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Stability of the projectile in a varying density atﬁlosphere is investigated under general set up
of aerodynamic forces and torques. For circular trajectories, necessary and sufficient stabilit

criteria are developed. Relationship between stability and optimality is outlined. Thye
results have been illustrated by numerical exarples.

NOMENCLATURE

"M = mnass of projectile
§ = projectile velocity
8 = projectile acceleration
0 = angle which the direction of motion of the projectile makss with abscissa
¢ = angle between abscissa and longitudinal axis of the projectile
) = ¢ — 6 = angle of yaw

I

atmospheric density

cross-sectional diameter of the projectile
altitude

= altitude factor ..

™ o
i

Kp,Kp, Ky, Ks, Kgp = acrodynamic coefficients
frequency parameter _

gravitational constant times mass of the Earth

radius of the Earth . '

= radius of gyration of projectile about transverse axis throu
gravity

I

I

RsF >
I

gh its centre of

Subscripts :
1 = indicates reference values
0 = indicates small increments

Stability problems are of paramount importance and have been attracting many
investigators in various fields of engineering and technology. During operation of a
projectile, certain forces (disturbing forces) may occur which are not fully considered
in the mathematical analysis of the system in action. For the successful operation of any

projectile, the system should .rema,in stable under these disturbing forces and it is, therefore,
necessary to consider stability. . '

Considering only lift and drag, Morth & Speyer! have investigated the deviation
of the vehicle from the planar-glide path by taking the ideal case of no yaw. -

However,
137 .
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Fig. 1

EQUATIONS

Nielsen & Synge? have shown that the
inevitable existence of yaw loads to a
complex sat of aerodynamic forces and
torques which aet on the projectile (e.g.
rocket) and affect its stability consider-

“ably.

This paper discusses the stability of

the projectile under the complete set of

Nielsen & Synge aerodynamic forces and
torques. The stability criteria for pro-
jectile motion in general and for circular
trajectory in particular have been de-
rived taking into consideration variation
of atmospheric density and gravitational
force with altitude.

OF MOTION.

Taking the local horizontal in the dire:tion of motion as positive direction of abscissa
and upward vertical as positive direction of ordinatz (Fig. 1), the equa.tlonq of motion

of the projectile can be written? as

. My sin 0

MS =———(~1%-Osin8—D
My cos 0

M36=— —(ﬁ"il{F+ocosa+L

ME*$=—Ky pd S2sin(p—6) — Ku pd*S ¢

where

D=Kppd? ke = drag acting through the centre of gravity of the projectils.
It opposes the direction of motion.

L=K;pd?Ssin§ = lift acting through the cenfra of gravity. It acts in the direc-
: tion perpendicular to the dlrectlon of motion of the projectile.

C=Kgpd38¢ = cross spin forece or pitching force. This acts through ths
centre of gravity and is perpendicular fo the longitudinal axis
of the projectile in the direction of ¢ increasing when

¢, is positiva,

Ky p@ 82 §in & = restoring moment tending to decrease thu numerical value

of yaw.

Ky pdtSé = damping moment tending to decrease the numerical value
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of ¢. Substituting the values of C, D and L in the above equations we have -

MR =“’(R#~T-S’IIBT)% —Kg pd®8 $sin (¢ —0) —Kp pd® S
MS@—-— My,cose

—(—E___Ifﬁ_)z_’{'KSPd3Sg?>COS(¢-f0)—]—KLPd2S2sin(¢__.0) (1)

ME$= — Ky p d®S?sin (6 —0) — Kg p d*8 ¢

where Kp, K, Kg, Ky, and Kp are aerodynamic coefficients. Also altitude-velocity
telationship is given by )

o Ssind—H= 0 )
Variation of atmospheric density with altitude can be assumed as
' -BH : ‘ . .
p=orp1 € @)

Now differentiating (1) where S, , 6, , ¢o and p, are corresponding small increments

and converting p, into H, by the relation p, == — BpH, , the perturbation equations
are expressed as : , :

M8, +8, [2KpdeS+K,g d3p ¢ sin (<ﬁ—'0):|k+0o [%— Kg pd?,'s 95 cos (¢ — ) ]
4 do [Ky pd® §sin (6 — 0)] + ¢o [ Ks pdsSs@éos (¢ — 0)]

. c . oM n 6 ’
— B p H, [Kpd%SZ+Kgdas¢sm(¢~e)+mf‘—:llll—{)—a]=o 4)

S, [M6—2Ky pd28sin(p—0)—Kspd®doos(p—6)]+6 [MS]
+ o [—-f—%‘-‘-ﬁ‘%z—Jerdzéchsw—e)——Kspd3s¢sin #—0]
+ o [— Kg p @8 cos (4 — 8)] + ¢ [—KLpd282c9s<¢—e>+Kapdas¢l

) b ’ . . : M
sin(¢—6)]+BpHo [KL 4% sin (4 — 6) + Kig &5 ¢ c0s (4 — ) — %F(%% ]= 0 (5)

S, [2Kypd? 8 sin (¢—'0)¥|QKde4<}S] + 0, [— Eyp 852 cos (3 — 0)]
+ gy [M E?) + do [Erp @81+ do [Kup d® 52 cos (4 — 6)]

—BpH, [Eyd S sin($—6) + Knd* 8 ¢] =0 (6)
apd from (2) ‘

Sg[sme]-i—OQLScose]—HQ:o (7)
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Putting in equations (4) to (7)
: Y Py w
SDE—S]_ 00—- 1e,¢o—§6leanng——H16

The frequency equation in the determinant form, after dropping out A common from the
first column, can be written as - .

Ap + 4, By  Cud+ Oy - Dy
dg BBy G10p = :_‘_Dgl_ IR
Ay By Ogd® + Cypd 4 Oy . Dy,
A, B, R R | —A
where ‘ ’ ’ o
Ay =M, B= [%‘J%— Kg p d3 S¢cos(¢-——0)]
4, = [2Kppd28—l—K,gpd3¢sm (¢—-0)], "By = MS
An=[Mb—2K;p BSsin (6—0) — Kopd § oos(g — 0
Ay =[2Ky p & §sin (4 —0) +KH pd“¢]
By, — [ J‘fgfj;)f +E; p 5 cos(¢—9) ——-Ks p®8gsin(p—0) ]
4, 7=»s1p 6, By = [ — K p d8 § cos (4 — 6)]
B41=_.S"cos0 , | . (9-)‘
Ou = Ks p 8 sin (4 N, Dy =—fe [KD @ S Ky @S sin (9—0) + ;p%‘f‘},@]

Cpp = [Kspd38¢cos (¢ — 0)]

~ ae .. __2Mp,cos07
pm-ﬂp["-’ﬂ.d3 SRP—O K B¢ 008 (p—0)— g H)s]

Cp=[—Esp®8cos($—0)],  Dy=—fp [Kyd'$sin (4 — )+ Kndt S §]
O = [Ks pd® S dsin (p—O)—Kzpd2 & cos (4— 6)), 0, = MK
Op=Kppd* 8, Cp= Ky pd® S cos (¢— e)

(8) can be reduced to :
Do X -1 QA% + le\” T @+ QA+ Q=0 (10)
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where
Q = An le 031 )
Q =4y B21 31 -+ An By, Oy + 4y Bzz 031

Qﬂ [All (B22 32 31021) + A12 (322031 + Bm 32) + Ba1(A11033 sy A31011)
+ 031(A11341 21. + A41B D 1 A21B11)] ‘

[Au(Bzz 88 331022 — B41021D31 + BuCy 21) }-A12(322032—-—331021—|—B41031D21)
,+ Bu(Aslozl - Aalosz - A41031D 21) + Bm(Alesa - A31012 + A41032D11)
+ 011(A21B31 - Aslez — Ay By 31)+D11(A41322031 — A21B41031)] (11)

Q4 = [A11B41(033D21’— Ozz 31) + AlzB41(032D21 - C'mD31) + 4 1Bn (O D “‘032 Dz;),
+ A41321(033D11 - C'12 ) + 0111921(1441331 - A31B41) + Oy (A21 By
- A41 Bzz) + D11A41(Bzz 33 331021) + DuB 1(A31021 e AZI 32) + A12(Bz2033
s azB:n) + Byy(45,C0 — A21033 + C'12(4421331 — A43B 22)] )
Qs [A1zB41(033D21"‘022 31)+A41811( 22D31—033D )+012D21(A 41Bsr Asl 1)
-+ 012D31(A21B41_A41322)"}'022 11(AsBu— A41331)+033D11(A41322—A21B41)]

For stability of the projectile all the roots of - equation (10) should lie in the'left half
of A —complex plane. A necessary condition fer this would be

@ >0 CE 0L, e eaa el 1)
The necessary and sufficient condition for the stability of the projectile will be by
Routh-Hurwitz criterion D, >0 el e N B
where A S .
Ql ' Qo ’ VQJ. Qa' 0|
Dy = @ Dy= | Dy=| @ @ @
Qs Qs |
' Qs‘ Qs st
N & 0 0
Qa ) Qz ] Q1 : Qo
D, = 3 A
Qs Q. Qa o @,
0 0 Qs Q.
Evidently if

Q, and @; are positive S ' - (14):
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and ( D, >0, : r=234 : (15)-
the projectile is stable.

For any particular case, substituting the numerical values for various parameters
9@ r=01,............... . ..,B) can be evaluated from (11) and then from (14)
and (1) , the stability of the projectile can be tested.

CIRCULAR TRAJECTORY

We now transform the above results for circular trajectories ( 8 = 0 ) vﬁth small
yaw (¢ small). After substitution from (9) in (11), putting 6 =0 and neglecting terms
of higer order of small quantities in ¢ and ¢, We obtain

Q= Kop* @ § (K Ks— Ky Kn)— 2 Q KpKy 2§ (16)
Qs = (BS* + g) (KuKs — Kp Knr) Mp*d® § S5 —Qp S (MKM + 2Kp Ky pd®) (17)
Qs = ME*Kp Ky fp%d58% — (Ky Ky — Ky Ky ) 2M, ¢ + 2K p p#S* + MBSS) pdos?
—OMp PR d + 2Kp KY) S (18)
0y = (BS* + 9) (K 8 + K dj) M2R2pi2 4 Mpi?§ 2Kp Ky Kt
+ 2Kp Ky pd*$? + MKy dS? + ME? K;, g§) — Mp*d*S* (Ky K5 — Ky Kg)

— QM2 K28 \ o (19)
Q, = M2p@2S? (K2K 1, + Ky d*+ 2K K?) ‘ (20
Q, = MIK?S |
where '
_ 2Mp _ ®
°T @ M 9= @iy

With above values of @;, (14) and (15) give criteria for the stability of the projectile in
case of circular trajectorias.

_ From (9) it follows that if one or more (not all) coefficients of (10) are negative, the
projectile will become unstable. @, is by its form always positive. For Q; and @,
to be positive, we have from (16) and (17) a necessary condition that ¢ should be greater
than the higher of the following two expressions

20K 3 o Q8 (MEy + 2Kp Ky pd®)

Bod®S(Ky Ks — Ky Kz ) Mpd(B8® -+ g)(Ey Ks — Ky Kz)

This restriction on ¢ if not satisfied, the projectile shall go unstable in case of circular
trajectories,
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The additional three conditions which should be satisfied for the pr0]ect11e to be stable
are from equa,tlons (18) to (20) ' , o

ME2Kp Kg Bod®S$ > [(Kn Ks — Kz Ki) (2Mgp + 2Kp pd2S? -+ MBS p)pd®
+ QMEKgd®+ 2Kp K] - ‘ . -@n

[(BS® + g)(Ex S% -+ Ks dg)MEpd® + p®S(2Kp Ky K?pdS*
+ 2Kp Kz pds? + MEyd 8+ MEK; g4)] >p2d383(.KM Ks — KL Kp)
+ QMEK?2S : (22)

and
d \2
KL+2KD+(—I? ) Kp>0 (23)
The condition for border line instability is obtained by equating D, to zsro.

STABILITY AND OPTIMALITY

During motion of a projectile certain inevitable perturbation forces come into play
and due to these the prejectile may begin to oscillate with increasing amplitude
with time (oscillatory instability) in all the co-ordinates characterizing the motion of the
projectile. Forexample the projectile may oscillate with increasing amplitude in its
height, in angle which the longitudinal axis of the projectile makes with some
reference line and in angle which the direction of motion of the centre of gravity
of the projectile makes with the reference line. It may also happen that mstead
of oscillations the projectile deviates increasingly with time from the desired values
of the co-ordinates only along one direction (positive or negative) of the co-
ordinates (exponentially increasing instability). These cause discrepancies in
the perfermance of the projectile which results in the failure of the desired mission (e.g.
hitting a target, attainment of a desired velocity or required motion along a specified trajec-
tory), the degree of failure depending upon the magnitude and duration of the oscillations
and deviations. If the optimal performance of the projectile is to be that which is capable
of attaining the desired mission within a specified permissible error, the stability criteria
give the criteria for optimal performance of the projectile and may be called “Optimality
criteria of projectile flight”.

NUMERICAL ILLUSTRATION

Let us take the following parameters for a rocket :

K;, = 2 . Ky = 6
Kg = 20 Ky = 31
M = 351bs 8 = 108 ft./sec (24)
¢ = T75° 0 = 70°
é = 0-1 rad./sec ; = 0-01 rad./sec
= 32 ft/sec? P = 0-07 Ib. /ft3

9
MEK? =20 Ib. ft%
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Value of 8 for Earth’s 'a,tmospheice = (+816 X 10—4) ft—1 , Taking the above value
of g amd M we get ;

. (1:05 x 10—4) Ib. sec.—2 .~ -
Substituting the above values in equations (9) we get v
374-020° I

4y = 35 Bu =
4, = 4673 By, = 35000
Ay = (—3569) B, = 22211-375
Ay = 4-803 B;, = (—27925-478)
Ay = 0940 - B, = 342 .
C, = 8148 D, = (—-074) %‘ (25)
Ci, = 9-309 D, = -045 ‘
- Cyp = (—84-928) Dy, = (—-078)
Cp = (—23270-417) C, = 57-930
Cy = 20 , Cos = 27925-478 J

Fromvalues (25), equations (11) give

Qp = 2-45 x 107
Q, = 4-81 x 107
@, = 3-42 X 101
Q = U3-53 X 109
Q, = —(2-17 x 108)
Q = 1-71x 10°

Since @, is negative hence by condition (12) the rocket is unstable
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