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INERTIA EFFECTS OF SQUEEZE FILMS BETWEEN TWO .
oo PARALLEL, ’LATES
V. K Karvr
‘ Indxan Institute Jto'f ‘Technology,
. (Receited 36th Sepieiber; 1967)
o s pape;; a theortical study of ivertis effects in squeeze films between rectarigutar and

elliptical platés in the presence of transverse magnetic field has been nade. Itjs showi
that lead capacity and time of approach, for sufficiently large 2, increase as the inertit

increases sufficiently:

,SOMENCLATURE
ti—major axis (;f the ellipse |
b—minor axis of the ellibse :
B*—length of the plate
~ h—fluid film thickness ‘
hoéinitial film thickness
H,—applied magsetic field
H,—induced magnetic field in 2-direction
' H, —induced magnetic field in z-direction
‘ L—width of' the plate ,
"Moéinitial Hartmann number ( op, kg2 Hoz/ﬁ;i
p-—I}reSsuré inside the bearing
py—pressure inside the bearing when inertia effects are neglected
pe—correction. tefm in pressure dueto iriértia .
& or t;—time of appbro'ach»fo;inﬁnite rectangular or finite ellipﬁcal plates
u, v, w—%&elocity components in ;7% and z directions respectively

W, or Wy—load capacity for infinite rectangular or finite elliptical plates.

Tt has been found that li(iuikd metals éa.ﬁ be used in high temperature bearings! because

they have several advantages over the conventional lubricants. The most obvious one is,
of course, due to their high thermal conductivity which helps in maintaining a more uniform
temperature and thereby a constant viscosity. But one disadvantage of using liquid metals
as lubricants is the low lead capacity which can be achieved in comparison to the conven-

lubricants by classical methods. This difficulty can be removed by the application

of magnetic field as the liquid metals are good conductors of electricity.
Con R 3}
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Recently Kuzma? & Shukla® have studied the hydromagnetic squeeze films bet:
ween two plane or curved surfaces in the presence of a transverse magnetic field and have
shown that load capacity and time of approach can be increased by increasing the
strength of the magnetic field. They considered the plates to be infinite in length and
neglected the induced magnetic field. :

Later on Kuzma, Maki & Donnelly* studied experimentally the problem of squeese
films between two circular plates in the presence of axial magnetic field and compared their
results with theoretical one. Then Shukla & Prakash® studied again the problem of squeeze
films between rectangular and elliptical plates in the presence of magnetic field including
the effects of induced field. S

- Inthis paper, the problems of squeeze films between infinite rectangtlar and finite
elliptical plates have been studied theoretically considering the effects of inertia in the
presence of axial magnetic field. It is seen that in this case the load capacity and “time
approach is sufficiently increased in comparison to the values computed without inertia.

BASICEQUATIONS

- The configuration of the bearing is shown in Fig. 1. The coordinate system is fixed in
the bearing and applied magnetic field is in y direction. X

The basic equations governing the hydromagnetic flow of a lubricant are:

Do - _ o _ Foom
P TP(0.V)o=—Vp+ V% + ped X Hl
curl (0 X f ) -+ 9V2H = 0 , '
. - VeH=0 , : '
. V.v =0 : 5
In order to approximate effective inertia, consider the usual assumptions of ordinary
hydrodynamic lubrication®, vertical velocities are ignored”. The following assumptions
regarding magnetic field are made : ’

(1)

(4) The Lorentz force in the only dominating force due to presence of magnetic field.
(1) The permeability and conductivity are constant scalar quantities.
(¢4) The induced magnetic field is small in comparison with the applied magnetic -
field H, such that their squares and higher powers can be neglected.

Under these assumptions equations (1) are :

U uy.  ap o (1 8Hs |
P(u%-i—‘w*a;)‘-———g&--lzﬂ’égyi-ue (Ho ay) 2
‘k o SLIDER % =0 implies p = p (2, 2) ‘ (3)

v T — % "(”ew“az)—“‘az*“af;f

S~ W o C8H,\

B S i o (1 ) ®
y4 . - ;ul ~ BEARING H, 5~ + 1 o ‘ ()
Fig. 1~—Cenfiguration of the magnetohydrodynamic 79 .. #H, _ 0 e

slider bearing » 0 ég n 'Ey?'
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We now solve this system of equatmns unde‘r the followmg boundary conditions :
- . u=U; , w=0, a y=0, - -
w="T, , wa=—-<0 at y=5h ; M
and A : : ' ‘
H, =0=H, at y—-O k b (8
using the usual perturba.mon teohmque for Wth’h we assume o - ,
U = U +u0 R ‘ ’ y R
w=wta o, & RO
where B
‘ Uy o5 Po — BT veloeities in® and % directions and pressure when inertia effects
are neglected. These have been found by Shukla & Prakash®,
gy @y ¢ p,,-—— dre corfection terms on account of inertia effects,
and %, @, p —— aresolutions in which both viscous and mertla forcesare present
The solitions arefound to be g1ven by K
U=y U R .
, -
lzo Jl h 3p0
PMO |2
o | sinhe - | el
ph bt - (2p ( i ST ?1’9) ok {B+80-6 * poF >
T ouamg 24;‘3M0 ( ) hax?‘l—h 2z ) | M2 ‘ ho
; il—-—cosh - .
sinh{#é ¢ sM
—,2.__,_;___&_ .{—,;“’,F : G}+_(B -—-40+3D)
(l—coshw"—é). b '
0 N
S oy 3Mo
ph' 2R (%)% oM, D o ( F—G ] :
T 4M 3\ -k ]
o 2 1——cosh %h
E - - }'0

Pl Ul—‘.Us)‘h;i’\ byt
CoeME

MQ},) §3M"F G}w(BfQE;.SC) ;
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] ’ .' . . - \
', . ; [ sinh ]ll};‘lh ~
. U,—U,) hyp ( &y H2p, ‘( 0 §3M0D —90_B_3 E} . 3% N
b U4pr M@ &a? o | 1—co h ﬂk) h . by
| (e 32 TR |
1+ coshﬂozb _ - cosh ll%ﬁz ' 1+ébsh ﬂ—;“—'gl p
; -F—2- = G+ — 37 s B 3E—~40}
l—cosh M"k : (1——cosh 4{"Z&) ‘ inh ot z
. : }lo . ho - : bo
G " ( ~=0D—B4-3K—-20 T‘ 14-cosh—=
L pht'h2(U,—TU. 2) . 31”0 { by -;-loh —— 1]11 : ( L]nkik) ‘\
T MMy _ Ty i Mo\ otf
! 0 | I L 1—cosh ho J | vsmh 7 1—cosh 7 ;

-
o (U, U)%oh (1+cosh %9—7‘) ir 2\".*‘_‘1+QQsh“ﬂ7fo—h - ]}
P 2 o 10 -
s | e — 2 + 3B — 40
24" M, sinh Mo ] ~ sinh M .&"f
R hy " hy J
f sinh =% ]
P(U1+Uz)ko ! By &0, Wop, o (2Mo- Mol
L [-con J
S {%DHE—M} , l—l-cosh M"k ] 3
o 9,..”,; (l——cosh J-@) % "02 I
. ' ,?zo ho J

a0
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sinh ﬁ:zh .6 Mo ‘ B ]

i W, P4 (B 40 £ D) J
oI 18 8\])0 R [* sinl’1 leh& 621, r | 2%0 F G
WM (E) I[‘(l cosh hzh) B+80—, 3 ‘D_QE}—— 1— cosh%—:)?

: o Cay
1 .
~ Now substituting the values of u a.nd w from (13) and (14) into (5) and (6) and then
solving under the boundary conditions (8), we get
My
1 — cosh -—
M, (3 ogy ( R Ty ) o 17

___P'o Ry
B, ko §2 o T M, oc )

{

LN ,_a_g,( apo+h,%) (5 so—ﬁlzg"p_w}
242 M2H, oz \" 0a? ( : 0

p(Us—Us) hopee (‘72?0, ,_% »[.,
el M, (e T o

0 P
=0 ) i
o ho <il——'coash 5
. (1]

. {
, |1 7
th( Uz)l-"e P 1— ho . 77 ") ——l
T 24p.Ho ax l ‘ ( 1—cosh %}f) , ‘ slnh —41—01‘ l,l——cosh]—”—"ﬁ



116 ‘ T Dnr.Sat 3. VOL 18, Juu 1968

1+co§h %h) (= (1+CQSh 4‘[_0_”)

G IH‘ z)Mouf (

”ejll

i‘f_ .
h" 2H°h° siilh %!Z 1 -gin
by L : by

.(=B;—I—3E~——é? p(UﬁUz)”f‘ [ o (h = +”'~%).

8H oulM, 22 T " Tog
O smh - : : :
J : ’ho(,h (2MZD+ 5 — 'ﬁv)+2}ffo.?
(1 -+ cosh ) 0. .|
0 <
o (2M°D+4E—-4O’) | 1 4 cosh Mo =}
— P opy by — (U, — U, __.__*_@ .
ur " gx . ﬂ__{afb) I o Mh -
T ; ( 1» cosh T, | smh T J
g @=L o
~and ‘ |
H,:,%’P_e{i,al’o___”o_ M ap“}A_,_ P’l"g“l‘_e;v_-.?_’z;
. . R 70 L
\ ' [ - sinh? Jg"k S 6 e
(”h 31’0 + ¥ 8;00) | ——te {E + 80— % 5_ o5
. oz (‘,1‘1__ cosh 0h )2 L - ho” FR A
: v M. ho( : .‘ |
e sinh Ili"h i
. SPoF } B — 40 + 3D
’ ( 1 — cosh —2". M ) { )
’ o _{‘

. © - ginh -

“ph hzhofl-e ( apo ) < 7‘0 _ ( 8M, = =),
o § . = - . —0
T TR, ( -~ B el — Bk
{ 3Mo F G‘}

‘~ (ﬂl—-—cosh % ) -

= L‘a’ 4(13) L

- \—‘--—-—-——-—-)



where

sinh l'i"h ,
A = : 0 (‘1 OOBh ) sinh 4 oY
( 1— cosh My ) h., by
o - v
. sinh =y
B = cosh 21‘:"?’ — cosh 2Moh , : ll?h
) by sinh —%—
My Mh y ’
0 L e o
eosh ko (;;th hy sinh T
D= (y- T
smh My -y
E=|1— T
sinh M j .
, by T e
F o= yoosh 20 g cotn Mo ginn 2V
ko . hy ho:
' sinh ?Z“‘ y .
G = sinh 9 sinh 2Meh : Mo
o ko gnh =
H* = cosh e AN o ! . gnp =0
e e 22 db " o
P B 0 .
and the (-“) of the above functions represent restilts of mtegra.tlon as follows
a @) = fAdy "y B(y) J‘ de andsoon,
4 ©On = f Ady {057@) I Bdy; and'so on.
R : J
Also g o »
| A = 40on - _,A‘@/);—’
Simila.flyv ' o

B, C, D, E, 7, G ‘and ﬁ*“‘ are defined. - -
Moreover primes. represent dlﬁ'erentlatmn with 'respect tow.” ..

The eqaatlon of continuity under bounda.ry nondltmns B
R v = 0 at y =0
L g s B _] ab oy = h
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gives
b I3 .
du fw ' :
" oy e o
Using equations (10), (11) and (14) we get the hydromagnetic form of Reynolds’ equa-

tion as ’ »
Ma. . Moh

N — 1 nh —la
a_ {h 2hy  2hy 3 + { Mh —_tanh Mok | opec
ox “'(M)thMoh ' ,»Ms 2, 2;;}
hy 2hy : ‘
Ph aPo 3 Po )% apo

. + - 24u8 oz (h ' oa? +h o )
{ 8 tanns Mo 9( M"h) ta h2 M My }
{ 2hy h 0 hy _ PhA ([ 9p, \2

M, o _Moh e 24[‘«? (
(T&o ) tanh e - ‘ ' B

{ 3(ﬂ§°h)tanh4 M“h +26tan h3 2h 18(]‘}{ k)ta,nhz ﬂ — 30 ta,nh + 15 °k}
¥ (L 0 . 2h, 0

iM A
E: e LA
(k)thfeko

. ; M My My MJ»?
4 t h4_g 2*_
p(U_ 2)}%[ an 5 Sta,nh +12tanh %, —3 {
1[ "(M)tamM"h j
0 .

__U)zk,rattanhs ( )ta h————Gtanh_]@___;’ #7

: | :

48#‘ M° s [_Moh
(753‘) tanh! ( %y )

{
P(U‘JFU)“ O PR S TN
gl (o )

{(M) 1’”3“‘]12/%ﬁh~6tanh @~3Moh}

bﬂ 0 S : 2h0 ]lo
: k | tanh2”Mﬂh »
A ‘ o
. ) 4t h3 _*_ t Mp )
o o A T =0 R e —oum g g My
2u2 oz Co M0 ta n.h2 Mok, .

. ﬁo\ %%ho -
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B My M _ ) Mj )
2.t
(U Tl {( ho ) (?“nh hy. + 2 tanh "5, {
4 M(,h
SN tanh 2h0 :
& Moh _ ganh 2ol Mh A
L2 B By op 2 I Moh e hM.,h o
0z | ¥ (_%_) ta hMoh 33\ M Mo , , by | o2
ho 2k0 o . N
ph_ . 3_?@ g po 3]’0
- W &2 ( az2 +¥ ‘ )

b —-9(M )tanth"h 30tanh "7U|-1z‘)M"h]> Pkg};, (810,; )'2

{8 tanh3 g T o,
, _ — 57\
(B tou ( 12”; of ) ut \ o
(M“h )ta nht 22— M"h + 26 tanh3 "k—18t nhe MJ”- 30 tanh, =2 Mo —15 1-‘—1“—7’} 3
hﬂ [ n () 260 27&0 .
‘ M0 , M b S A

This is the most genera.l equa.tmn for determmmg the pressu.re in two dimensional
bearings considering the éffects of inertia in the presence of transverse ma,gnetlc field. The

values of py have already found by Shukla & Prakash®.
' . SQU""‘Z‘FILMS

In the case of squeeze films between parallel plates, % is constant ie, h’ = 0 There

fore (15) reduces to: ,
_ o Mgh )_ tanh Mok Y -
(‘32},0 ,_‘+ 32%‘)‘ _;L ( ) ’qnh %g } |
b AN R ;(,Mo') tanh My
g L \‘ho » 2h0 J s
hd (8P 2ps \ [ ( Mh) Mgh "y
pMg@ \ 82° + 02> ){(%o )—th 2h0]
| _’E_ f Po 3*py 32}’0 ~ 3P0 L &py a7
ot 24,;31( 2a72) . ( ) + R :.+ az2 "
M b ‘M M)
t 8 tanh® o 2 — 5 o0
[, gn ' 2h0 9‘( o )tgmh o, 30 tanh he, -+ ] T
15 (MY, Mg |
l— ( ,ho) tanh,zko,
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Infinite plates

~ Consider two non-cpnductihg rectangular plates infinite in the z direction approaching
with a squeeze velocity V, in the presence of uniform magnetic field perpendicular to the
plates, : : :

Substituting the values® of Po » in (16), the ‘équa.'t'ion for correction ‘pres‘sure Pe I8

_given by R , .

I [ ar oMb M\, oMb oMb M
. : 37707 0 20— o g el
Ep, __ pViM, }'{8 t,anh’ Sy 9( T ).ta.nh o 30 tanh g +15,',2h0
8%~ 48k Mp\ . Mg 1
| L ) e }

) , 1
Solving the above equation under the conditions p, (+:B*/2) = 0 and taking into
~ considerationing the pressure p, without inertia, the total pressure is given by

2

: tanh |
: p -—_} . I’I“‘Z"{O2 . " ho : X
2 TR M M -
A { 2Zhq. fanh - 20y } ‘
[ sMeh oM, M o Mg M)
| o | o ogiy = s(5t)nte S —sotams 152 ()
e 48 17 ‘ Mo"'),’ Mg M ‘ \4

L | t”mh( Wl Ve ™™y )

- (18)

Hence the load i)er unit length has been calculated by integra.ting (18) over the width ~
of the plate i.e.,” ~ « \ v

L e Whnsk » o . ' - ]
o wi temagp S}
= , _ , « £
iz lf(ﬁ_mh_@én l,l+ EF*(N,M())“!‘
’ AN 2 2 73 { : J-
| T - (19)
“where L ' B .
- 8 tank® %ﬁ —9 M£ tanhe ,"—g-“? —30 tanh%?i 15 Mg
F* (o, My) = : 5 R ; , -
: S ) 0§ ____ Mof )2 Mof
—— Wi s el
T =

®

~ and-§ being the dimensionless film thickness,
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From {19) on substituting

dho ., dt
~and integrating und]elf the agsumption that M, is sufficiently large, we get o
_ Wikt (Y Ny o T (VY _dl(«/?fmé ]
o el S R T (o)~ ()]

‘ : o (20)
where #,is a_ dimensionless quantity given by- * '
R 7 |

Elliptical plates. . _
\) Tho case of -two elliptical plates whose major and minor axes are @ and b respectively,
" which are approaching each other with squeeze velocity V, is being considered. The equation
“* for determining the pressure m this case is also given by (19). Integrating (19) with boun-

‘dary conditions: o o ‘ s e
22

. e
B e iy - B
_and taking into consideraion the value of Py » the total pressuié distribution is given , -
by ol
o e ME
oy =Ly M B el SENRIRRURY
. o s .2 .' - h02 V (a2+b2)"4 ho&( —Mé]_f——tanh*M‘_é.;—‘) .
2 _2_2)
[1+ e ,E(«,Mo)] 1 - &%) S
| | ey
. where B
_ PVl (@Bh
| =5
The load ééﬁacvity in this case is given b'yj N
L o b oV Ii—a57
W, =4'( rpd.zdz
" v 0 ) : 6 "0 . E
Therefore = - ‘ TEET ~
o Wkt | @dB R
2T 3 % TR o
< Mg ‘ .-
e, T e, | |
=9 (ME . MEy\ 1T gf (% Myl L@
W Eamliiees] -
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From (22) the time height relation, obtamed by considering that M, is sufficiently large, i8
. given as by

~ 2Wahe? | a4 b2

52 _ = ‘ a”. 0% . 7y tan M u
1&';,:,_) """ ’ In-l 7’
3 bs : ) ’1(.__. \/ )]
““ ‘——— I L W N ‘ (: ﬂ i ' E

g

= (3= 1) o+ 7o, (o
Where iy is & dlmensmnless quantity which is given by
pWohst ot b
“’74 pz, ‘@B b3 (a2 + b2)
1f a = b, th1s reduces to circular plates approaching each other.

CONCLUSION

A graph between dimensionless load for both infinite rectangular or finite elliptical
plates versus mmal Ha.rt nann: number for various values of N*, (n, or 1,) at a dimen-
smnless ‘thicn: i8 shown in Fig, 2. Itis concluded that load capacity
increases it ? r%se inertia parameter 7, or , for infinite rectangular and . finite
elliptical platef; ane foﬂowei' values of Hartmann number the increase in load capacity
is lesser as inertia pg,ra.meter increases, but for higher values of Hartmann number load
capacity increases sufficiently as both. inertia parameter and Hartmann number increase.

Figures 3, 4 a}ad b are the graphs between the dimensionlesstime of approach of
infinite rectangula.r or finite elliptical plates versus initial Haftmann number for various
~ values of inertia and various values of dimensionless height between the plates. By com-
parmg them, 11; is found tha.t tnne of approach increases as both inertia increases and

30

Mo

Fig. 2’-—Dingénsiohle§s load vettus Hartmann Number Flg —-Dlmensmnless ‘mme versus ‘Hartmann Number
for various values of N* (n or )y § = 056 * .. for various Values nf N (-qa or m), § =078

,-““ /
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Fig. 4—Dimensionless time versus Hartmann Numbet Flg 5—-D1mensmniess tlme versus Ha.rtmann N umber
for various values of N (n, or 1;4) =05 for various values of N (, or ,), § = 0-25

dlmen81onles<1 height £ in between the plates decreases. It is also concluded that there is a
sufficient. increase in the time of approach with the decyease in dimensionless height & -
between the plates (Infinite. rectangular  or finite elliptical). = This implies that as the’

pla,f es, whether infinite rectangular or elliptical, approach each other, the time of approach =

increases sufficiently and as ¢ tends to zero, the time of approach becomes infinite. On the

other-hand it is also seen from Figs. 3, 4 and 5 that for various values of inertia, the time

of approach comes closer and closerasthe plates (Infinite recta,ngular or finite elhptmal)

, approach each other together with. the increase of Ha.rtma,nn number ie. wwh the increase
of magnetic ﬁeld
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