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Optimum staging programme for step rockets of a.rb1trary number of stages having
different specific 1mpulses and mass fractions with stages is derived, the-optimization
criterion being minimum take-off weight for & desired burntout veloclty at an assigned alti-
tude. Variation of thrust attitude angle from stage to stage and effects of gravity factorare -
taken into account. Analysis is performed for a degenerate problem obtained by relaxing
the altitude constraint and it has been shown that problems of Weisbord, Subotowicz,

" Hall & Zambelli ‘'and Malina & Summerfleld are the particular cases of the degenerate o

problem
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NOMENCLATURE
initial gross weight of the rocket
payload weight :
average thrust attitude angle with horizontal of the th stage
specific impulse of the nth stage
gross weight payload ratio of the n‘qh stage
burning time of the nth stage '

mass fraction of the nith stage .e. the ratio between the Welght
of the propella.nt and weight of the nth stage.

initial thrust to initial gross weight ratlo of the nth stage
acceleration due to gravity

total number of stages

structural factor fc‘wrr-" the mth stage

propellant exhaust velocify of the nth stage

ideal mass parameter of the nth stage

propellant parameter of the nth stage

payload parameter of the nth stage

construction pa.rameter of the nth stage

total payload parameter

denotes constant values

Lo

_ denotes correﬁipdndjng notation of ref. 2 and 3.
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In the performance of step rockets, optimum staging plays dominant role from two
considerations, either to derive maximum performance with preassigned resources or to
achieve a required performance with the minimum resources. The optimization of rocket
staging for minimum gross weight of the rocket has been considered by a number of
authors!~" . Malina & Summerfield* considered optimization of homogeneous stages for a
minimum gross weight to achieve a given burntout velocity. Relaxing the restrictions of
sonstant specific impulse and structural factor in Malina & Summerfield problem, Goldsmith?
offered a solution for two stage rockets when the structural weights were proportional
to the fuel weight and the powerplant weights weré proportional to the stage gross weight.
Weishbord?, Subotowicz? and Hall & Zambelli®-have presented ‘the general solution for
minimum gross weight for non-homogeneous stages holding good for arbitrary number of
stages. In all the above investigations, the variation of thurst attitude angles with stages
is neglected and a field-free space is assumed. :

This paper presents optimum staging for minimum gross weight of arbitrary number
of stages to achieve a given burntout velocity at an assigned altitude measured vertically
from the point of location of the rocket firing. Variation ef thrust attitude angle with stages
and effect of gravity are taken into consideration. The results are general in so far as specific
impulses and mass fractions may have different values with stages. Then altitude cons-
traint is relaxed and the prohlem reduces to the optimization problem where variations
of thrust attitude angle with stages and gravity effect are included and velocity equation
is the sole restrictive condition. The results of earlier investigations!—3 are deduced as
particular cases of this velocity constraint optimization problems, :

OPTIMIZATION ANALYS1S
The relationship between Wr, Wpz and A can be written as
Wr
T =) ) oo, (Ax) 1)

A first integral of the equation of motion for N -stage rocket gives burntout velocity V
(see appendix) as

el . :
1 . .
V = z Vi II cos €3+ Va ' s (2
k=n - . .
feal . .
where » o PR
b = dpp1 — o3 (=12 ....con., (N—1)]
and

u A n .
V= g1,log [m] —gtnsm $n
Burntout altitude H. is given by the second integral (see appendix)
where

N
=] . n—1 =]

H= E (Vlklll cos -+ ¥, kII2 coséy + V, nII cos €+ .0 o+ Va1 cos €,1)
- = - N k=3

X sin i,
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S - [ o8 .(1~¥27; )+‘u < gsintdatt,
. n n n n n
+Z(gtn1”s@¢n) 1— (/\n‘_]) bn — z—-—"—z——— (3)
n=1 o ‘, Fn(l—pa)t#n 2=l |
where
tni’: IJrn(l\n—‘ 1 ),AIn
T L o C(A%) Ton ‘
Let the restrictive conditions for payload ratios :A be given b
’ L V=V o 4)

If « and B be the Lagrangian undetermined multipliers, the optimization equations
can be written as

o (Wr\ . oV . oH I
_3Tm(WPL)+a o, TP, =0 (=12 » Ny - (6)

Differentiating (1), (2) and (3) partially with respect to A, and éubstitutiﬁg in (6)
optimization equations yield o B .

F'nI'nSin‘l’n 1 Ton An - . '.
Ton Ag) [(Sin‘l'n An(l—py )+F'n _1,) {dg—l—ﬁg (Sln Yt t”'H cos,é"‘

. n—,—l‘ R R n+2 P . N1 ’

- sin Ypt2 tut2 I{I cos £, + sin Yut3tnts kH cosé i+ ... Fsinygyiy kII cos £ ) }

) n—1 . N e B - . o . WT
D+ B (V1 Tlcosép4 V, Il cos €1+ ...... + Vyicos 1+ Vn)]= —_—
k=1 k=2 Wer

i =12 .. ... i ) )

Equations of the type (7) together with (4) and (5) form (N - 2) nonlinear algebraic equa-
tions. For preassigned values of specific impulses, ‘mass fractions, initial thrust to weight
ratios and average thrust attitude angles, the above equations can be solved by iterative
processes giving optimum values, which on substitution in (1) will give minimum
gross take-off weight of the rocket.
Reduction of optimization equations ~

The number of nonlinear algebraic equations giving optimum payload ratios can be
reduced to NV only by elimination of Langrangian multipliers. -Due to (1), (6) may be
written as : i - ‘ o

eV . , -oH - Wr ' o
a?\nm —[—-ﬂxnaAn = WPL, n ——(1,2, ............ ,N) (8)

or - B

Y% A | °H o
[("”) FrY (”‘) ~\az\n+1]~[( A1 ) Pmi1 (,\,,+ 2) ‘aAn;z]
. K14 A1 oH . oH
[ ) e || ) o (T el

[R=1,2 cvereriiiars (N—2)] )
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(9) together with (4) and (5) will give the optimum values of A . Now fr m (2) and (3) after
differentiating partially with respectto A, , we obtain .

3V pagIsing, [ Ton  An ]]
Ay Ton(An ) [sindn {An( 1—~Mn)+ﬂn}

(10)

and

oH I,sin . o atl
. =-M—1;r:(,\—nt)/;"—[g (Sln¢n+;tn+1cos §ntsing 4 kﬂ coséu+
o ’ . . . . =n.
N~—1 Lome—] ; | el =
+singyty I7 cos-fk) + (V1 kl'! cos €5 - Vo IT cos € 1+
=n =] k=2

s R Vais 008 énn+ Vs )] Can

Substitution of (10) and (11) in (9) reduces (9) in térms of the known rocket parameters
and unknown payload ratios. I e

Application to a four stage_rocket

v . oH -
LetA A, " e —qS,,, and) an, ‘9,, -
(9) for a four stage rocket will become
(¢~ ¢2)(02“03)~(¢a ¢3)(01“-02) o ' (12)
and :
(dg—d5) (03*,04.).,=(¢3“"¢4) (-52"_'763) o . (13)
where ‘ "
HqS # 9 1 Sln¢1[ , T N ]
1 Tor Ay sin gy {A (1“‘#«1)‘{‘.“»1}
3 — %ﬁ%@l[g ( cm thy 1y €0s £; -+ sin ‘/‘s f3 cos &, cos £,
4 sin ¥, ¢4 cos &; cos &, cos fa) + Vl]
s _I‘ng Sm‘/’z[- Tox Mg _ ]
2" Toz N2 sin g {Ag (I—pg) +pg . ,
- I . . B
B = L:;:niz[ (sm,¢3 tg €08 5 - sin 3, 4, cos £y e08.£, )—I— Vycosé, + V‘,‘,]
s = }1,39[3Si11¢3[ o3 A 1]
s N T P AR Sl |
I,
0 = &39;,—;\?13[981111/’4&00853-!- Vleosé‘lcosfz—{— Va cos£3+ Vs]
¢ = By g Iy 8in i, [ Tor - Ay 1;] £ ”
\ 4 Toa Ay 3111‘»”4{’\4(]““#4)‘{‘”4}
- I, sin
by = &‘g—%‘:—l\;—‘/ﬁ [ Vlcosflcosfgcoséa—l— Vacosfscosfs—{— ¥ cos &; + V‘]
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.The restrictive conditions are :
V=V, = S (14)
4 : H=H, e )
Equations (12) to (15) with given rocket parameters constitute four equations in four
unknowns A; , A3, &4 and A, and on solution yield optimum values of A
Case when B vanishes 4 A '

In this case condition (5) is dropped and (6) becomes

8. (Wap\~ aV . IS
o, (m) Toa, =0 | (16)

with the restrictive condition as in (14).

The problems of the references 1-—3 may be derived as particular-cases of the above
problem when B = 0 and can be solved with the help of (14) and (16),

WEISBORD’S PROBLEM

Weisbord’s problem is to find out stage weight distribution for minimum grosé ﬁeight
of N-Staged missiles to achieve performance determined by given final burntout velocity.
The problem neglects gravity effects and variation of thrust attitude angles with stages.
In ref. 1 miscellaneous hardware consisting of - tanks, structure guidance, engines, ete. are
lumped together and defined by structural factor K thus : ‘

~ miscellaneous weight = K(Mg—Payload)

Under these assumptions (14) and (16) take the simple form where now ¥V in (14) and

(16) is given by ' - = - :

P=2 ()
Nl
where _ ) ‘
PN R —
n= Uy 108 n Al —Bn)F Fn
which is transformed to ;
o - 1 -
Va=0Cnr log K +(] —;K,,)
since B
substitution of (17) in (16) yields - :
| Ca(1—Ks) —~ 1 (W
MaEat(1—Ka)] =~ « ( W ) = oonst. (18)

and the restrictive condition is then -

zon.log(K”;_Al_ (I—K,,) 1 ) =V, o (19)

Tres 2
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From (18) it follows that
A (1—Ep1) (1—EKa) (Co—03i) + OB 11— K Mng

(n=2,8,.........., N) (20)

) (20) and (19) provide the solution of Weisbord problem for the general case of N -stage
missile. Taking N = 3, one gets from (20) two equations

1 €Ky (1 —E,) N
A (1"‘K1)(1,_K2)(02—,'017’4‘02{{1(I“Kz)’\1 |

and o T B b (21)
1 CoKy(1—K,) - o ,
Aa_“(1‘~'~K2)(1—K’3')(703~——"‘»C'2)-l—C;;KZ(lf—Ka))\z_‘J

obtained by Weisbord as solution for three stage rocket.
SUBOTOWICZ PROBLEM -

- Subotowicz problem of the optimization of the N -step rocket with different construc-
tion parameters and propellant specific impulses in each case can be easily derived. from
(14) and (16). Nomenclature of ref. 2 are used with a superscript dash here in order to avoid
confusion with the notation of the present paper. In ref.2 the following general relations
exist for the rocket parameters: - ' .

’ 1o s, ’ 1

P SR | S S LY e e
T = 1____&; 9»§ 1 (2\«3,‘0),7' A,+0’
Since it can be easily varified that B
| f’n—_—.‘&n(l'—x;). ‘ (22)
and -
1 _
N~

Therefore by (22), V 5 in (14) and 216) will fé.ke the form

— . _ An
Vn “‘Ing 103 [xn(l'"_'u,”)—[—y,n] -

= ', log [~——~—k’1 _Ig,“” ] | (24)

Substitution of (23) and (24) in (16), differentiation, and simplification gives

(1—&a—ta) (29)

1 Wg W'y

Hence ‘
Wall=¢s—04a) _ 1Wp _ b
11—, T aWap T O
| B 7n : 1, 2, B .'.“‘. e e e nine e e 3 N (25)

From (26), £, &5, «c0ieniiinn veeee s €y can be eﬁ)fessed in terms of ¢ y



SRIVASTAVA : Optimum Staging with Varying Thrust’ Attitude Angle 159

and thus

e B0 (1) 1
1T oywy F (1 —Ey) (v, —w'y)
: B
L _ .b’N;lw'N_l(lA;f’N)
E=N= gy y+ (1 —En) (W ya—w'w) J

The above (26) equations are the optimiza.tion relatiohships of Subotowicz problem for

N-step rocket parameters with different construction ratios 6y, 6’3, «evu «nuenn. 0

and propellant exhaust velocities 'y, w'g, ...... veoees WA

HALL AND ZAMBELLI PROBLEM

Hall and Zambelli have analyzed the problem of optimum weight distribution for
multistage rockets having different specific impulses and structural factors in each stage
by a different technique. Their basic assumptions are ‘(a) thrust direction is constant (no
turning), (b) thrust is the only force acting (no drag or gravity) and (c) specific impulse
is constant throughout any given stage but may vary from stage to stage. Again the nota-
tion with dashes denotes the corresponding notation of ref. (3). Evidently (14) and (16)

w L ‘
for extremum of ( W—T) can be rewritten as
PL . o

o[, (Wr ol -
57,-[1°g(‘w:,—,)+°‘"]"° l

and ) | @7
Z Vj — Vc =0 . J,
=1
Also the following relations hold good -
pj=1—f;" (28)
and
Aj=,”'—j(1—ﬂj),, (29)

1—wif; . :
By assumptions of Hall & Zambelli and (28) and (29), ¥ ; in (27) is given by

Vj = .C"j log 11','

and (27) can be written as

:] {N{ “1(1___31))} Z ]3(.1." P
— II __L_—;J__ | r . ', i_
o [log = ( i—wif; 5T j..lla slog ks [x, =0 60
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and

Zofjlog#'j—-7c= ' e - (31)

j=1

Now %4 4 0 besause then from (29)
n

; i .-
j = z— forall
. o Ry Ry
and thus' A, > oo which can be physically interpreted as a case of single stage
rocket with zero payload and for this case evidently the question of optimum. staging does
not arise. Hence (30) gives '

) N
2 [oe { A (420000 S, i ]=0
al",] [ ]-Og 3]51 1 - Hf'j B’j ) }‘ +a j=1 0,) ].Og F‘] == O (32)

-Differentiation and simplification of (32) yields in terms of notation of ref. (3) (in which
ae=2x) T :

Wi = (X0 +1)(XO5 B35 §=(L2% e ..o M) - (39
(81) and (33) provide a system of (N--1) equations in (N+1) unknowns A’ and p’; that
provide the solution of the problem of ref. (3). Special cases of ref. (3) namely (s) same
exhaust velocity C’;  for every stage (i) same exhaust velocity and structural factor
Bj for every stage, easily follow from (31) and (33). o

MALINA AND SUMMERFIELD LAW

Malina & Summerfield® -have . found out that in a  dragless and field-free space
optimum staging occurs for & multistage rocket with same specific impulse and structural
factor for each stage when payload ratios are equal, the criterion of optimization being
minimum initial rocket weight for a given velocity performance (or maximum burntout
velocity for a given gross weight of rocket). This result finds easy deduction from (14) and
(16) which by Malina & Summerfield assumptions transform to

o [ (W o R : S
2(s) + v ] =0 » (34
and »
I] L ,
| Z“’ B N(I=m) Fe (3)
Equation (34) giires‘ for A, and :\,.,;.1 . . ' o
L (Wry, eglp o
AJ%J+WWWHM_O‘ | (36)
P R WT)‘ cocwgkp
Ant1 (‘W?ﬁ +[An+1(1-—#)+y] ' o (81
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(36) and (37) yield B o o :
h An_kn.].l, n=12 ... ‘.'...'.,(N—-].) ‘ (38)

‘whlch proves Malma. & Summerfield result, Tt should be noted that equatmns (38) also
hold valid for optimization of final burntout velocity when given take-off welght serves
as a constraint.

y b -
EI s

APPENDIX

s If P be the thrust attitude angle, the- burntout velocity ¥y and burntout
altitude - A13 (measured vertically from the la.unch point) for a smgle stage rocket will be
given by 4

M .
Vlb= Vo +gI1 logﬁ— ——’gtl‘ 8in 'l']. o (1)
‘ . - Jog (Mf) |
. : - M , . N
iy = "VV t1+911 t1\ 1- (M—!—i— -~ dgsin ¢ 82 | singy - (2)
1 g
Me‘) :

WHere

. gL M —M) : | ‘
and. M;is s initial mass of the rocket M ﬁna.l mass, V mltlal velomty of the rocket and
F rocket thrust. Let 7,1 be the-initial thrust to weight ratm, then

F
T Mg
Hence (1), (2) and (3) can be written as
V;b-—V —l—gI log[ (1__”1)_‘_#1] tlsm:/:l : 4)

. ) IOg A § o
. . g A (1“I‘1)+I‘1

=V ¢ Ity s |1 —5F—L f

. =T 18“"”“59 1 m;"’l' o (=L,

P S

Sinz t2 . T

__,vy 2¢1.1. _ ; A, (5)

where R e co
R ;Iy( .M, ) m—11h |

ey A=\ M Mfrot) o ©
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For a two-stage rocket whose thrust attitude angle of the second stage is W, the
burntout velocity of the rocket Vg, will be given by the sum of the component gi‘ the
burntout velocity after the firsh stage-in -the: direction® of - ¥y, de. Vip cos (¥Py — W)
and the velocity contribution due to the second stage, t.e., V5. The burntout al’mtude h;
will be the sum of the altitude attained due to the first stage v.e. by (hy), and that due tg
the sscond stage hy. Hence assuming the rocket to start from rest (V. 01.’—= 0

Voo = Viseos (Pa— Py) + V3= Vycos & + V. )
where : o
T@ﬂgkbg[ % ]—msm?-
8 | R T—p F | O
po My — DT S
? Aﬂ (702)
, hey = Py + by
where :
. | . 1o )‘2 "
hy=V £ sin ¥, ' gaz(l-‘n)—l-ﬂ  gsin?¥, 2
=V 15 cos & sin 2t3—|—912t231n¥’2 11— 2 s | gsini¥, e
. (Ag — 1) py 2
v : K A Al — ps) + py - .
, ©)
Hence from (5) and (8)
! . 2‘ o log An
hzbzylcosélsmﬂl’ztz—{- Zg[ntnsinyfn‘ ] — A (1— pn ) + pn
T L S e W )
- -Aﬂ(‘l_u"'n)'i'ﬂn
2 2 2 '
' zgsin’z”,,tn v )
- 2 R ©)
a=1 ’
Similarly for a three-stage rocket ' :
. Vap= Vap cos &, —I— V =(V, cos §1 + V,) cos- 62-{— V3 = V1 IIcosfk
g
~+ Va Co8 g’z + Vy= V II cos &, + V, (10)
b
. fml .
where Vg and ts -are given by similar expresmons as in the case of two stage rooket
ksts = hap + My
where C o
a { log !’ ] |
hy = Vs cos €asin Pyt + g Iy ty s;mllff3 * 1 — )‘?A(l —11)43) +ops ‘gsin; Yy tg
3— 1) By
L

)"a(l““ﬁs)ft‘l‘s J
P (11)
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Now by (7) the first term on the R.ELS. of (11) ca,nbewnttena.s C Lo
Vas cos & sin Pty = ( V, II cos &+ Vo8 &) sin ¥y t3 ’ (12)
Hence from 9, (11) a.nd (12), | ‘

Cmed O T S
hap ——z ( v, II cos &y —I— Vz II cos & -+ V: II cos £ + ...... 4 Vie1 CoS €nma )
: An
% ,’ log 3 \
sin ¥, t, + .Z g I, t, sn¥, 1— )\(1;”(1:1};7&“)”_" M _ z g 8in 'Pn tn 2
= [ M (1 — o ) + a n=l
(13)

Thus proceeding step by step the burntout velocity ¥ and burntout altitude H of a N-
stage rocket with varying thrust attitude angle from stage to stage are given by

N—1

Nt
V= ZV,, IT cos £ -+ V
=1
where
e =Pin — ¥ ,
k=12 . e . (N—1)
| A :
Vo =g I, log [)\h(]-——l-‘n)"l-ﬂn] — Gin sin ¥y
and

N . .
n—1 n—1 n—1
H = z (Vlll cos & + VoIl cos &y + Vi IL cos & + o oo + Vit cosf,,_l)
k=1 k=2 - k=3 ,

ne=l
’ A
X , log " N
: ' : 1 Ay (L—pn )+ pa Zg sin2 ¥, ¢, 2
sin ¥ty —I—Z (9tn In sgl v, |1 — . =D r _ g »
n= o l—pm )+ ) ™
where
b = #n {An — 1) I,,
" ‘ ( M) Ton
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