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Magnetohydrodynammla,mm&rﬂow of an electrically conducting, viscous, mcompresmble fluid
between two wavy walls, whose equations are taken in the form of Fourier Series, has been inves.
tigated under the assumptions that ¢, the coefficient of roughness and R, the Reynold’s number
of the flow, are small. The stream function has been determined to the first order in ¢, For .
numerical investigation, the walls are considered to' have the :sinusoidal deformation. The
velocity profiles for the longitudinal and the transverse velocmes are drawn at various oross-
sections for .M 0,1, 2, e=0-5, R=0-1 andP R’—- 01

The solutior. to the problem of determining the steady state velocity distmbutlon fora
viscous lnGOmpresmble fluid between two parallel plates is easily obtained from the equa-
tions of motion and is well known!, The slow viscous flow between rotating concentric
infinite cylinders with axial roughness has been discussed by Citron? and the problem
of flow of non-Newtonian fluids and heat transfer in them between wavy walls and wavy
cylinders has been extensively studied by Bhatnagar and his coll:a\.bora-tor:s3

- The pioneer work in the study of steady magnetohydrodynamic channel flow of a
-corducting fluid under & uniform magnetic field transverse to an electrically insulated
channel wall has been done by Hartmann In the present paper we have discussed the flow
of an electrically conductinrg viscous mcompress1ble fluid between two wavy walls which

are situated symmetrical a.bout a mld-plane in the presence of a transverse magnetic
field.

The following assumptions have been made -
' (@) the roughness of the walls is small,

(b) the walls are insulated,

(c) electrical conductivity o, of the fluid is sufficiently large so as to lgnore the
drspla,cement currents, '

» (@) no electric field is present’ and

(e) the induced magnetic field produced by the motlon of the electrwally conducting
fluid is ne.ghglble

A method of Fourier series is employed amd an’ expression for the stream function
* correct to the first order of the roughness is determlned The numerical work for the
boundaries having the sinusoidal deformation is carried out. The longitudinal and

transverse velocity proﬁ,les are: shown graphmally for vanous values of Ha,rtmann
number,
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BASIC E’QUATIOVNS

The equation of motion for laminar flow of an mcoxﬁpressible, electrically conducting
fluid in t_he presence of a transverse magnetic field is, in the usual rotation: = T

P~ = —gwdp +upW W x By, )

where J and B are given by Maxewll’s equation and Ohni’s taw, namely '

curlq¥4ni, - ’div§,=‘ 0, 'L -

\ ' ‘ ‘, 2 u (B)

curl £ = o, . . divE=0, J- :

and D : 7 '
L T=eE+TxE . ©
The equation of continuity is _ \ e ‘
S LdivV=00 0 C e (D).

When a corducting fluid moves through the magnetic lines of force, B,, the pesitive
and negative charges are each accelerated in such a way that their average motion gives
rise to an electric current j = oV xX'B, where B=By--b. The quantity b is the magnetic
induction resulting from the electric currert jin the fluid. In this analysis b will bé consider.
ed as a perturbation on the basic field strength and negligible in eomparison with ‘Byie.,
By >>b. , Cor T e T

. Thefluid is assumed to ‘be ionized; and hence an electrical “conductor. However,
within any small but finite volume the number of particles with positive and negative char-
.ges are nearly equal. The total excess charge density §-and ‘imposed electric field intensity
E -are assumed to-be zero. - L ' : L

. Let us consider the laminar flow of incompressible, viscous and electrically ’conduct; .
-ing fluid between two wavy walls situated symmetrically about a mid-plane in the

preser.ce of a copstant transverse magnetic field H,.- Letw-axis be along the lergth ef the
~ walls in the mid-plane and z-axis perpendiculat toit. ~ .~  ~ .

For this configuration the velocity compotentsare -

u=u@2), v=0 , w=1w(s2) (r

With these assumptions, (4) to (C) are reduced simply to \

S 0w . pu S8 9w B ' - '

P(’M ’590—‘1-’&0“87) =———a?v+#(w—+;faz—2“)“—,0e302u ’ @)
w dw o ' 22w’ _

| ”,(“ o +w@".)_—."-ez;+“(aﬂ+ﬁ__) TP
and (D), the equation of continuity, is reduced to R '

o ow o i
— v ~ : 4
w T =0 e e W

where p is the denngfij‘;bf the ﬂlud, © 'i':]ie_ cdeﬂif;iént of xdscosify, P vt]'le‘_ préssure,;ie;f@‘
electrical .conductivity and B, = u, H, -the electromagnetic inductior, s, being -the
magnetic 'perm_eabiﬁty. : S . S KR T

~
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The boundary conditions for this flow are . - ‘
B u=0 p=0 onz=zandz=z ,

“00: . S g
: 2 =h + ek’z (Qﬂ QOS’*%Z— -+ b, sin %) -

| el 80 e il .
. .*f”f%zxww“7“+mwfr)’ .
¢ being a small quantity. T . T
~ To make the 'equé.jﬁions‘ dimensionless,” we make the following assymptions—
e @ — g — U — ey P
K Ryurd - U = W= ‘_"a‘p: ; ;_

T AT T T BEE
R (Reynolds ‘number) = s ) o

\ (i

M (Hﬁﬂmmnﬂﬁm&m}f«ww , LY Ca
reH?
AT , o

~where U is the characteristic velocity at the mouth of the chanrel. ) \
. Baquations (2) to (4 reduce to (dropping thebars): ..
G PSRUNNE i e, . G SO
'(“T‘"ﬁwr):“—"*‘é"(a’ﬁﬁfazé )‘_‘R-,’,“A, O

dw do\ @p | 1 &  Pw\ e

WW+W§%”§%§SF+EJ 8

cand - -

poi O |
) -, v (Kinematic viscosity) ==
L T Ve e

| dt('Ava’en velocity) = (

E

| u aw H< v' '.v 1' r'.v | N T

‘ P e - +. & 9 R T (7)

- with the boundary conditions. T R '
: 5 u=0w=00mz=zands=2 -

- where
1= 1-]— € z( @y, CO8 NT + bnsmnw) ’ .

EU S At S 8)
sroemd ARG T ’ ; SRR PR ®

-

e

R Cogg=—1l—¢ E (fﬂfm,cﬁs‘nw + &, sin nx) P
- OO . g i ; / B

- Byproperly chosing.e, we can make the amplitude of the deformation of the boundarigs
- as small as we like. Bince we have assumed ¢ %o be small, we expand the “physical quantities: -
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G in the powers of e only and'reta.m upto the first power ofe only P o
‘ U AT 2) = ugl, 2) + ey (@5,
w (x, Z) = w7, %) + ety (2,2) ,

and

pe=mte o

We can easﬂy show that the. zeroth and the ﬁrst order veiomty components sa.tl&fy ‘the fol- |
1owmg boundary conditions :

e, £ —0,w w,:">;1>—-0

o0 LT ) (v

;? _,,(9)

Quy

oz ),,lz(“ncosm—l-bumnnx);

n=1

“1(“::1)——<

00

wy (x, 1) :-- - (_& );= 3 Z (@ cos ne + b, sin nw) ’J : ‘ o

) E a, oos nw -+ b, sin ne). -

. ') I SRR A .
) i E(wncosnx-l-bnsmnw) s
z=_.

- ' 7 =1
~ We now mtroduce the strcam functlon 4, such tha.t

uv aﬂ ,w—‘-———éz—. s - ‘“ o (]2)

e

(11) ; |
3w., [EOR
‘82"

Let
o ‘ ‘I’ '»(‘o
then from (5), (6) and (12), we have

\:‘l’O‘.z \'l'O,;z '—‘ ‘ﬁ(),,v '/'O,zz ] = p(),w' — —R— [ ‘:l‘O,mz -+ ¢0,£zz ] "l" T ‘/’O,z s

€lﬁ1 R}

:lﬁ_o,m P — Yoz Yo ] et ”_’%ﬁ["’*ﬁm e ]

and

BN

~

e

| [lﬁ;,x ¢§,zz,+ ﬂl'o‘,xv‘/;l,zkz — i, %m -4..),0’,;,".%; ]

Nz doze + Yootz -— e ‘l’ozz — Yo,2 P11 ] =

= iﬂl,z

; Y N
Praz— "RT[ {I’l,xzz -+ ‘pl,zzz ]

Mz

+ 5 s e

['ﬁxmplﬂﬁl,m] g.

where tho suffix after commp d?mote.s,‘,di’ﬁeienti#iéii\%@i}x;xsspi,@st*' that
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The equatlons (14) to-(17) have to be solved under the boundary condltmns ¢
lﬁog(w,il)—Olﬁo,z(ﬂ),:l:])—-O :
e @ 1) = — o (1 1) D (@ o vzt by simna)
e D= —doe () D Goosnat s, | (8

n=l

) '/‘1, (wa — 1) = ‘/’O.zz (a‘, — 1) z (@' cos nz + b o SR m) 5

nql

'h,x (@, — 1) = lﬁo w (w, —1) z (w » cos ny —}— b’nv sm m;)

n =1 o 2

SOLUTION ‘OF ZERO- ORDER EQUATTONS

The zero-order flow is simply a Hartmann flow between two plane parallel walls -
25 under transyerse magnetic, field for which wo =0 and uo is a functlon of 2 only Thus,
" setting glvo,a, =0 in (1&) and- (15), we hlwo : , IR

]70,.1: R ’/’O,zzz‘[" R— ‘I'O,z $ : 3 ’. (19)

=0 gy
3 From (20) p, is mdependent of z andin (19) p, is a fu_pctmn of 2 only thereby
: .ushowmg that. ‘ :

. : Posz = constant.
o The solution ‘of (19) is |

) Pos R smh Mz , L

==L |5 Mook o ~ ] Y
- Therefore . ' ; . R el
B PR [ . cosh Mz o ,
Yo =T [ " cosh M ] ‘(2‘2) _

SOLUTION OF FIRST ORDER EQUATIONS
From (16), (17) and (21), we have

i . 1 - M2 D
- [‘/’O,z Wi — Y Yo, ] = — Pl — -R_[ *lll,mf: + 'l'l,zzz ]+—R‘ e - (23)
'/’O,z Sbl e == .pl,z — [ ‘l’l,ww + ‘l’l,zzm]  - . . (24)
: Conmdermg the boundary condltlons (18) we choose xﬁl (m, 7) in the form : - "

nl:l(x,z)-——-po,,,Rz SA (z)cosmo—}-B (z)smnwsl . (25)
=l : - .




o after usmg (21) and (25), we have

‘;V.‘G - SRS T?EF B 5 '%L% szmgy 196‘9 S Sl J
L From (18) and (2‘5), we' have e B
& A(:I:l)—OB(il)*O

, ‘ tanhM . . tan il
e B i
A, (— )= ,_" ﬂﬂ%}}{‘ a‘n:B,n (_'i) = | i

Ehnunatmg Py from (23) ‘ahd (24) a.nd equa.tmg the cosffieients of cos e a.nd sm;‘ "

0,1 R- . cosh Mz e s .cosh Mz | " po,. B2
p (1 — m) n” B (2‘) + MR : h M 1 Bn (z),— 170712—
" (. cosh Mz e .
( T eosh M ) n® B, (z) = [ nt 4, ( 7) + An (Z) a 2}?2 A”n (2) } + M2 4", (z)s
and T P S,
2R (" oosh Mz ; CeshMz i @R
.'"ﬁ&z.ﬁ. mhM')”A”“) %WE mmaz”A(”; M o
[~ cosh Mz '\ ° A : o ‘
(1 ™ “oosh M ) () = — [ w Bo(2) + Ba() — 2ntB n(z)} + MaBn @, (28) |

- where dashes derote dlﬁerehmatmn with- respect. to .

- To avoid cumbersome mathem,a.twal an a,lysm, we now makte another assumptwn, nambly )
Pire B2 is smaIl and set R : P e LR :

4,0 =1, +po,x'R2'Z‘,,\(z> ) o
and o i - S N PN €.
B, (5 = B, (z)+p0xR23 S J

’so that (25) becomes o

e

"sbl(x,z)—wwRZ[(A +pw32An>cow+(B +przB )smmc] (3{»

Yrom (27) to (29), we have

(4 @+ Ay ) — i @) - M (=0, @
[m B, (2) + B (z) — 2 B”,, (z)]—-«MZ B, (z) _:o;, = (82)
[t d, ( (2} + A (z) — 2n2A” z)] ~M2 A" L i
n “cosh Mz’ B;’ cosh Mz ,‘ R S : i
- [7&72( - OOSkM ) » 0 + cosh M M M el

ST B o costh L :
E T (1_ GbshM B”(z)] ’




Bl 20 B ] — Moy ) |
ook M ) 3 qosh M2y g
m)“"” o+ ok B Mn Gl

(1__02225% ) z)] ~ 1

e

+1)=0, B‘(il)mo a, (£

[

From (31) and (32), we | Have (
' “nz’.." "'_O!.Jm,y

A"(a) 01“ T Oe +Ge e L ey

— ‘QI"n_z- ' ‘ﬁzn\z B \*’ixwz --oﬁwz
Bn(z)sze +D28 +D8e " 4 Dye’

o . ""\',' &

R [(2n2+M27+M(M2+4n2)a ] . 1 IR e

(2n2 + M — M(M? g dm E
[ ” w’,z,“-”’ ]«r

01 6 + 02 G + O 6
’»'_' “ 1n. L v 5"‘ 3 ‘Xln

+Cz

; °‘1n “zu

“Cuae £ Cgargn e




. From (35) and (37 ) for the. d.etermmatlop of Dl, D2, 5 a.nd D, we ha.ve

o Oy -—al -—42,, : e
. Dle +De —i—Dae +De =0 .
v — '—‘ Lon -
- Dje —I—=Dze : +D e +D e =0, -

Lp . - '—mln ‘ —*U:n i
Dla;me +D2m2,.0 — 3a1ﬂ6l Lo 4“211,3 :’-'m

. o —ogm . ag "‘wm'
Dl‘“we +D2a2” o, Uy, € *—D4ame = —-

‘From (33) gnd'(:ﬂ') R (35); we have -

© Oya% Oon? e oclnz

-Z“ () =6Gie +Gye + Ge  + Gye lgz), R
and . B . BT S ;
L oga? - Gy . ‘——~oc1nz V ——;az,,,' o S
: B (z)—-E'1 -+ Eye + Eye - -+ Ee! +F(z),, O (42)
" where | ‘

R " o2 S ez — g — tgn?

Fy () = — 2sz ﬁ [ (Dlam —Dz“m Iy Ds“m‘ +‘1')4°°,2n ¢ )z -
. . 0‘1%“ o ' “2»5 ——Gyn? ’ — 0(-2nz o : } e
‘(De D2 D3e , + De )vr‘azkz-k]\,—[-_—é—’——'i———

\ U %n COqm ocznx 2M2’coshM
, : ' (M + “w)z , : (M + ‘xzﬂ)z ‘
[ Do, € : + : Dzoc on- € +
) (M + 2010 (M + :31)(M + B) (M + 2000)(M + 51)(M -Ba)
(M- Hyn)2 . e (M —Olgn)? -
- Dyp?, e ' f Lo D,,oc on € . '
(M ~ 2“1»)(M ﬁl)(M 32) ( — 2“21») (M 51) (M + Bs).
(M —cm)z " o L e (M —ogp)2
. Dlo(. 1n e + : ‘DZME‘ZW e . +
(M - 2“1%) M Bl) M .32) (M fl‘_ 2?‘2%’) M ey By (M +ﬁ2)
o (M + “1ﬂ)z P L (M + G“m) :
- Dy?p e L  Dg2yne ]
(M + 2a0) (M + Bﬂ(M + ﬂz} o + 20 ) (M + 131) M B
' M)z 0 T (M + gn)?
n(n2 -+ M?2) - [ D,e “Dye - B
2M2°03kM M+ 2ay,) (M+B1 M‘*“ﬁz : (M+2°"2”‘M+31{M f_‘rz +
(M _ 9‘11;) o ) \M %n) 3

#

T | Ds > + . D4 €
(M —_ 20‘1::)(M 51) M - B) (M — 2“2n M ﬁﬂ(M + 132

il
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— (M — °‘1n)’ P — (M — “zn‘z |
D e + i D e ' +
(M - 20‘1n M 51)(M ﬁz, (M - 2%n)(M .31)(M + .32) v
(M -+ “1n)z i ’ ' "‘“ (M -+ uzn)z . : ,
R Da"' L + Dee | ] ' (43)
(M - 2?‘1%)(M + B)(M + 32) (M '+' 39‘2») M +’ 31 (M ﬁz ! S
- und. ; : L ’ o
; s o T ocwz L Ogn? N LT ARy S 2
' F (z) 2Mzﬂﬂ [ (Clalﬂ e T l%m e — Lifan e -+ 04“zn e )— n?
\; ocwz A ocznz \-ot1,,z _ B —'—/oc‘znz_; ‘ o
. Ln | °‘2n ' °,‘1n' S Ogm 2M‘ COS}&M
- o (M 4+ o)z ' T (M—[—a:z,.,)z '
o l Cie*yn € Cy0yp € :
' (M + 2d1n)(M + B)(M + /32) (M + 2%»)(M + /31)(M = 32)
’ (M L (M —au)
03“2w + Cne -
(M — 2o )(M — ﬂ1)(M /3 ) (M -—2?°an)(M 51)(M -l— ﬁz) N
— (M o)z " S "“(M““zn)z B » ,'\
01421” 4 + Oga on e . Yoo .
M — 2111!)(M - I31)(M Bz) (M — Zoczn)(M ﬁl)(M + ﬁz)
— (M + ocln)z ST Ve — (M + ocz,,,)z k
X 03“ 1w e ' . C4u on 6 ’
(M + 2040 )(M + B)M - ﬂz.) (M + 250 (M + 131)(M ﬁz)
. ‘ (M + ocln)z, o : . M+ ocz,,)z
= _«rg‘{_ng + M2 [ Cie 0 C,e .
2M?cosh M | (M + 2oy )M + ﬂl)(M + /3) (M 4 200,)(M + 31)(M ﬁz)
. (M — ocln)z : : o (M — oczn)z
o Cse +‘ o Cye ; o +
M — 2°‘1n)(M By (M —B) (M — 2%1») M — Bl)(M + .32)
— (M -~ ocm)z SN — (M — acz,,)z
Ole : i o Ogel s
(O — 2oy )AL — ) M — ﬁa L — Zgm) O — ). Mgt
(M + @i . . (M + ac%)z

Cye 04 e

M+ ‘)ocm)(M -+ Bl)(M + ﬁ‘, ’ (M + 2°‘zn)(M + lgl)(M ﬁz) } s (44)
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Glocw € —|— G, ocm e — Gaocm e —

E1 e‘ +En

@16 T + Ez
xyn
Elocm ' + E’za
' —“m ‘ —““w” On g
Elocw e Ezcxw e — Eaaw "~— Egone + Fy
me (21) and (30),, wo have . T et

G : . f
' ‘

e Po : [Mlc%h M 1 S epu,xR z [ (A -{-— l’maR Zl_ ) cos nw + v

n=1

’

I--_-—.l

' '(Bn + ?ow RaﬂBn) Qm nw

- where 2,, , Ax, En‘and ‘§,§‘*fa,r‘é given by.(36)' ;ofo (46), 0, L B

PARTIGULAR cASE R
o Let the two boundarles have smusmda,l deforma,tlon glven by
i) an =y = OfoFdlln, e i
(4%) b,,;,-_-b',,‘ “Oforu/l bl_-bl__l L b
~ From (47), we have " o R e

: p:,,x,,,R.‘ [ smh Mz

- ¥=—"9p M ool D ] Qi-—f*!ffitﬁ?é% R cosa + vﬁ*'*,i’”-”-v‘]""’ "
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NUMERICAL DISCUSSION

The longitudinal velocity profile for particular values of € = 0-5, R = 0-1and p,,, R?
= 0-1 are shown in Fig. 1. The velocity profiles are drawn for various values of Hartmann
number and at different cross-sections of the channel. As the Hartmann number increases,
the velocity profiles are flattened and the effect of roughness is also appreciable. As the
width of the charnel increases the magnitude of the velocity decreases and vice versa.

The transverse velocity profiles with various values of Hartmann number and e =
0-B, R =0-1, p, - R* = 0-1 are shown in Fig. 2. Tt is interestirg to rote that these velocity -
profiles have the point of inflexior on the mid-plare. Thus the resulting effect of the longi-
tudinal and transverse velocity profiles is that the direction of the flow is towards the '
walls if the width of the channel increases, and away from the walls if the width of the
channel decreases. This effect of the deformation of the walls diminishes in the neighbour-
hood of the mid-plane. The transverse velocity which is developed due to the deformation
in the wall is reduced to zero on the mid-plane. As the Hartmann number incr.ases, the

magnitude of the transverse velocity decreases.

Z=14€ sinx

PR

Fig. I—Longifudinal velocity profiles for particular ~ Fig. 2-—Transverse.velocity profiles for particular
_vajues (¢ = 0-5,R = 0°1, p,  R*=0-1) values (¢ -= 0-5,R = 0-1, p, .. R¥|| 0-1) -
’ i v . . ' ? '
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