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The classical procedure of ordering new vehicles in replacement of the existing ones is
unsatisfactory ag it is based on the average life of a vehicle and is good only after a lapse of
several years when ‘stable’ conditions are reached. In this paper, an alternative procedure

is presoribed, It makes use of an autoregrassive equation obeyed by the number of new vehioles.
This equation is obtained by using the method of Markov chains. v

Suppose that there are N new vehigles, having identical ‘failure-time’ distributions, in
a depot, and that it is the pnlicy of the depot to replace any vehicle which fails during any
yoar, at the end of the year by a new vehicle. Then the problem is to predict the number
of new vehicles required in a year and glso to predict the age distribution of the vehicles in
any future year. : : '

Let us suppose that the maximum possible age of a vehicle is (m—1) years (corapleted).
[We shall always refer to the ‘completed’ number of ycars, as the age of a vehicle.] In other
words, a vehicle which has completed (m—1) years is bound to fail in the ~mth year.
Let us suppose the ‘failure-time’ distribution of the vehicle such that

The probability of failure in the interval
(6, 1+1)=pi+1 1)
G=0,1,2, +eeeerinnannranenes m—1)

" where ¢ is the age of the vehicle. In other words, pit+1 18 the area under the frequency’

curve of the distribution, included between the ordinates at ¢ and (:41). Consequently,
m—I

zZ p.=L If we correspond m states (B, By .. .. e , By —q) to the number of
=0

e

t
completed years by a vehicle, it is obviqus that if a vehicle of age 7 does not fail during the
next year, it makes a transition from E; to E; .,- However, if it fails the transition is from
E, to E, as at the end of the year it it replaced by a new vehicle. It is easy to see that the
probability P;; of the transition E; to E; is :

i+1 / g e
(1— k):l Py ) e (1—13'1 Py )= Lo =i+l
) k= =
o if j=0 2)
0 otherwise

This follows from the fact that

Probability of completing (i-1) years

l—o;=pi i+1= ; : 3)
Probability of completing ¢ years

- Dij =

Thus we have a Markov chain of m states and transition matrix P = [p;;] given by (2),
where i refers to the previous state and j to the next state. It should-be noted that, in
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particular pw = dg=pP; and Pp 1, o= s —, = 1. The vector of .iﬁitial probabﬂiﬁes
for this Markov chain is , o
. @=1,0,0 .uiin... . ., 0] T Wy
a8 we start with new vehicles. ' '
Number of new vehicles in any future year _ ‘
From the weﬂ-known'results in Markovian theory, the probability of the process

being in state E,at the end of the % years (k=1,2, ............ ) ‘Le. after % transitions,
i8 given by the first element of the row vector o’ P+ Expressing P in terms of its latent
~To0t8 A;=1, Ay ..........A, and latent vectors (row and column), the expected
number of new vehicles at the end of & years, will be given! by S
- Ny B)=Cy Mt +Cydgb ... ... i + O Ant (5)
where Cy, Cpy ... .. .. Cm are certain constants to be determined from the initial conidi-
tions. We thus need the latent roots of P. Now : R
e %Al 0 .. .. 0 -
o A 1l . .0 0
, @ 0 . —) 0 0
det. (P=Al) = C e e o (6)
. @meg 000 . = 1oy, e
Em -y 0 0 e v 0 —A TR L ;6
,, == (=N — (1) Amey @)
where, : .
} » - “m’—.r l—am_, 0 .o .o O O '
oty g —A ey g .. 0o 0
Am r= | )
Otm — 0 0 . 7 ) .. —"‘A l—m-m —2
Ly —1 0 o . C e .. 0 ’ . A f
[r=1,2,...... > (m—1)]
But :

Amer=on—r (N1 — (1t —f) Am—(r=q) (9)
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-Using (9) repeatedly in (7)

m—1 m--1 ) . r—1
det. (P— M) = (—1) {A_.%A_. Z (1—ay) (l—ocl Lt Vot —p A }

r=1

m-fm m—1  m—2 )

| = (=D Ry A X cmpmms A (10)
u ‘ . . ‘

’ {1—“%‘ (1——“1) ...... (I—Mm—.f-}-]_) qm—rzpnl—r+1 (11)
Taking the factor (A—1) out from (10), it can also be written as- o

m m—l1 P : O pe—r 1) v _
det. (P—A) =(—1)QA—DZ (1—p —pp—-..... —py) A (12
: r=0 : .

Thus the number of new vehicles at the end of & years will be given by (5)' where A;=1and

Aoy Agy venvnns e X, are the roots of the equation.
1 ‘ m—{(r+1) . _
Z (=P —p) A =0 (13)
A= .
Alternat‘vely let N, (k) be the number of vehicles of age x at the end of & years (z=0,
L2, ...... ,m — 1), Then it is easy to see that ,
No (F) = Noex (k—1) poi, o
' = Np-1 (k1) (I—op—1); © # 0 (1‘4)‘
But : N, (k) z; o1 N (b—1) “{15)
K= v
~ From (14), we get for r#£0, k> . , A\
Na (B) = (1=-ttg) (o) oo ivn (Ll—tp1) Ny (k—2) | 6)"
and substituting this in (15).
No k) = 2 (l—sq) (1—x). e (1—0%_3) g1 Ny (k—a)
x: .
= I py Ny (—a) ' R ¢
2=
on account of (11). Thus N, (k) satisfies the autoregressive equation
No(B) = py Ny (k-=1) + p, Ny (k—2) + +oooovv. + pm Ny (k—m) (18)

This can also be written as p
¢ (E) {No (k); = 0 ' = (19)
where _ ‘
¢ (A) = ,\m _d_pl Am-—l _pz-A.WUZ e e _;pm,
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Here T is the shift-operator of the caloulus of finite differences, ¢'(A)is the same as det,
(P—Al), apart from (—1)™ and thus the solution of this autoregressive equation is the same
asthat of (5). Once N, (k) isknown, N, (k),z # 0 can be easily obtained from (16),

From (5) and from the. fact that A,/ < 1(=2, ............ Feveraneas , m) it
[follows that N, (k) will be the sum of terms which either decay exponentially to zero or
‘odcillate with g similar decay to zero (for complex roots). ‘ S

STATIONARY S1ATE PROBABILITIES

The vector =’ = oy MYy e, > am—y' of the statibnary probabilities of
the Markov chain, satisfied the equation : o
7 P =q cr (20)
ie, : @ 2 7 o« = m
) r=0 .
b, = (1—a,) = Ty 41, r=0, 1, ...... ,m—29 @

From (15) and from the fact that 7, = 1 it easily follows that -

Cmo=Tpand T = p, e, =12, m—1) (22)

m—1

where po=1 + Z -——p;i I - ‘ (23)
r=1

But P, 4yfo, =1 —py —pye .0 —, and hence it can be seen that

mi—1 . : . .

p= 14 gfl (= pyo—gy— oo, — )
mn
= X 7 Pr ~
r=1"

= The mean life of a vehicle.
Thus the stationary probabilities are

1——' N r )
mp=1/p and m, = D1 L, . 24)

7‘=1,2, ........ 5 m—1

From this it follows that a,fterk‘.,é, large number of transitions, i.e. after ér}arge number of

years, the number of new vehicles required will stablize to N/, where 1 18 the average life
of a vehicle. o

This result, though mathematically invportant, is of little practical utility because, in
practice, the important thing is to know th requirenents in the first few years
rather than affer a large number of years, and plan and order accordingly in
advance. The behaviour of Ny (k) in the first few years is governed by the recursive
relation : ‘v

No (F) =py Ny (—1)4p, Ny (5—2) + ..o + P Ny (k) (25)

;

Tl
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The values of N, (k) for the féquired number of yearscan be plotted easily from- this, and
the requirements determined accordingly. It can be seen that the value so obtained for
smaller values of % will be much different. from the ‘Stable value’ N/p. The classical pro-
cedure in the Army and elsewhere isto order for only N/u vehicles every year. This
result'shows that this procedure is not at all satisfactory as it will lead to undesirable short- -
ages in some years as well as surpluses in some years. (25) will, therefore, be very useful in
determining th» order policy in respect of new vehicles. One has to study the amplitudes of
the series N (k) for the first few values of k for this purpose. B

NUMERICAL EXAMPLE

To illustrate the behaviour of N, (k) we now consider the case where the life-distri-
bution is normal with mean g — 3 and standard deviation o = 1. From the table of normal
probability integral, we get.

py = 0023, p,=0-136, py = 341, p, = 341, p; = 0-136, and ps = 0023,

A Agseivnnn Jeare, therefore, the roots of the equation '

A6 — 0-02305—0-136X* — 034123 — 0-341x2 — 0-136A — 0-023 =0
Taking out the root A; =1 the ‘residual’ equation is

A5 1 0-97TX 4 0-8412 + 0-52? + 0-159 + 0°023="0
By Sturm’s theorem we find that it hasone real root and two pairs of complex roots:
They are .

Ay = — 0-408
Agy A;=0+124 - 0-686 ¢ or 0-697 (cos 79-75¢ - % sin 79-759)
and
Mg Ng = — 0+124 4 0-2274 or
" 0-259 (cos 61:35° L 1 sin 61-35°)
Therefore
N, (K)=C,4-(0-408)% Cy+ (0-697)% §Cs cos k6, + C,sin k6;} +(0-259)
{C, cos kb, + Cgsin kb,} : (26)
where 6, =T79-75° and 6,=61-35°
The constants Cp, eovvvvenveeens Cscan be easily found from the initial conditions.
Thus if we start with 1000 new vehicles, we obtain from (19) '
N, (0) = 1000 = N
Ny (¥ = Np, = 28
N, (2) = Np? + Np, = 136-529
Ny (3) = Np® 4+ 2 Npy 9, + Nps = 347-268
N,(4) = Np* + 3Np2p, + 2Npypy + Np* + Np,y @7

= 375-398

N,(5) =NpS+ 4N pPpy+3Npl0s +3Npy ' +2Npy py +2 Npa 0y + N
= 246-228
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“. The ‘sfable'vaiue’ is Nfu ie. 333.333. f‘Thus by the classical- procedure of orderinig .
334 vehicles every year we would have landed into difficulties.. I
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