Elimination of k k and b between the pair of equa.tmns [(20) 2] [(24), (25)];
2 )\

[@n, (28)] respectwely nges o
L =W R[S P (g P+ KRS )é -
N oA 1 )2]+SR[3(9 R O S S )
S =BH2R(—f [T =g g )RR+ £

s+ g+ f”—l—f f"‘+2g g)+2SR(2g g+ 9 “’1
+f’ f”"+f"’ f’ f” f“ ), e T ey
f"' = — 2y—R[(f' >2+2f' £ +2f o=t kR
+ 9] +2ER T+ ey e g
-1 38 - =3 3 —1 3 .1> 1. e ‘——l’ 3
+2 g+ f ff —f* f)+SE [(Fr+2 g+ 3" T
1 1 =1 3 el - 1 ,.,__:-—1_ 3 -1 8
. + (f " )2 _‘__29 gn' + 4,9” g + 2fl fu\/ + 2fr f‘lll(. .
1 S I -_1 - --1 . 3; o "—1-3 T 1 1. . )
+2flllfl ]’ Lt e : \ v - : St | B (32)
=1 3 S ; . )

[x ' where «, B and y are arbiﬁrary* constants to be determined.

The above non-linear ordinary differential equations ‘;‘havg “been solved for small
~ Reynolds number R.'A series solution in powers of B is assumed for f 9% ﬁ and ¥ in the form

zR Fo a <z)—2R 7" (z),

m=-0 - . DU m=0 \ . .
. 7 ,
' m  (m) LR (m)
a=ZR w -p.—_ZR B, '}'_ZR y ", ‘»33)
’ me=s0 - ‘ v m-O : ‘ ) . m=0 ‘ o
e]n view of (28) the boundary condltmns (15) to (19) are
(m)

f, (0) f, (1)"‘0? i _for,_s,—,ﬁ1?.3,5',..';’;.:-,;~v, . .(34,),
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(m)

¢ (m)* ‘ T "
‘ fs' k(O)"":fB (1)=20, Yf01‘38=—~1, 1:‘3’ 5"'-?‘7"' (35)

OISR
fi O—fr =M,

m o (m : o !
i M—A(© =0, (m#0), . . ' (36)
gs (O=¢s @1)=0, (m #£0), fors =1,8,5,........ A37)
© L
g__l (0) =1andg_y (1) = 0, ) (38)

From equations (22), (26) and (29) to (33), we obtain a set of differential equations in
(m)

and g, , wheres=—I,]1,3. Usingequations (34) to (38) ,these functions have |

been determined to the third order approximation.

fo1 (2) = R(0-0522 — 0-1166672% - 0-08333324 — 0-0166662% -+ R3{ — 0-00008022

—10-0001022* 4 0-0003572* — 0-00014325 — 000036128 4~ 000052027 — 0-00032723

+ 0-0001182% -~ 0-0000242° - 0-0000022% - K(—0+-0063482% 4 0-01258%,8

—0-0116672* - 0-0096672° — 0-00666725-- 000317527 — (- 00079428 < 0-0000882°)

~ 4 8(—0-0020752% - 000721623 —0-0116672* + 0-0132°5 — 0-01055628 4 000531727

—0-0013892° + 0-0001542%) -+ K? (0-01206522 — 0-0006362% — 0-06666724

o 0-09333325 — 004444428 -|- 0-00634927) - 82(0- 00904722 — 0- 00047653

—0-052¢ -+ 0-0725—0-033333284- 0-00476227) -+ K (0-021115:2
—0-001114%—0- 1166672*- 0-1633335—0-07777628 1} 0-0111112)], = (399

g1 (2) = (1—2) - RY—0" 0042862 i 0-033333:°—0- 06666721 o

+ 0-05666725 —0-02222228 - 0-00317527 - (K4-S) (0+ 122—0-233333,

-+ 0-16666624— 0-03333327)], ' (40)

(/M) fop) = (32—22%) + R2 [—0-0001182—0- 03087325 - 0-054

- —00325-20-0116672° - 0-0227— 0-00892928 - 0-0015872° -

+(K +8) (—0-2276192% -+ 0-5961902° —0- 56666724 -I- 0+ 22666725
—0-0285712") + (E+S)* (0822 + 3:28 — 4 - L627)), -~~~ ()

(1) gy(s) = R[—0+62 + 22° — 2% - 0-62° - (E--S) (—4bz + 120—89)]

-+ R3 [0-000999z — 0-00007923— 0-0096832% |- 0-02183325—0 02666725

o 0-02714227 — 0-0226192% - 0-0119972° — 0-003227210 -1 000030321t
o+ K(—0-0464342—0-00904822 - 0-0104762% - 0-107302 24— 0 525524,5
084565625 — 0-57333327 - 0-18095228 - 0-0100532°) -+ § (—0-0758782
—0-00904822 -+ 0-0104762% + 0-2075402% — 0-69219125 - 1-058889 6
—0-6876197" + 0-2166672° — 0-0288362°) 4- K2 (2-3379052 — 3-71047622
o 4-5180952° — 4-22* + 1-66425 — 0-53333325—0-07619127)

4+ K8 (2:798095z — 742095222 - 943619123 — 9-62% - 6- 65333325
—1-86666728) -+ S? (3-276190z — 3-T104762% - 491809528 — 5. 44

-+ 2-1733332% — 133333328 |- 0-07619127) + (K3 - §3) (—8-2:% 4 12.8:8
—162* +-6-42%) + (K38 -+ KS?%) (—9-62% - 38-42° — 482 - 19-2:5)], 42)

(1/M2)f, (2) = R[—0-08571422 - 095714228 — 0-625 -+ 0-628

—0-1714287 4 (K +8) (—2+42% + 9-625 — 1221 + 4-8%)] :
+BY[—0-00126622 -+ 0-002942¢° — 0-000040z* —0-0053652° -+ 0-00471428
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T —; 00332027 + 0-01129328 — 0-0208282° +- 0-01944420—0- 0098702’1 i o
- 0+00265121% — 0-0002552'% - K(—2- 577527222 + 3:2865842% —- Q- 089524%4
ok 0-05942925 -— 055847628 k- 0-88446327 - 1-82096228 - 1-1193662% ‘

—0: +346190210 - 0-042828%) - S(—1-29425622 - 1-678213:8
—0-0895242% "+ 0+0651432 — 0:468952:8 - 0+91670727 —1-45666728 X
-+ 0-8931742° — 0-28.10" + 0:03616224) - K2(—6-5726282% - 889422423
4 3-3409522* — 14-50971425 -+ 2145226 — 1883428527 | 7+08571428
,*— 0-9242632%) - S*(—3- 588001z2 + 468596923 - 3-20952424 1210425
+ 17-9228-—15-074286 27 — B- 75714328 = .0 80634%?) - K.S(—10+ 16062722
- 13-58019122 + 6 -5504762* — 26-61371425 - 394428 - 3390857127
+12 84285’7%;5 =1 730612z9) o K3(—1-46285822 +- 3-1085722% - 6424
—2T- 765" - 19 285 -48571427) -+ S3(:-0-29714222 — 086857223
o 882t 17-9225 f 14-428 — 4! -11428627) -+ K2S(— 3-22285822
o -k 534857223 - 21628 — 61-444° 4 52-82% — 15-08571427) :
: o o K82 (—2:05714222 - 1-37142828 - 24z4 —B7-62° |- 4828 —13- 71428627)] (43)

(1/M?)gy(z) = R2 [ 0-0004762—0-0571432% + 0- 171429.24 — 0-1028572°
—0-228 - 0- 34285727 - 0-1928572% - 0-0380952° -|- (K - 8) (0-1257152
—0-5142862% + 2-342857:3 —62% - 69625 — 3-628 - 0-68571427)

H(E B)? (32 1 14-422 - 2562 — 2424 -+ 9-629)] , BT R
= B(0-15"2K — 1-58) -+RY[—0-000306 + 0-010602K -+ 0-0037928
- —0-001908K? — 0-0014288" — 0-003342K5], o (48)
(UM)B = —12 + R[-0-125238 —0-022857 (K -+5) -+ 3-2(K+- 8], . (46).

1/M2 Y = —R(0-771429 4 28- 8K + 10+88) —R3 (0:008826 - 9-859752K
«+ 4-873686S + 26-682672K2% - 14- 99505082 4 41 67T7T16KS 4 9-325716K3
- 219428483 -1~ 20-845T16K2S - 13- 714284 KS?). o ' 47)

Equatlons (39) and (40) provide the solution of lamma.r ﬂow between two parallel
dises, the disc z = 0 rotating and the disc z = 1 at rest, in the absence of source. - These
functlons have been determined by Goel't, and our results agree with him : Further, with
K = 0, these functions are comparable with Bhatnagar'?. The non-dimensional trans-
‘verse shea.rmg stress on the rotating disc is o

az) 2=0 = —r(1 -+ 0-004286R2) + (M/r) [~R(0-6 + 4K - 48]
- R® (0-000999 — 0- 0464341{ — 0-0758788 - 2:337905K> - 2 798095KS _
-+ 3-2761918%)] + M2R2/r3) (0-000476 -+ 0- 125714K + 0+1257148 + 3-2K?

+3-282 1-6- 4K8). | ) (48)
The non-dimensional normal stress on the stationary disc is

(t22) 2=1 = —p + Rr® 2K +8) (1—l~ 0-001905R2) -4 MR?(2K < 8) [—1+6
+ 8 (K +8)] + (1/r®) M2R (2K -+ S) [36 + R2 £14076191+ 1+ 325714 (B - S)
96 (B8 49)

DISOUSSION

For the numerical work we have assumed R = 0:5. Flcr 1 shows the variation of
f1/(2) against the axial distance. The small variation of non-Newtonian fluid parameters
K and 8 have.no effect on f;'(2) and the profile is parabolic as in the Newtonian case.
Fig. 2 shows the effect of K £nd S on g,(z). Having assigned a fixed value to K(=-0-1),
. the value of gl(z) Ghanges sign as we g0 from the rotatmg d1sc to the stationary d.lsc and

M/S75—6



its magmtude merea.ses with thsm@rease i S The pmﬁfes of f SM hic
of the variation of § and K atre shown in Fig:3and 4 respectively. Thy
of profiles in the figures 1s‘suni»‘rar ~With increase in K and 8 respectlvely,
of f '5(2) increases. However, r; the ma.gmtude near the rotating dise is always great
ma.gmtude near the stationary disc. Fig. 5 and 6 present the variation of g;(2) ™
z for fixed K and 8 respectively. With the morease in K and S there is corresponémg‘: :

increase in the magmtudé of | s (2)..
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