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In this paper the probability density functions for definite and indefinite quadratic forms of
non-central normal variates have been derived by integrating the joint distribution’ of sum
and difference of two weighted chi-squares.

INTRODUCTION

The distribution of a positive definite quadratic form in normal variates (central
or non-central) can be applied to hit probability problems. Development of the distribue
tion for an indefinite quadratic form in non-central normal variates was motivated by
a clagsification problem. The distribution of quadratic forms in normal variates has bean

‘studied by Robbins & Pitman?, Pachares?, Gurland?, Shah & Khatri%, Shah® and others,
Kabe® has obtained the distribution of sum of gamma variates. The probability density

functions for definite and indefinite quadratic forms in non-central normal variates was
obtained recently by Press’. Most of them derived the distributions through Laplace

transformation. In this paper, we derive them by integrating the joint distribution of
sum and difference of two weighted chi-squares. Section I is devoted to the distribution
- of sum and difference of two non-central gamma variates. In Section II, the distribu-

tion of sum of 7 non-central gamma variates and the difference of two such sums is

considered.  Finally in Section III, we have obtained the density functions of definite
and indefinite quadratic forms.

I—DISTRIBUTION OF SUM AND DIFFE
GAMMA VARIATE

Let X2,, 4 denote a non-central chi-square variate with m degrees of freedom and
non-central parameter d? whose probability density function is given by
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for y > 0, and zero otherwise,

where P= lnz— and ¢ = 2q
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Then r c@n be riamed a8 n.on-central gamma. var'ate with p}rampbers o P and non-cen-
trality parameter d2, - ,

- Letusdeﬁge : e

Oemm—n
Vi =12 4 , -

- where zi (9=1,2) be two mdependenb non-central ‘gamma varlates with parameters

' - a,,P,anda, (z-—] 2).

_The joint dlstrlbutlon of Uy a,nd V1 1s g ‘ven by IR 3 :
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for a >0,z>0is a confluent hyperéegmetric function. Similarly for U, < 0,in-
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(4) a.nd (5) can also be wntten as-

' p1+1=.+¢+;-' o
Z anj exp ("““1 U1) ) forU; >0
j=0 =0 Co B '

~

o0 -

Py+Pytit+i—1
Z ZQI'I exp (a; Uy) (— U1 . for U; <0

J=0  ¢=0 ] _
‘where Q;; and @'y; are some functions of Py, P, dj, fig, 4y and ay.

The probability density functiqh of Vy when a; > ay is given by
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Since we have from Blater?

_.1- | R 1"‘"‘? RN S
1F1(a,b w) Blb—aaer?2 Je“(T+S) (=8 a8
_.1' : :

when gy < a,, We can write
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Corollary (1) : The probability densxty-functmn of the drfference (U) and the sum (V)
of two mdependent .gamima variates with pa.rameters (@, P,).and (a,, P,) are given by
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(8) was also obtained by KabeS.
rh moment of V is given by

. ) aFs [Py 4+ Pyt 7
E(Vr) = — rF 1|P1+P2

For al > a,, we can write the probablhty densx‘ry functlon of Z = (a1 — ay) V as
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This is nothing but the generalised exponential family considered by. Bhattac'harjalo
while dealing with confluent hypergeometrlc functiens and accident proneness.

Corollary (2) : Let x%: (1.=1,2) be two 1ndependent chi- squa.re variates with
ni (¢ = 1,2) degrees of freedom Then the density function of U == a x*%, — B x*, for
«>0,8>0is
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“This result was obtained by Robinson™ through Laplace transformation and by
Press? through direct integration. For g > o the probab; hty den‘nty function of V =
ox*y, + Bx%, 18 given by :

— Y - v
(V). _ [Omyny 7 2 & My Mty (1 1
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B 5 .
(12)

ThlS va]ue but in a different form, was used by Press!? in connection with the com-
pa.mon of lengths of conﬁdence mtervals for Behrens-Fisher problem ,

II—-DISTRIBUTION OF THE SUM OF r NON-CENTRAL GAMMA VARIATES
Teta; (1 = 1,2,..... ‘..r) be r. independsnt non- central gamma Varlates with
. parameters a; , P; and d% (1 = 1, 2........ ).

From (6) we can write the probability density function of Vy =2 + a as
@
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where
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Let ¢y == a; (z-—2 3...... )

The probability density function of Vy, = V; + = can be obtained as in Sectlon
I, by integrating the joint distribution of V and U,, (U, = V; — acs) w.r.t. U, over
the limits (—V,, V,) and is given by
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where @, [ul, Uy ot 5 Vg2 .. z,,], is a confluent hypergeometric function in- n

variables, and
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(14) can also be written as
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It is clear that the density function of the sum of  non-central garmma. Vanates can
be written as infinite sum of Welghted densities of gamma variates.

Let V* be the sum of s non-centra.l gamma variates z%; ( i= L2,........ .. :8)
with parameters a¥; , P¥% and d*z. (1, =1, 2. a8
‘Let us assume that a,* > % (t=2, 3 e el 8 ).

Following the procedure adopted in Section I, the proba.blhty density function of
U=V —V*is given by ) A
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~ where Q% and P*, are similar to @, and P,
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Tt seems that the density function of the difference of the two sams of non- -central
gamma variates can be written as the mﬁm ¢ sum of weighted densities of the difference
of two gamma variates. ’ o

 Corollary (1) : The probability density function of the sum of r gamma variates is
g.ven by : ' .

o P;—1
I 2|\ —aVvjist . r ‘ :
g(V) :[t:; a; ]( zpj ) e ‘“1 VJ Qz [P2> Ps: ‘. Pf ‘; zPJ;
\ | = ) o el
(i — a) ¥, (a3 ag) V. .(a — «»)V] (19)

for a; > d,- (t=2,38,1).

This result coinéides 'with Kabe'ss,

Corollary (2) : Let Z, and Z, be two- 1ndependént generahsed exponential fa.mxhesi
. with parameters P';, ¢’; a,nd w (1 =1, 2) Whose density functions follow from (9).

Then the probability density functlon of Z = Z1 + Z, is given from (14) as

P(z)= i . '(1+ w)l P‘fzq‘ﬂ“'”l ~ 0+ a2 *P[ v e —

PoPlygy+ 0 Z (o — 05)Z (1 + ¢y — %)Z],

When o; = a, == a, it 1s clear that Z is' distributed as a genera.hsed exponential
family with parame’cers 1 + Py, ¢y + ¢, and a.

11I—DISTRIBUTION OF QUADRATIC FORMS

Let us define

: 2
/ N

| )
= “(X m,d;+ zb Xn..d, ) ‘

$ =2

[
T—ﬁ(xm‘d; +ij Xn,*d., )

J=2
T=T-1

(20)

«
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where a; B > 0; b, bj 1 d,,l!,* > Ofor all ¢ and j and the chi- square vanates

«

/ in‘ s’ x’,n A J’ area.llmdependent

i 2 Aiw? is an arbitrary - quadratlc form in which the constants A. are

[ ¢

»  real numbers and w; are mdependent ranelom variablos each of which has a normal distri-
bution with non-zero mean and unit variance, the form can be given the representation '
'(20), T, and T, are each expressible as some positive definite quadratic form while T
. can be expressed as indefinite quadratic form. : :

The prob‘ability density funetion of T, can be obtained by subsfituting

a1 =‘—'2a,aj"1=2¢bjand;Pj=—’2ﬁ, (1=2,8..7

in (14) and is given by

"(T"=i ii U,-;:I -";] e 1T -
#=0 iz=0 ¢=0 :

r

] nj . n . Ny ; " n, ,/ :
D) el e ey
jwml < ' . N

Tl" : . . c
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‘ -1 | -1 -1 :
1—2b, 1—b; .. 1—b, J 21
( 2a )T’(‘ 2a )T’ ’ ( 20 T
| ‘ o J
By expanding @, and rearranging after a little algebra, we get
oty =D fi7 (5 g +isT) @)
t=0
r
where N == > n; and f; are the constants given by Press? and ¥(a,P, ) is the
i=l

density of & gamma variate z with parameters “a, P. Slm1la.rly, from (17) after a
little algebra, the probability density function of I' can be written as

o

= Z ﬁfa* kN+2€.N"+2.i (23)

=0 fom O

where f;* are mmﬂar to f i N*= znj* and hl(vT% is the density of the difference

J-l

of two gamma variates (I > and T < 0). The procedure we followed here is more
simple than the characteristic function approach followed by others.
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