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In this paper we shall evaluate the 1nteg1‘a1s of the followmg
type:— : : , :

I= JIXJO(AX)I, (X)L, (oX)iX
. 1 | ‘
J= J XJ (X)W, (uX), o X)X

o N |
K= [ X'T (bX) (eX)T (dX)AX

which we have come across in the solution of some non-llnear problems with
central or axial symmetry.

Evidently these integrals: provide Fourier-Bessel ‘expansions for
1, (pX); (vX), J s (uX)J s (vX) and Jv (bX)J (cX) respectively if A is one of the
positive zeroes of the function J (X). To the best knowledge of the author the
values of these integrals are not available in the current literature.

1. Here we shall evaluate the following integral

I= J"XJé(AX)Ig(#X)IS XX o e Q)

We shall use the following results —

JXJ O (EXNX = — 2 TV, (K) (1)

K

and the addition theorem :

e e}

JO{X\/@’a 4+ 8 — 2uv cos ',6 }=S e;Jg‘(;LX)Js (VX)‘C,OSTS% ub {142)
L4

s ) N X
Cwhere e, =1, ¢ =2for8=1,2,....00 0 i iaveinraies
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Taking K = i V% + v — 2pv c0s ¢ in (1 \1) and integra.ting with respect
to ¢ between o and = after multiplying by cos S¢ we get

L~

J X I (NP LX) Iy (pXydX oy b0 ELTE Sonae

(—1) /\Jl(/\)z — l)mem I,,. (p) I ( ) J‘ cos(m—}-s):ﬁ-{—cos(mms)e{’ i

/\2—{‘-1&21-{* 12-—2uv cos ¢
m=0
. mts
(“‘1) M 1()‘) ("‘1) emI (I")I (V) —‘\/ 0?—b%t-qo
€, (@ — )7 [ —p }
m==0 v, P
; *‘\/a—;b2+a mos
R e i @
where @ = A% 4- p? 4 42 | , b= .. (1-4)
when S =0 we have the particular case . SRR T '
FX J, (AX) I° (vX) I, (vX) dX
(—1)™ ém L (1) (v)
=2 ﬁ’ 10 2 TOTF i — 4P
m=0 . - - Lot ;
s {mma—f /OO R -—\4;;2-;?}"'_( (1-3)
2uv

2. We shall now evaluate the-integral
, J%JIXJQ (AX) J s (uX)-Js (vX) X .. (2°])
.We know that ’ |
I (z)=e—%mvi;(ze%ﬂ> L ey
where —rm<argZ <}=m Lo
or I(ze—lm>—— :—%mv d (2)

V

. —am —im
: ,)I-Ie'n.cg by replacing p by pe and v by ve - weget

| 'X7,007, 601, 00X =" (r.@Wh0B .. @3

m==0 .
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where

(™ cos (m + s)p -+ cos (m As 8)¢ o
B z;rj o M HV—N_—Jucosd. ¢ beie et (2 4)
The value of B depends on the relative values of A, p and v.
when' p ~ v> A, B ~ e L
_; .

"= (“2—1”2)*[{ — \/b == §m+8 + {%—\gg?—‘_—_bz}m«-‘a] _(2»‘-5) _
wherg '

a=,u’+v2‘—')\2>ov , b=2yv
Wheny+v<A 5

. —o)m+s —q | M8 |
B=— (= in)q[waz bb2 j+ ‘/-—-—“2 bz, }H] (2°6)

wherea*hz—p —1¥ >0
Whenp,-lu<)\\/p2+v2 and \/M 4+ <A <;u+v the mtegral

becomes unbounded in the range of mtegratlon In these two - cases we shall
take the prmchal values thh exist.

Whenyr-Jv<A<\/p, -|—u2 7 ; TR TN

! ® 008 (m + 8) $ - cos (m,—Js)qS
3= 27 pv Jo i 0081/1—00395 d¢'
= 1 S@n(m+3)*/'+szn(mr—43)¢ .
T sue 3 . ] 27
where
B4 % — A2 T
0<OOS¢‘=____'_2..,;_;____<1 - .. . (2.8)
sothat0<:/;<.%. -
_when\/yz+y2<>\<,,_|_’,,%
_ 1 T cos (m‘—l-"s):ﬁ—}-cos (m ~ )¢
B= 2w pw .[o - cos  — 005 » d‘ﬁ
= 1 [sin(M'—I-vS)z/l—I—sm(m.,_Js);/, o S
_""'2[&1}'_ . smn,b ‘ ] .® .e 29

’L2’+ v?_hz e

where — 1 < cos ¢ == Ty <0
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so that

3 <h<m

In pé,rticula,rv when S =0

J XJ, (AX)J (,LX)J (VX) dX__AJ (A)} T (,u)Jm(v)B (2'10)
om=o .
“Wheres b : /
.2 Ta—+afa2—b (m '
B = ‘& _wy 5 g e
2 C R o
== E—F ) 3 } A< pAv ‘
| L sin'mt/zv"\ . T ; r (211
: =-—7;;—W’0<¢<7 ,I"r—JV<‘A<“/F‘2+v2
=T e %;%_ ’*—727‘<¢ <vr,«/;~2+v2<.?‘<f»+v

Thﬂ integrals (1-5) and (2 11) prov1de Founer-Bessel expansions for
I, (y.X)I (»X) and J, (pX) J, (vX) respectively in terms of J, (An X) where
N are positive zeroes “of J, (X) , -

3. In this section we shall evaluate'the mtegra,l B
(X’“ J, (bX) J_ (¢X) J, (dX) ix

o

From the mult1phcaﬁon formula (1 ')

(oo G b2)

.. (31)

J (aX) J_(bX) =
:"l“: v;, ‘V"!‘;l N
o0 -
<" 2m —m, — g — i vt T B3 \
. Z (-—-l)m (% (,ZZ) 2F1( m, [k m; —}—1}125,[@9 (32)
| m | (e +m +1)
m == 0 _
‘We have ;
]' x ', @), (bX)dX ‘*“) ) S (-ﬂn
e o s
. ~ : P =0
Gorn oy (—m— s b ) e &)

[m TErm+DA+prtyFimED)
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and ta,kmg b= % A= % we get L ’ ' f SRELECA
"
TX, smaXJ(hX)dX ‘M (%b)", E (=
|v+1 meo

L (R a)im By (=, ~H L} v A= 1;:03a?) A R (5;4.)!
wfggiﬁ_»ﬁ%+%-p+zm+m.v;~3;z~”-»4

and taking p = — }, A = 3, we get |
: 00
1 ‘ —+ (3 < m
( Xoos aXJ 0X) dX — 29 "1@0y Z (=1
Jo v lv4'1 '
m==0
(%_a)zm 2F1 (_m’%—nb;v_l— 1’ b2/a2) (3.5)
[m_ lm+3d ¢+2m+2)
~Let p == 0, a=4/c? + d? — 2cd cos ¢ in (3:3) (3:6)
Integrating between 0 and With respect to ¢ we get
1 | - ' |
) (3b)v 2 m 1
XM (BX) (eX)T (AX)dX =222 S (_
=0
. where
” .
[ 10 20 ( ) b2 :
= Jo (A2 cos )" v, e con >d‘f’
m - ,
1 (_m)r (“‘m)r M1
= ; ‘—W b2 J. (62 -+ d2-—2¢d cos ¢) qu
r=o0 ° '
m
('_’m’)’, (_m)f 4 02—]—d2
=D T B ™ P < sow) @9
r==0

where P, (z) are usual Legendre’s Polynomlals.
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