FLOW OF POWER-LAW FLUIDS BETWEEN TWO ROTATING
CO—AXIAL CONES .

R. R. DIKSHIT

' _V.8S. D. College, «K-,anpm.,,
- (Reéceived 19 April, 1965)

The protuem of fimid flow between two coaxial cones has important applications in the
theory of hydrodynamic lubrication and in the measurement of viscosity coefficients. In a
- recent paper Rathy* has discussed the H0w of a Newtonian. fluid between two coaxial
rotating cones with a common vertex under a radial force. In the present paper an exact
analytical solution of the *flow behaviour of power-law fluids between two coaxial rotating ™
conies under the action of a radial force, has been  obtained.

ot LT BASIC EQUATIONS

Spherical polar coordmates are used. The common axis of cones is taken as the axis
of 2. The following assumptions are made: _

’ N (7)) The radial and the transverse velomtles v, and Yy are 7670,
' (m) The motion is steady V

(¢43) The motion is amaﬂy—synmretmc and eonsequent‘ly the derlvatlve of veloclty
- with respect to ¢ is zero

Sp T T ’ T (" =
gﬁ : 0 = b
(v) The external force is in the radlal du'ecmon and it is of the form' po 7t F(9)

'(w) There is no transverse pressure gradwnt €.e.

I possﬂole let v¢ = rm sinb f(G) be the veloclty of-a ﬂmd lement at the -point. .
(s Y, ) in spherical polar coordinates and let the inner and outer cones be respectively rotat- -
ing Wlth angular velocities w; and @y Let « and B be the seml—vertlcal a,ngles of the cones.

Smce ¢ -on the surfaces of the cones has the values rein a. o and 7 smﬁ w;, the

assumption vg — ym gin 6 f () is vahd only for m=1 and 'ohe only possible form of the
velocity is

g = ?‘smﬁf 6) Q)
~ The rheological rela,tiqii »f(_)i; power-law fluids becomes ~
76 =u] 55 Ese“(;i%*) = %—(Sﬁf; ) G
and other components of shea\r stress vanish, since v, = 0 and v =0 o o
If p, g, is the external force along the Tadl\;S, "f,he equatlon&of motion are-
) ;;-Po Tf ==-‘-“——+pogr o ®
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and

‘__ 1 8p 1 3]”9;«;6 ) | —
Q"" rsmﬂ 5¢—+ [0 )
o L

Since 56 is taken to be 7610 threfore from (5) by 1ntegratmg, we get

‘ .

[Opeint=a | e

which is a general result valid for all ﬂmd.s under the above mentloned sﬂ:uatxons. L
From (3) and (4) we: seethatl—-l s0that Sl RIS e ' e
Comgr=prFO) S

The flow of the fluids is now studled separaﬁely when (1) wy>w; (¥) <oy
(m) wy = wl, and () wy and w2 are the angular velomtles in opposme dlrectlons :

SOLUTION OF EQUATIONS

. Case (1,) wy >y From (6) we see that ['_«;S has the s same slgn throughout the annulus
: and then from the rheologlcal equatlon

Tibms | o] smag@ ?--?(s)f

we ﬁnd that f® has the same sign as |0¢ Thusuf w3>w1, 1095 and f (6) must
be pos1t1ve and (8) has the form,

K GqS = ,u,{sme’ " TR - .
and f(6), the angular veloc1ty of the ﬂuld element will steadlly increase from w; to w, as
0 increases from « to. B. \ , ‘ e .
Thus from (9) on puttmg the Values of | 0 cp from (6), we get

: +1 SRR

f’(0) = (—-—-—‘gm)ﬂ cosec ] 3 s
 with the boundary condxtlons ’ T per IR
fO = - when f=a
Ced i gty
- @ =e 0 when@=§
On integration we get R S

5 _—wl

i%)—*-&zf crosec adﬂ/f cosec 0 d ¢ e ..:(10) |
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adfom(@). e
l 0 ¢ :‘“cos'ebz'e (wz__'_wl’)’n‘ “ifCOSBC 9 de j’ - (11) o
&%

Case (i7) w2<w1 The sign of f'(8) in thxs case is- negatuve and therefore the rheologwal' ’
relatipn | 0¢ = —y.(—-- sin 6 f )" holds good. and on bemg combmed with (6), gwes

e EEY pB L T
f(G) :1 = f cos:c 9 do /f cosec 0 d{i ‘ (]2)u
1"." 2 . i - . T -
&l e : : ,

which shows that the velocity in this ‘cas'e’ steadiljr de_cr’e‘asés from w; o w, and‘ .

— . o % ., I + 1 n :
| a¢ = —p,(wl——f wp) ‘cosec? 0/ [f cosec 0 d&] 1y
Case (m) @ = wz We see from (10) or (12) that | i
| 0= ) (14) -
~and ‘ e |
. . l 995 =0 s AR (15)

which shows that ‘the whole apparatus, together Wlth the ﬁmd under thls case, rotates
" about the axis of the cones as a sohdlﬁed substance and no 00up1e is needed to sustam the
rotation of the cones. ) ,

Case (iv) w, is opposite to the positive direction of ¢- By puttmg w; negatlve in (10)'
. we get .

9 i ,3' 241 - T SR
———-—f f)i ::1. = f cosec 0 df. / f oosec "od8 - (16)
. : o e , a ) . L e
 Similarly from (11) woget ST "
178 6 = g (wy - 0y), cOsecgﬁ/ [f cosec 0 dﬁ] o a7
. p . R : . 7 . a : ) ) "”

Since f(6) in this case is negative for § = ¢ and positive for 6 = B’ and since f(6) is a
continuous function, therefore f(6) =0 for some value of 6 Whlch can be evaluated from
' o 8 =41, .8 =41 | :
: wl/(wl + wz) = f cosec 0 d@/ f cosec Oda : - (18)
) a @ R T
Evaluation of po gr,pand the couple needed to keep tﬁe cones in stead yr rota,twn
From (3) and (4) by ehmmatmg p we geb: = :
SR T R S
380 [Po gr + Po T “sin? 9f2(0 ] Po —5; [r?s’m 6 cos 6 fﬂ.(e)]

\
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where Po gr , a8 proved above is Po T F(ﬂ) and f(B) is known from (10 (12), 14) and (16)

F(@) + sin® 0f2(9) -B}2 f Bm”cos 6fﬂ oydo

' -
L

e F(0)~ : -2fsm20f(a)f(e)do

Whlch gwes F(O), 1., the extemal force Po rF(ﬂ) along the radlu.s, for f (5 ) is known already

Since B is an arbltrary constant.so let it be ZeTe for its any other value will simply
aﬁ“ecttheyaluesofp, e el e L

Fo =2 Sé@%efw),f'(o)dé_ s W

Since f'(6) is positive when w2>w1, the radial force should. be apphed towa.rds the
~ vertex but when wy<w, then f(6), because Of belng Hegatlve wﬂl mean the radml force in
the dlrectlon away from the vertex. , .

A

Aga.m from (3) and (4) on 1ntegra,tmg we get
. 2 '\ § \ :7‘2 ; ‘ ' - : ‘ . .
?" - ”,° 2 [F (6)+sin? 8‘f?(0>]-~+ o

. '-,,... : » ,“~k“‘\ .w,vv 20
Lastly the couple on the outer con(e :
L .

(1]

- Gz = f(27r . Sm ﬂdr r79 $) 7sin B

o

2w I? G B e,
= *T—;M(wgf*wl). 1/[[ COSBC i) d0] i
R R (21)

Slmﬂarly we can show that the couple @,
on the inner cone has algo the same magni-
tude if the slant helght L of the cone is kept
unchanged i.e.

3°  4° 50 Te0®
oK .50 o607 By takmg( +1) equal toaposﬂnve in- -
‘ o te al -
Fid. 1—TFlow curve FO)—o, (vhon"on< o and | teger we can evaluate all the integrals occurr
, 0y — @y ing in equations from (10) 10 (21) and so the
*  gemi-vertical angles of boundmg “cones &re i et T

30°and 0%\, St o :‘\vam«as of w, ﬁqﬂ, po gr , p-and G can be ,
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known, “and by computmg then: valugs thus obtamed fo;r a set of values of  We can
foresee the flow behavmur of different flows. :

NUMERICAL J.LLUSTRATION

Let us take the cones of sem1-vertlcal angles 30° a,nd 60° and from ‘the result (10)

0) — ;
evaluate the values of —i(w)—JL— and 55° for a seb of values of n. _when 0 = 35° 45°
27 P .
The values thus obtained are shown in Table 1 Thelr graphlcal representatxon is g1ven
in Fig 1. - o S ‘ R ‘ Ry
TABLE 1 2N

21

Va.iues of 'f—.—‘(;—)——-—b-’—l for a set of Values of 0 and w

o 2 1 C2/3 S22

350 , o o262 3z 38 438 48
5. _ , : ; 634 69 -T548 -8 Ch0se
550 , & +926 942 ‘95 97

- Agam by takmg the sign of the values ,
_given in Table I as negative, we get various
values for the equation (12), 7.e. for the case
when w2<w1 and so the velocity graph in this

- case is. a8 gwen in Fig 2.

i

'

From Fig 2. we see that as n» decreases
the angular velocity near the inner cone rises
or falls more steeply than near the outer cone

Za / |ro)

inner cone than near the outer cone and accor-
, ) » = dlngly the shear stress per unit area nearthe
30° 40° 50° 60° inner surface is much larger near the inner
Q , ’ cone than near the outer cone.

f()

is very much larger near the

o (When 0 <

—y :

and semi-vertical angles of boundmg cones are SR S _
" 30° and 60°). ; ; , : ; ,

Fig 2.——Fl’ow curve
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" As.in the case ef angular veloclty ﬁle vamous values of the couple G deﬁned by equa.— ’

tion (21), are glven in Table - ,
TABLE 2.

VALUFS DF G FOR .A SET o¥ VALUES OE %

e S T S S 23 2 26
e Eala e vey T ¢ - - RO B

G/zﬂL V* 5 98 e Qb 0288 -233

- Bag—a) - AT S S e e S

FLOW BETWEBN TWO ROTATING CYL'INDERS

The flow is deduced by puttmg sin @ = R/r, sin « = R;/r and sin B R,,/r

" in the equations (10)—(21) and then by obtaining the limit -as'  7r->0c0. "We .
can study the motion of the power law fluid  between two rotatmg -coaxial cylinders -
of radii R, and B, when they rotate with angular veloclmes @, and ‘w, respeetwely

Puttmg these values in (10) we get

() )

ez 1" g
wpep ' . Ll
\ . ] \/1—" / o 7\/1;7
R__( +1) 1 szi z~—~—+1) g
f (]+—-~ -5 )dR/f(R, . (_;—; 1;2—-1- ..... )dR
T Dy ~(~+ 1) L :
| f R (22)
when r=>c0 i
o O — c;u i Rﬁ’” B ps
/ ;Thelﬁefore‘ = Wy — = R2/n R Do 2l R1~2/n W ’
o ) JO—wy - 1 g Kzl” .
If we Put R1 = R2K and R R%p then wg—'wl v 924/”‘ ’v . | ~-'1{2/,,‘/ . (23) .

whlch gives the angular velocl’oy between p =Kto p=1
__Similarly from (11), we have —

Top = ,) ‘ y.(R/fr) (“’2"""1)7} -
i e¢ ey P =
Riry—/n n
| ” i m]
o Hia ,‘,01). ( " ) B2 [322/1”—1-1221;2/”]"‘ e



o

(24)

Whlch shows that tfhe sheal stress at a.ny pomii varies mversely as the square of 1ts dxstance i
from the axis of the cyslmders, i

- Lastly, from the equation (21) by mtegratmg zts mtegrand from rtor + &, under the -
- above conditions, we can obtain the magnitude of the couple needed to' sustam the stea.dy
angular veloclty wy of the outer c)dmder and wy of the inner cyhnd.er

Thus
SR SRR PRI 1/ | e S

. | , = ‘2";"‘. (wg_wl?[(r+7,)a_,sj| 1/“ ( ) ( ’”) dR ]” B

= \/1—- |

27 p

Ar RzR SR
= E) | (wa—-wl) Sk(n) (R2/n 22/11, )9‘Ir o »
= (Z) 27n (o —ay) R )

It can’ be seen that the ma,gmtude of the couple on the mner cylmder has also the
- same value. S '

. Again from (19) We geb

F(G)_—-——\f [Rzi% +"f

7 PR Ry
(w0 — wy) BTOMD SRR )
X TR =R L . > '
f R™dR ' | |

-—(2/fn+1> L
R, —-(2/n+1)f R :

. Rl
=0 (26)
~ in the hmlt as 7 —> o', :

" Similarly from the equatlon (20) by puttung the va,lues of F(6), f((?) and sin f = R/; N
~and takmg the limit as r ~>co we get '

wz'—f— Wy ‘, — K2/

Ry !
P ="“2“7' T2 { Wy + gl 1 W _K2/n} ’Tpo
L RR s o _Em o |
=P + 9 [ wy - 2p2/n, 1 . 1 _Kz/n : ] . @n

Slmﬂarly the flow for a few other non-Ne ewboman ﬂmd;s can aiso be derwed
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