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This paper attempts to study a ‘Stochastic Duel’ model wherein each of the contestants :
has got more than one type of weapons. The uluimate probability of win for each of theniis
evaluated and the results for a few partwu]ar cases are given,

Ancker & Williams! bave considered a combat situation by means of a theoretl(’al
stochastic model named as ‘Stochastic Duel’. The model finds immediate - interesting
applications in analysing problems of combat. Theanalysis of the model takes into account
the details of the situation such- as the firing rate of contestants, the single shot kill
probability of the rounds, the stock posmon of the rounds Wlth them and many other
related agpects of cover, concealment surprise eto: "

. The method of analysm followed by Ancker®3 is based on probability arguments
He finds the time taken:by a cuelist. to secure a kill. The duelist who takes less time to
kill than his opponent ultimately wins the duel. Utilisirg the convolution property of
¢haracteristic function, - Ancker obtains the modified Fourier transform of the time to
kil the opponent from which is derived the probablllty of a win as a contour integral,
which ean-be evaluated by the usual method. ,

In the various models treated so far, it has been assumed that each’ of fhe duehsts

has only one kind. of‘weapon. In actual combat situation this may not be the case espe- *

cially when we take into consideration the different types of weapons that are used in
modren warfare. ~ Furthcr, we may regard the duelist not as a single combatant but as
composed, of a group of combatants using different k.nds of weapons. In such situations
the firing rate and the kill probability per round fired wull differ from weapon. to weapon.
To explain the nature of the preblem. that arises in these circumstancés;let us suppose
that the duel st has a weapon which requires longer time to fire but its k 11 probab.lity is
much higher than, his ether:weapon which takes a comparatively shorter time to fire. This
poses an important operational research problem of determining the pattern of deployment
of different weapons with varying k:ll power. The decision w.1l be all the more important
and to a certain extent complicated if the opponent too is in possession of dlﬂ'erent types,
of weapons and it is not known how he deploys tbem

The above cons1derat10ns have stimulated the author to conmder a duel model whérein
each of the duel:st possesses several kinds of weapons. As the weapons are not identical,
their firing rates and single shot k1l probab:lities have becn takenito be different. It
is felt that this kind of -investigation may be quite useful to the"commander of a task
force in deploying his weaponry. Besides, this may also belp in providing an assessment
of one’s own winning capacity when faced w.th an enemy of known k.ll power.

The method of analysis in this paper consists in setting up a system of difference—
differential equations describing the process which has been solved by the technique of
generating functions. This kind of analysis has been widely used in studying. problems
~of stochastic nature pa,rtlcularly encountered in birth-death procesces and queues.
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STATEMENT OF THE PROBLEM

Two duelists designated as 4 and B are engaged in a duel with the aim of securing
a kill over the opponent. - Duelist 4 has got k kinds of weapons with: different firing
rates. It is assumed that the firing times of the A4’s i-th weapon follows exponential

distribution with parameter A; (¢ = 1,.......... k). The single shot kill probability
of each round fired from the ¢-th type of weaponis p; (¢==1,........ k). The survival
probabil.ty of B after 4 has fired a round from his ¢-th weaponisg; (v = 1...... k) where

pi+q; = 1. Parameters X’; and the probabilities p'; and ¢'; in respect of the r weapons
used by B are also s1m1]arly defined.

It has been assumed here that when a duelist is able to kill his opponent, the firing
process terminates and the duel is decided in his favour. It is also assumed that the due-
lists have an infinite number of rounds at their disposal for all kinds of weapons. Initially
they start the duel with no firing from eitber side.

FORMULATION OF THE PROBLEM

To formulate the problem thus posed, we proceed to define the following probabilities :

Plngng,.o.o. ... np s My, Mg, vovnnnn. m, ;t)—The probability that at
time ¢ the firing process is in the stage
Ny Mgye v v v . Ny 3 My, Mgy oo m,)L.e.
A has fired ng rounds of the i-th k.nd
(i=1,...... k) while B has fired m;
rounds of the J-thkind (j=1,...... r)
and both of them are still alive.

Qi(ny gy o ot ng P Wy, Mgy ... .. m, ; t)—The probability that -at time ¢
(=12,........ k) the firing process is in the stage
(g Mgy it Ng . Myye..oo... my)

ana the n;-th round fired by 4 from
his i-th kind of weapon has killed

B. ,
S (By, Ngyeovvnnn. W o Wy, Mgy e m, ; t)—The probability that at time ¢ the firing
(4==1,2,........ r) process in the stage (ny,ng,........ ng ;
my, Myy..oooo.. my ) and the mj-th round
fired by B from j-th kind of weapon bas
kiled 4.

By connecting the state of the system at time ¢ with that at (¢4 A) we get the following
equations governing the process:

k r
P(ng, ....00; My, ....m 3¢+ A) =I‘Tl(1~—-A.- A)Iglsl—-,\',- A )
- ‘9-

i P (nyeeevnnn. NE § My, Mgye ooennns My, 3)
b , g
v + L' NG P (Byyeoo Mymgyen. BE 3 My, .. .My t)
+ 2'.‘ Xi ¢5 P (ng,..m ; My Mj—gye My ; 2) 1)
j=1 for ny...me ; my....m 2= 1.

: k r A
P (g, Mgye e oM 5 Mgy oo My i+ A)= !Il(l — A A)H (I—XJ A )P(nl" e
. . tml
, ' nk m1 .., t)
for ny = ng.. .. = =My =eeee=m =0
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Qi (ng, Ngye ool 3 My my 3t A) = Qi (nl,..'..»nk My, L. My, L)

+ o N P(nge. Bjemgye B 3 My,. ...y, U) forn; =1 (2,

Qi (n]_’"'.v-nkw;‘m], mr 3t + A) = Q’ nl’ n’ﬁs m]_, . mryt)"
forn,—O(z—l k)

S; (nqy. .1 3 My, Mg, &+ A) = 8j (Bgyee. lp 3 Myy. .. .My )

+ Nj 9’4 P(nq,.... 0% 5 My, . Mj_~q ..My, t) (3
formj > 1

SJ (n1’~~'-nlc;m1" mr:t + A) _SJ (nls' nk: ml" m,.,t)
form; =0(j=1,2,....7)

By rearranging and takmg the l1m1t as A >0 weget the following d.lﬁ‘ercnce dlﬁ'eren-
tial equatlon

-~—— —f—Z/\. —{—Z ?\,) nl,....fnk;»ml.,..m,,t)

'—1 §=1
= Z XN Gi P gy tymgyeen it 3 My, ..y, t)
fum]
. . : ’
+ ZX),- ¢; Pnyyeooomp 3 my, oo mj—y, ...y B) (4)
§=1 :

for ny,....mp ; my,....m =1

r

k
t=] ’ ' |

J= , ,
for ny,=....=np ==....=m; = m,=0

d Qi (Pg,e.. Mp 3 My, ...y, 0) = A;p; Pyl —1, ...l ; my,. ... My , 1)

—
&“&

d@t
S forn; =1 (5)
=0 _ forn; =0
d‘: Sj Ry ooy 3oy ) =Xj Py P(ng,... 05 My My, oy E)
form; > 1 —(6)
=0 : form; =0
Initiany P (”1, ...... ne ml, ...... My 0) Hlan’, 0 H smj’ 0 ’ (7)
o

where §;; is the Kronecker’s dalta.
To solve the above equation we define the followmg generating fuvction :

ko] ] B or My : '
F((2);(8)4) —Z . Z[Ef"ﬁf; ,]Pi(nl,.,..,nk Sy 1)

n=0 m=0

S
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where (o) stands for . ~(_oc_1, g+ «o. .0 ) and B stands for (ﬂg BaseseneiBr). ..

e "  i “Z[ff n“” ,fl :—éj’l ’]»Q*‘(.”.vr Y 1)

B; ((x); (B); ) = ZZ [ig'“i 2=ﬂl ﬂj] S; (nl,....nk';rml,.....m,,_t),_}7 -

Applyin g the above defined generating function to the equatidns (4) to (7) we get:

(5 -+ Z"‘ - oc,>+z V(g B)) F (@3 B56) =0 ()

_g-t-— i (@)% 0 =X pi o F((@);B)1) = b (@) B30 (S?y) o
-—g—t— B; ((@);(B);t)=NXj 25 B F((«);B); t)— ¢; ( (oc), (B);¢) (say) - (10)
" with the initial condmon Dk e .

e o B (@ B50) =1 oy
Solving (8) mth the 1n1t1al condltlon (11 ) we get ‘

- F (o) B); )= exp[ {Z N )+ 2 X5 (¢ 8 Mt (12)

Substituting the value of F[( ) ( /3) t] in (9) and (10) we obtam the generatmu func-
tion of-the denity of kill-for the- duelrsts as

U (@ @)T:fi);j“:"ig i @ exp [ — {iflﬁx.- (I~ o) + j{l X (1—q'; B5) 3 t1(13)

P N r e, oS
o (@5 B 1= Ny 01y By oxp 1 Z A 21 X5 (15 §57) 14y
’ Integrat;ng W}th respect to the time variable ¢ we obtain the generating functions

of the kill probab lxty for the duehst A when the kill is secured over the duehst B by the
4-th, weapon of 4 as: : o o _

$i (@) (B))= A 5 o /[.- fi 'A.- 1— g ) + 5_51- Xi (b—q5 B] . (W)

Similarly the géheratlng function .qS‘, [(«): (B)] for the kill probability that the duelist
B kills his opponent 4 by the _9 -th: Wea,pon. is gwen by ,

o (@6 B0 =) gy B 2, % Ot + By gy ) )
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These give the generating functions, Py, [4; (x); (B)] and P, [B; () (B)] of the

probability of ultimate win for the duelist 4 and B mth 4 deploying k types of weapons
and B deploying 7 types of ‘weapoDs as -

_k r ) ’
Pap (45 (a3 B) = Z M1—g 0] [Z % (=g @)+ 5 & (1=§5 )]

SR )
o y . . Tk I3
Py (B (a)i ) = £ N (1= B/ 2 & (=g ) + 2 % (1—4s )]
o Ly (18)
Putting o« = f; —l(z—I cevei ki =1......7)in (17) we obtain Ps, (4) the

probability that duelist A4 wins the duel when he deploys k types of weapons and his
opponent deploys 7 types of Weapons n

PJN(A)= 2" A.- i /[ 2 Ai nt 2‘ X il (19)--

Similarly we obtain Pk,,. B) t'he probabﬂlty tha,t the duelist B deploying 7 types of
weapons wins the duel over his enemy deploymg k types of weapons.

Py, (B) = ,2 fkf 7 /-LL_Z' N i +,2' % 2] (20)

From (19) we obtain the particular case when both the duelists deploying on.ly one
weapon each by putting k =r = las"

‘ Py, (A) =4p /[ MNP+ N ']
which agrees with Ancker’s result (ref. 1, eqn. 6)
Evaluation of some parameters

We now proceed to calculate the mean and the variance of the rounds spent by the
duelists to win the duel. We know that E(X )—~expected number of rounds of the i-th
kind fired by the duelist 4 to score a win, is given by

Bx)= |2 % [(a);m)]]m_ —h=1
and the variance V (X;) is given by '

22

V(X)) = [-a;“— b (0 B)— 2 % (@ @)
- afmsb;((«);(ﬂ))} |
sqthat . _ :
A Di [A + 2 An Pu + ZA]_'R;]

J=
E(X;) = ; n# =
'.[z w'+2?le]

tam]
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and .
2 k r R ,
2X pi G [Ai + 21 Ao Pn + '21 A p ]
n#E ,
k o ., ., 13
[.2 Np+2 Ny ]
i=1 J=1

Similarly the expectation and variance E(X’;) and V(X';) for the duelist B are given

Var (X;) =

by .
’ , 4 r ’, r
A P [,21)\5 P+ XN+ Zlhnpn]
U= 7 ==

E (X,j) = k L n?é] 2
[,2 Nopi + 24 p ]
Lie1 i=1

and

o, kL n
25 m [ 2 am+h+ 5 oaa |
= ne=
V(X')=- —
‘ [Zl\i?i‘*f.z"’l)\jpj']’

=t 1

i1
DISCUSSION
In our analysis we have got factors like A; p; which is the product of the rate of fire
and the single shot kill probability of the i-th kind of weapon. This term can safely be
interpreted to mean the kill rate of the i-th weapon. This we dsignate by L;, If the due-
lists 4 and B have got N, and N, types of weapons respectively, then the probability ef
win for the duelist 4 can be written as

N, « Ny N, ,
Py,n, (4) = _21 L | T _2«'1 L + _21 L
= V= =

where L’; is the killing rate of the B’s j-th weapon.

It may be noted bere that if Z Lj < 'L’ then the probability of win for 4
is quite high. Reverse is the case when the inequality changes sign. Furtber if 4 is
overwhelmingly superior to B, his chances of winning thw duel increase directly as the
ratio of his superiority. We find that the outcome of a due! depends upon not the indivi-
dual weapons killing rate but the sum of killing rates that is available with the duelists
from the different weapons. s
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