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Considering boundary layer effocts in one-dimensional flow with Leat exchange, true mean
value flow parameters and their ratio to uniform free-stream values are derived. For one
seventh power velocity distribution law and similar stagnation temperature and velocity
profiles variations in Mach number, stagnation temperature and impulse at the exit section
are plotted versus boundary layer thickness.- i s

One dimensional theory of nozzle flow is based on the assumption that flow para-
meters are uniformly disttibuted over the cross-section of the duct or nozzle. Physically,
flow is never uniform due to the presence of boundary layer region near the wall surface
which causes errors in flow parameters. Tyler! has studied this non-uniformity of flow
parameters under the assumption that both static pressure p and stagnation temperature
T, are uniform across the section, the latter implying that there is no heat exchange
between the working fluid and the surroundings. In particular, 1/nth power velocity
distribution law (equation 1) across the duct section is used.
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‘where the symbols have their usual meanings.

However, in divergent portion of the nozzle situated directly down-stream of combus-
tion chamber, as in rockets and ram-jets, heat may be released to the working fluid due
to inefficient or delayed combustion of propellant products during expansion process.
In addition there may be heat transfer across the boundary layer (due to non-uniform . .
flow) which accounts for the viscous and frictional losses in the boundary layer region.
Both these processes cause dissipation of energy and a knowledge of their effects on flow
parameters is of fundamental importance from the design as well as efficiency point of
view.

MEAN VALUE FLOW

In non-uniform flow with heat exchange it is assumed that all the flow parameters
except the pressure p are non-uniformly distributed over the cross-section and in parti-
cular, velocity is assumed to follow the distribution law given by equation (1). Under
these conditions the principle of conservation of mass, momentum and energy applied to a
single stream tube of area 84 normal to the flow and summed over the whole cross-section

gives h
Continuity equation
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85
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Momentum equation.
X=F, — F, with mean impulse given by

7=Ap(1+yf—§:i"ﬂ2) - )

Energy equation _ ‘ 1
Q — W = Cp (T2 — To1), where the mean stagnation temperature T, is given by

7 o 1 {re _ﬂ_‘-’f_)
T"*::z(ze + 30,7 ) ¥

=T (1+_Z.__"1 ﬂz)

2 ‘

NG

- and the mean Mach number M* is given by
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Equation of state

p= pRT (6)

The non-uniformities of flow parameters in these equations are approximgted by suitable
.mean values and the correction factors ¢; and 7 which take the value unity in free-stream -
and are defined thus ' :

Zpg'sd =pq 4, C$=0,1,2,3 (7a)
S g 84 = ngd4 . : : (7b)
¢ =&q - ' (Te) .

HEAT EXCHANGE EFFECTS

As mentioned earlier, heat transfer in the divergent nozzle is due to internal release
of energy and the boundary layer effects. The process may thus be split up into two parts

(a). Heat exchange in - free-stream—In free-stream where the flow is uniform this
heat exchange is reflected through the variations of stagnation temperature 7, as

ar, 2 a4 1— M - aM’ .
oty (145 ) R

T, 1, 4

Trends in nozzle performance parameters at each section could then be studied if it is
assumed that the rate of heat exchange across the section is given by

4 ="( T, )"‘

4 \ T, ©
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where ‘s’ is some reference section and % is a parameter whose value is controlled by the
temperature rise considered across any section. For sonic flow throughout £=1-15 (y=1-30)
and for £ >1-15 the flow is supersonic in the dlvergent stream. In particular T, [Tos = 1
carresponds to isentropic flow?. -

(b) Heat transfer due to boundary layer—For this purpose use is made of the simi-
larity between the velocity and temperature profiles. In fully developed turbulent flow
Reichardt® derived the temperature and velocity distribution relation given by

T : q P, [ Ar '

2= , P =T 1

= =(%)" = (10)
where P; is the ratio of momentum transfer coefficient to heat transfer coefficient and
prime denotes maximum value in free-stream. In pipe flow Ludweig determined the value
of this ratio as 4, /4, = 1'15 near the axis to 1:10 near the wall®.

Further in the laminar sub-layer of the compressible boundary layer it has been
established that similarity prevails with regard to the longitudinal velocity components
and as far as the temperature profiles are concerned it is observed that the profiles of

“stagnation enthalpy are identical with the velocity profiles. In this case, for zero pressure
gradient across the boundary layer, velocity and temperature satisfy the simple relation
h—hy q .
= = ~ 11
| — = ay
where % is the stagnation enthalpy ( 2=Cp T, ) and subscript (1) and prime (‘) refer to
wall and free-stream values respectively.

From these arguments it can justifiably be said that the stagnation temperature and
velocity have similar profiles and follow the relation
7, — (i)m o (12)
Vi q
This is the most general expression involving in itself equations (10) and (11) and the value

of misto be correlated through experimental observations. m=1 corresponds to identical
profiles of stagnation enthalpy and velocity orientated by a scale transformation.

EXPRESSION FORE§ AND.y

In order to determine the errors in flow parameters it is necessary to evaluate correc-
tion factors, & and % from equations (7) and for this by defining

R AR o

& = (%)” > : oy

Making use of the assumptions of uniformity of pressure over the cross-section, the non-
uniform velocity distribution equation (1) and the stagnation temperature and velocity dis-
tribution relation equatlon (12) it is simple to deduce the following expressions for Y; a d 4

Z' ’ ’ 2ui+n .
o § [1— —= 5 \? (1—————- :

we get

\
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) GENERAL RELATIQNS )
Before we proceed to find general expressions for one-dimensional non-uniform flow

parameters, it is essential to deduce the central parameter stagnation temperature 7,

of the problem in terms of free-stream Mach number M’ and correction factors ¢; andy.

From the 1st of equation (4) we have : ,
)SA
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Substituting for —P and wand simplifying -with the help of equation (13), we get

R
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Further since —ZT= II:I , from equations (7), (13) and 1", = 1" (1+7'—2}M ) we have
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Now taking into account the heat exchange effects in free-stream flow, equations (8) and
- (9) give ' : .

1 S — :
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-where
. = 2ky (20
i (y+1) 4 2k (»—1) 20
and subscript ‘s’ refers to initially sonic flow at throat. Considering the non-uniformities
of flow parameters due to boundary layer effects the principle of conservation of mass
equation (2) and the mean value flow parameters as defined in the preceding sections, we
have for initial sonic flow at the nozzle throat o .
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and on using equation (19) we get the following relation between mean Mach number
and nozzle flow area ‘ ’ "

L ' &
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g T B d (22)

the fre-stream Mach number being related to mean Mach number. Thus

o fi( Yl)zy., M2 o . (23)

7 Y,

Further, eliminating 47 from equation (3) and (4) and taking the ratio to sonic values, the
mean velocity ratio is '

— / T —_
o o -
—éq— =] “ 21—_1 — \/ T o ‘ (24)
s & (1 + 5 M ) Tos o
Similarly, ratios for other mean value parameters can now be obtained in terms of cross-

sectional area and stagnation temperature. The corresponding values for uniform flow
with heat exchange are immediately obtained by substituting 5 = ¢ =1.

However, since our purpose is to find the errors due to the non-uniformity of flow
across the section, we finally deduce ratios of mean value flow parameters to the corres-

ponding parameters of uniform flow in terms of mean value Mach number and boundary
layer correction factors. Thus

Velocity ratio
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Pressure ratio
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where T |T’_is given by equation (18). Ratios for other parameters may also be found

similarly.

Application to problems

Two sets of equations have been obtained above. The first set equations  (21) to(24)
enables us to have calculations corresponding to one dimensional formula with heat ex-
change, but taking due account of non-uniform velocity distribution, The origin of such
flows could be taken either a stagnation region or aregion where the boundary layer thick-
uess is zero.. The second set of equations (25) to (27) permits us to assess the accuracy of
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Fie. 1—Variation of stagnation temperature ratio
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Fre. 2—Variation of Mach number ratio with
boundary layer thickness.

one dimensional results. In evaluating these
errors caused by the presence of boundary
layer region in one dimensional flow -prob-
lems involving heat exchange, care has to be
taken in the use of a proper mean-value
equation corresponding to given boundary
conditions.

For simplicity, we eonsider the case where
the average rate of .boundary layer heat
transfer across the originally known free-
stream flow is given, Then, the errors that
are likely to be caused in the exit Mach
number [equation (23)} and Impulse function
[equation (27)] corresponding to the
temperature variations of equation (18)
versus boundary layer thickness - are
graphically presented in Figs. 1-3. .
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Fra. 3—Variation of impulse ratio with boundary
layer thickness. '
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These curves which present ratios of mean value solutions to one dimensional uniform
flow solution indicate directly the error caused in flow parameters due to the neglect
of the existence of boundary layer region. In general it could be inferred that the error
tends to increase with Mach number, and also with boundary layer thickness except for
the total temperature ratio, in which case though the error increases with boundary
layer thickness, this increase decreases with higher Mach number. It may be seen that
upto boundary layer thickness of 20 per cent : for M'=1 the error in Mach number is
about 2 per cent and that in Impulse 2} per cent corresponding to the temperature ratio
error of 43 per cent; for M’==2 whereas the error in Mach number and impulse increases to
about 2§ per cent and 33 per cent respectively the error in temperature ratio decreases to
4} per cent; and for M’ =3 the error in Mach number is about 3} per cent, that in impulse
ratio remains stationary at 3§ per cent and also the decrease in temperature ratio is
only 4 per cent. This indicates that as the exit speed increases beyond a certain limib
no further errors are added. Further, for thicker boundary layers the errors increase almost
nearly in proportion. ‘ a
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