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Schofield’s method of added thickness for solution of steady-state two-dimensional heat
transfer problems with Newton heat transfer at a plane boundary has been extended to the
oase where such heat transfer takes place at a circular boundary. The technique has been used
to study heat transfer from a buried pipe to its surrounding, the pipe axis being parallel to the
groundsurface. Thesame problem hasbeen solved by relaxation method and numerical
results have been compared graphically.

The problem of heat transfer to the ground from buried cylindrical heat sources e.g.
cables, pipes ete. has been studied by various authors. Method of conformal transformation
has been used! to transform the region between the buried object and the ground surface
into the upper half plane to study the isothermal problem, where the temperature at the
ground surface and the heat source boundary has been considered to be constant. Awbery?
gave an exact method for treating the cases where isothermal wall condition has héen
assumed at one surface and Newton transfer (the heat flux being proportional to the
difference of temperature) at the other. His method could be applied only to cases where
Newton transfer boundary is a plane. Schofield! give an approximate method (method of
added thickness) for- treating two-dimensional steady-state heat transfer problems where
the Newton transfer surface is plane. The results obtained by him compared favourably
with those obtained by Awbery. The method consisted in finding a fictitious thickness to
be added to the plane surface where Newton transfer is assumed such that the actual heat
loss from the surface is equal to the heat loss from the isothermal fictitious surface (obtain-
ed after adding the fictitious thickness to Newton transfer surface). The problem is thus
reduced to an isothermal problem which is solved by transforming the new region into the
upper half plane.

It is shown in this paper that Schofield’s method of added-thickness can be easily
extended to the case where the Newton transfer takes place at a circular boundary. In this
cage we assume that the flow lines are radial within the fictitious thickness (added thick-
ness) and this has to be obtained from the considerations that for unit time and unit length
of the heat source the total heat crossing the real boundary (with Newton transfer) is
equal to the total lieat crossing the fictitjous isothermal boundary. By the very nature of the
above definition of the added thickness, it should be clear that it is a propeity related to
the total heat at the circular boundary and not a local property and is, therefore, uniform
throughout the circular boundary where the Newton transfer takes place. With this assump-

tion it is proved that the expression for the added thickness is the same ag in the plane
case.

The temperature distribution in the ground above an infinitely long buried pipe
losing heat by Newton transfer at its boundary has been first obtained by the ‘added
thickness’ method, The same problem has been solved numerically by ‘relaxation method’
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and the results have been compared graphlcally The close agreement between the two
results seems to justify the method of added thickness in case of Newton Transfer at a
circular boundary

THE PROBLEM
Let us conmder an infinitely long buried pipe of outer radius 7;, and surface tempera-.
ture V with its axis parallel to the ground surface, where heat is transferred to the ground
by Newton Transfer at the surface of the pipe and find the steady state temperature dis-
tribution in the ground above the plpe Let V (r, 6) denote the temperature of the ground,
then V statisfies the equation.

aVjart + (Ir)-oVjer + (1)) .82V/86? = 0, r>n @
subject to the following boundary conditions ' ,
' V=0 ' ‘ (2)

along the grouﬁd surface and also for r—>o0

and - : :
' —K. 3V/er = H (Vo— V), r=r, (3)
where K and H are the conductivity of the ground and the surface conductivity of the
materlal of the pipe respectively.

‘CALCULATION OF ADDED THICKNESS

. In Fig. 1, O is the centre of the pipe, 7, is the radius of the actual boundary B (where
Newton Transfer takes place) and 7, is the radius of the fictitious isothermal boundary B’
80 that (r;—rs), t.e. m is the so called added thickness or fictitious thickness.

m has to be obtained from the consideration that for unit time and unit lehgth of the
heat source the total heat crossing the real boundary B (with Newton Transfer) is equal to
the total heat crossmg the fictitious boundary B’ kept at temperature V.

Let us assume that throughout the extended medium the heat flow & and the tem-
perature V are represented by the relation

B $ + KV = ¥(r, 6) ) -
where ¢ is an analytic function.
Then ,
K.3V/igr = — r. a¢4/00 . (6)
‘The total heat that would cross any isothermal in the
\ medium by Newton Transfer is given by
27 :
(6)

gr =H f(Vo—V) 7y, dé

Since the limits of integration are constants,

27 .
g, jdr = — H n, f éV/&r.aG ‘ ‘(.7)
= HJE. f op = HE. ® (8)

Fir, l—Ac’ided_ thickness
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where @ is the total heat conducted through the boundary B per unit time pet unit length
of the pipe. ‘ g ‘ - ,
Integrating with respect to » between the limits r and r; we have
) b, =HIE . P (n—r) , ' 9)
“since ¢ is independent of r and £, is zero. Equating £, to the total heat ® conducted
through the boundary B, we get ‘

L

m=r,—1,=K/H (10)

'SOLUTION OF THE CORRESPONDING ISOTHERMAL
PROBLEM

From the above consideration it is seen that a problem with non-isothermal condition
can be reduced to a problem with isothermal conditions and thus the solution of the latter
will give an approximate solution of the former: The availability of the solution of the
corresponding isothermal problem is, therefore, a prerequisite for the application of added
thickness method. In the present case the isothermal problem is that of a buried cir-
cular cylinder with isothermal wall condition, its axis being parallel to the ground surface.
- The solution of this problem in Cartesian coordinates 3s given by Schofield! and Eckert®is -

V = Q/4aK - log [{ (1 +y )2 +o*} /[ {(—y)?*+2*}] (11)
where v
. . ~ 1/2 . .
l = [(S—}-m)(s-l—m—{—?ﬂ'z)] , : (12)
. .o : . 127
Q = 4nK V _jlog [({8 ( N/Dp—1 } +4 (N/D) {4 (NDp—1 ’ ](13)
and '

S — the depth of the top surface of the pipe from the ground level
7, — the radius of the isothermal source 4
) N—the depth of the centre of the source -
below the ground level, and’ ’

" D—the diameter of the isothermal source.

a

4 3 2l 4 SOLUTION BY THE METHOD
" OF RELAXATION

A numerical example of the problem has
been solved by the relaxation method consi-
dering square meshes of length 025 7 where
is the radius of the buried source. From Fig. 2 we
see that there are two types of nodal points which
require special treatment in the derivation of relaxa-
tion operators; they are points like.d lying on the cir-
cular boundary and points like ¢ lying very near to it. -
The residual operators are derived by taking account

- F10, 2——Nodel. points around the circular
boundary. . .
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of the boundary condition. The procedure for obtaining the relaxation operators is illus-
trated below for a mesh spacing 0-5 r. The operators for mesh size 0+ 257 and 0- 1267 were also
obtained for the solution but are not presented here for the sake of brevity. The calcula-
tions were carried out for mesh sizes of 0-25r and 0-125r. Since the difference was not sig-
nificant, values for mesh size of 0-26r are given here. For the purpose of obtaining the
relaxation solution the vertical panes on either side of the pipe parallel to the pipe axis
at a distance 4r from it were taken to be at zero temperature. It has been verified that

moving these boundaries further away would not affect the temperature distribution
along the vertical line through the pipe centre.

In Fig. 2, e, f, g are fictitious points, f; is the normal at ¢, meetingcaat b and eg at f.

Now, if B denotes the residual at any point, then, from the finite difference approxi-
matmn to the Laplace equation, we get

Rd=V+Vs+V5+V——4Vd (14)

where Ve, the fictitious temperature, i 1s ehmmated by using the finite difference approxi-
mation to the normal derivative av/ 2.2 atd.

Thus o
—(Va—Ve)[22a =h (Vo — Va) (16)
where A is the mesh length and » = H/K
Vo =V + 228V, —2AV, . . a1e)’
Bubstituting this value in (14), we get
Rd~V0+Vs+V5—(4+2,\h)Vd+ 2A Vo (7
Now o
R, =Vot Vo Vat V, — 4V, (18)
Here V,, the fictitious temperature is to be eliminated using the condmon
— (Vo —Vs)/fo=h(V,—V;) - (19)
The values of V; and V; are got by linear interpolation, <.e. )
Ve =Vas + (Ve — Va)bajr (20)
Vi="Vy +(Ve — Vy)fg/a . @y

and V, is known from (16)
On substjtution of these in the equation (19) and further simplification, we get
A Vi = —fgVs4cb Vs 4 (ba—fb h.ge)V,
+2fgAxh: Va+ Ab(fb—2fg) 7, (32)
where A =fe+fbhct
Substituting this value of ¥, in equation (18), we get
Re=(1+40cbld) Ve +Vy+(142fg.01/4) TV,
-—nya/A—{‘i—-(ba—-fbhw)/A} Vo L
+"h(fb—-2f9)7/f1 S : (29)
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TaBLE 1
A OOMPARISON OF THE VALUES OF TEMPERATURES AT VARIOUS POINTS ON THE BOUNDARY BY THX
TWO METHODS
", . , . =0° 0=15° 0=30° f=45°
Added thickness method +814 -816 ‘818 - .828
Relaxation method -807 - 812. -818 . 820

The Numerical example :
The values of constants chosen for the example are
r, = 5 em, N=15 cm, S=10 em

K=0-0045 cgs, H=0-0035 cgs, and m=1-2857 cm

A comparison of the values of .temperatures at various points on the boundary of the

pipe obtained by the two methods is given in Table 1.

The temperatures at different points
pipe centre are compared in Fig. 3.

CON

along the vertical line to the ground through the )

CLUSION

It is clear that the results obtained by the added thickness method are quite close to
those obtained by relaxation method. The added thickness method is thus found to give
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Fie. 3—Comparison of results obtained by
#dded thickness and pelaration methods.

quick and quite accurate result to the steady
state heat flow problem with non-isothermal
condition at a circular boundary. The method

can be applied only to those problems

where the added thickenss K/H <r,.
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