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Unsteady axially symmetric transfer of heat and mass in a semi-infinite porous circular

- cylinder initially at & constant temperature and mass transfer potential has been consi-
dered. The circular boundary of the porous cylinder is maintained at temperature and
mass transfer potential which are functions of both axial co-ordinate and time, whereas
the plane end is impervious to heat and mass transfer. Roth the axial and radial compo-
nents of heat and diffusive mass transfer have been taken into account. A particular case
when the temperature and mass. transfer potential are unit step functions has been
discussed in detail and some results have been exhibited graphically.

In the present paper, the transfer of heat and moisture in a semi-infinite porous cylinder
has been discussed. The temperature and mass transfer potential at the cylindrical surface
are assumed, to be some known functions of both axial coordinate and time, whereas the
plane end is impervious tc heat and mass transfer. This general problem is of interest in
the transpiration cooling technique. The solution has been obtained by the application of
finite Hankel, cosine and Laplace transferms. The solutions in the general problem have
been expressed in terms of infinite integrals which are difficult to solve analytically because
of the general nature cf the functions assumed at the cylindrical surface. However a parti-
cular case of interest has been worked out by choosing a step funcvicn for both temperature
and mass transfer potential at the surface. With tbis choice of the functions we have been
able to represent the solutlons in closed analytical forms and the results bave been depicted
numerically. :

¥

NOMENCLATURE

¢ —Tempereture

6 —mgoisture transfer potential

r —radial coordinate

R — boundary surface radius

T . — time .

an — moisture diffusivity coefficient

aq — thermal diffusivity ccefficient

p —specific heat of evaporation N
35 ‘ —Soret coefficient ,
€ — coefficient 6f moisture (internal evaporation)
Cn ' ~speclﬁc mass c%paelty
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C -—spemﬁc heat capacity
0 = (0, — 9)/6, — non-dimensional mass transfer potent1a1
T = (=t )fo — non-dimensional temperature
X =7r/R — non_-dlmensmnal radial coordinate
Z =zR —non-dimensional @xial coordinate
F, = a; 7/K? —non-dimensional time
Lu = an o, —Luikov Number
P, =81, /0; — Posnov criterion
K, = pCn 00'/09 to —Kossovich érlterioﬂ -
P, = uR|a, — Peclet Number
U —constant velce'ty of the flu'd
Jn (2) —Bessel function of nth order and of first kind
H({P, F,— Z) ~— Unit step function defined as '
- H@P.F,—Z)y=1 Z<P, F,
| =0 Z>P.F,

STATEMENT OF THE ‘PROBLEM

.The porous circular cylincer is initially at consiant temperature 7, and mass transfer

potential 8, .

The ¢.rcular boundary is kept at temperature ¢ = f (2, 7) and mass transfer

potential 8 = g (z, 7). The end. z = ois assumed to be impervious to heat and mass transfer.
The distributicns of temperature and mass transfer potential in the cylinder are to be
determmed a’o any time 7. Mathematlcally

ot o 13 o ., 80 |
= —a (3 2+73—r+8z2)+0—am— 1
a9 %0 " 1.20 0% (9% ot &
b O (e + 7 o5 emd (G ta)
' \ 0 r<R, 0<2<00, >0 (2)
t=t, Jr=0, 0< 2<©, 0 <R )
6=49, , . ’ . @4
t = f(z7)]r=R >0 (5)
0 = g (27) jo<z<<oo (6)
& _ (7)
2
2=0, o “r<R, >0 (8)
a0
é—z =0
The non-dimensicnal form of the equaticns(1) to (8) is
oT T 1 8T  &T 20 i
oF, ('9752 Xax T azz) « Ko 2F, ®
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20 20 1 90 0\ _ _ (#T 1 of  @T
F, = (ax2+x 3X+azz) I Py (ax2+x xt az2>
: o<X‘<1, 0<Z.<00,Fo>o(10)

o

T =0

. F, =0, o<Z<oo,o<X<1 (11)
60=0 , (12).
T="F(ZF,) . (13)

X=1 0<Z< o, F, >0 .
0=G(Z.F,) : (14)
oT . | | | o
Z =% ‘ (15)
Z=0 072X<1 F,>o0 » »

_gg_'o - ' (15a)

oZ : .

where F (Z F, ) G (Z, F,) are assumed to be the non-dimeﬁsional forms of f (z, 7)
g (z r) respectively. ' o

Performing the finite Hankel, Fourier Cosine and Lalpace Transforms! with respéct to
the variables X, Z, F, on (9), (10) and using the conditions (11—15), we get_

7. | p+<g,-2+,,e)]+_e K, pb =t 1,6 T (o) (16
— L n P (& )+ [ 2 (€ +,,)]‘ =D T X
[G p) P, 7, (n,p)] an

where T,, @ are the transformed functlom of T (X Z.F, )and ) (X Z F;) by the success-

ive appllcatlons of finite Hankel, Cosine and Laplace transforms. Also F, (, p)and G, (7. p)
are transformed functions of F. (Z, F, ) and G(Z, F, )by the successive applications
of Fourer cosine and Laplace Transforms.

On solving for *T,, and, *@,,. from (16) and (17) we get

go’ Jl(fz ) I:p {Fo (?7,10)—~eLu K, ac (%p)"’}‘Lu ‘GVKo Pn Fo (‘O,Z')}

L L@ +DF @ 10)]

N
I
{

[1" + Lo (€ + )i ][zﬂr I (& +‘n2>"v§']
" (18)
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L& &) [ -G 00+ {8 (2 =P B (i) ]

gc"': - -
: [’pﬂ— Lu'(‘f?’]”iz)"%] [P+Lu(§2i+ 7,2),,3_]
R (19)
where
. 1 2 4
vf=%[(1,+Li +eKoPn)—'\/(1+L—+eK,,Pn) —L—u] (20)
1 1 2 4
g=i(1+4 +em )11 remn ) £ @
and & are the roots of . Jo (& )=o0 (22)

The solution of this problem i.e. non-dimensional temperature and mass transfer
potential can be obtained by performing the inverse transformations with respect to finite
Hankel, Fourier Cosine and Laplace Transforms. ‘ :

A special case of the general problem discussed above, which is of practical interest, is
the case of unsteady heat and mass transfer in semi-infinite cylinder with the boundary
conditions at the cylindrical surface to be step funeticns of axial co-ordinate. Such bounaary
conditions are suggestea in the case of continuously. growing cylinders of porous materials
during manufacture and consequent drying.

PARTICULAR. CASE .

We shallnow consider that the finctions representing the temperature and mass transfer
potential at the surface are step functions of axial coordinatei.e. when F(Z, F, ) =G (Z, F.)
=H (P, F, —7Z) ‘ o o (23) -

Physically the problem can be stated as under:

~ Let us assume that the hot fluid suddently starts flowing around the porous circular
cylinder (initially at constant temperature ana mass transfer potential) starting from the end
z=o0 with a constant velccity u. The circular boundary of the porous cylinder upto which
the fluid surrounds the cylinder at any time 7 (i.e. upto z = wz) i kept, at a constant tem-
perature and mass transfer potential (different from the initial values while the rest cf the
cylindrical surface (i.e. 2>ur) remains at initial values of temperature and mass transfer
potential. : - : '

The transfcrmed functions 5’& and ?96 can be derived from the equations (18), (19)
by substituting the values of ¥ (Z, F, )and G (Z, F, )from the equaticn (23). Thus we get

;  &idi ()P (dp+B). -
(1’2+’72Pe2)[23+13u(§?+712)V12}[Z7+Lu <§?‘+n2)v§](24)

c
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and ' KR ' -
9, =

T+ .,,213 ) [p—l— Lu(g, + P ] [p ¥ ):u.’(g _,_7)2)1,3 ] o 5
where ’ : '

(26)
@

(28)

& ,11,_‘)’ dp @

gives 3

L

Son b +n>v130
(1""'14"1) e ,

e , ‘?'0'(‘51: 2 s Eﬂ )""‘ E'A Jl (5, ) P‘a + ‘
| . L("Z ‘“"1) Lu i (’i + m) (*F + uz)

'—Lu (&i2 + 71"'} v, F’
R T S R

(1 sz)

;Al + 2

(v — ”2) Lu ”a ("7 + .“3)(71‘ + F'4)

(1 = Aul) Cos ('qP F )

2

,(_ “"2 L“ ”'1 (’1 +F1) (7) -I— ,uz)

(1——~Au2 Cos(v;P )

2 (Vz‘“ l’1 Lu Vz (,’a+ #3) @ \-I— p«(ﬂ
+ (1—‘“*41);)(§i‘+,722)‘;.( ~ sin(n P F,)

R R 8 Y ER -~ qPy
vy =) Lu vy (* + ) (* + o)

o (L—Aw) ) csin (n Pe B, ) ]

e 2 2 . 2 e ,Pé (30)
=) L P+ ) Rt ) J
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where . ' o | o |
. T . - . e oo )
2 { S Pe N A2 P, 2 A,
=1 (2éi+ — ’4</)“f\_/(2fi+ — )—4&'] (31)
. ' - ' ’ Lu vy I . Lu Vi J
m=t|(2d + ) + Y ( 28 o )-- £ | ©y
L L. vl ; Lu Voo
R - = 2 » ‘ e )
P P, LY, 2 P N2 e
py =% (24{'—1—'2 - )-—s/(2§¢+ " t)'ﬁ‘l,fif - 33
L, VVZ"’ . - Ly vy - S

2 2 PZ : \/ r i 2 4. b ‘
n=t|(2d+ =)+ Veds Z)ud [ e
‘ ) Lu Vs & N Lu Vg L .

rops

The inversion of (30) by the Cosine inversion formula

oo _
(g, ,Z, F, -—2/17f . fz, 9, )cos nZdy - o (39)
0 . .

gives two solutions valid for two regions Z <P, F andZ> VPe Fo' respectively as

% | & J. (ftz ) Pe (1 — AV 25 I Luﬂy,vlzgizFo )
T Z,F)=1 L Lo e '
(6 ! o) . + 2(v? - V12) Lusz14(F"22 - #12) X
[ wiluwiFm mZ , ‘
i _e__ ) ., . 21511;14 V12~ ) Z
b eﬁf; [ 2V L, F, v,
Ly vi*F o+, Z 9 o 7
€ prLo vl + 1
x | T 10y - e 2V, F,v .
#o? Ly ’312F ° —ppli . : -
2 : 2[1-21;1// V12F° _ Z i
o e [ WL, ]
b2’ Loy v1°F o+ pye » )
e < enk [M_:'__? |
L Mo ‘ 2'\/L F vy J J

& Ji& Po (1= dup) —Iu vfffF%
2_ ,,22) Lu ,,24 (#42__ #32) o

T 50
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. r M3 Lu VZF y.éZ ) 2 - . F Z
ST e lu,a U~ —
' _— 7
| s @fc [ ZVLuF v2 - ,-_ 
L VZF +"L3 . ) .t
e : 2!"3[' v’ F, + Z
v M3 erfe | 24/, F F v i
) - l~"42Lu 3’2 Eo""l% \ L )
B I 6 ?f 2H4Lu V22F P Z
M WL
2 i +“4'Z [ 2 viF ot Z )
e co gy lay vt
~'~E T ch -QVLuFovzl» o
, ‘ _ o — Py Eoy’l _ P;;, Folltz \
§i Jyi )P (L —Av?) | e osh (1, Z) — —— * cosh (u,Z
(r— ) L2 v (pp— pig?) cosh (4, Z) p (;1.2 )
| L : 5 ;-Pev Fopg . — Pe Fopy ' V
& & )P (1 —Av) | € cosh (p3Z)- 2 ; cosh (p,Z) |
Fs . ‘ By _

(g2 —»%) Lu%"é."‘( g —15%)

& Ji(é )1 — Avllz)

Ly "12(”2_2 — (B~ ¥

R O (s

— P, T — P, F
,,L_fé. . cosh (iZ)— ;j? cosh(#IZ).

~ P, Fou - P F "
£% Ji(&i )1 — 4w?) ‘
Ly, Vzg(":z - 1’32)(}‘:42 ‘: N32)‘J~’«4—2 ’ COSh <M4Z) cosh (i’«aZ)J
& Iy )A1—4dv®)  [— P Fopy — Pe Fouy
Ly v(vs® — v?)(p? — pd)L © cosh (u,Z) —e cosh (upZ)
& Jy& Y1 — Av?) [P Foy —P, Fp,
) cosh (us2) — e - - cosh (p,Z)

Z<PF,
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Nd—dyy [ B w2 o
gL A—ay) [ TR Tk
Lu v%y (VPy—%) (1P —1n%) A ' Smh (1‘3 P, F o) - Si”kZ(H,iP e Fo )
: | ; 3 , j
& Jl (¢: ) (I_szl) —py % e — Z o e
Ly v (sz‘“Vzl) (w—p®) |& . simh(py Pe Fo) —e  sinh (uy Py By )
+ iév J1 (1_"41’2) ;TP4Z ) — 3Z
"Ly v () (m-pg)e o stmh(uy P F,) —e sinh (pg Pe Fo )
\ Z > P F, B (37)
- Inversion of t}'e equattons ("36) and (87) by the ir.version formu]a for. Hankel tmnsfoxm
1.0 1
650" o
Fg=l A
.625]
.6 . e e
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= :s - 575+
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4
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.2 4 ’4475-
450§
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Fig. 1—T versus Z at X=0-9 and Pe=1 for two Fig 2—T versus ¥y at Z=Pe F_ and X=0-9 for
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T ,2,F,)J, (X&)
-~ dE )
. & ) ’
gives the required function 7 (X, Z, F, ) to ‘be determmed where the summation is
taken over all the positive rocts of equation (22).

The expressioh.s of ® (X, Z, F,) for Z < P, F, andZ > P, F, are similar to those .
T(X,Z, F, )except that 4 in T has to be replaced by A’ [given by (27 )]. -

(38)

T(X, 2 F, )=2

1 .NUMERICAL RESULTS FOR PARTICULAR JASE.

At Fig 1 the non-dimensional temperature T bas been plotted against non-dimensional
distance Z for L, =0-3,¢=0-5, K, =1-2, P,” =05, P, =1, F," -—0 1& 1-0. The value
_of non-dimensional temperature shows a rap1d fall beyond Z=P, F, (z=uz). This can be
easily explairied on account of the fact that the eylindrical surface in this regionis in contact
with the atmosphere at initial temperature and the only source of heating is axial .conduc-
tion beyond the surface Z = P, F,. The ncn-dimensional temperature has alsc been plotted
(see Fig 2) against non-dimensional time F, at Z= P, F, for two different values of Peclet
number P, = 1 and 10. It appears that with the increase of P, the steady state value of
the non-dimensional temperature 7' decreases. The graphs of @ vs Z and @ vs F, are expect-
ed, to be of the sam> nature as those of Tws Z and Tws F, respectlvely
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