ONE OPERATIONAL AMPLIFIER SIMULATES THIRD ORDER
SYSTEMS WITH A LEAD AND A TIME-CONSTANT '

L. K. Wapawa* and H, S. Raot

Defence Research and Develbpment Organisation, New Delhi

A method has been developed forthe simulation of third order systems with a lead
and a time constant using only one operational amplifier. Three basic circuits each
consisting of one operational amplifier, three capacitors and six resistors have been
analysed and conditions of physical realisability discussed.

In previous communications!~* on this subject particular classes of the general third
order linear systems were considered for simulation with only one operational amplifier.
‘The purpose of this paper is to consider another particular class of systems, that is, third
order systems with a lead and a time-constant, which are characterised by a transfer func-
tion of the form

© bys (bys+1)
Fls) = — 15 \9y
(s) y53+-a52tas+1 (1)
Of the various possible circuits each employing three capacitors and six resistors, only

three will be discussed here. The design formulae and conditions for physical realisability
have also been obtained.

SIMULATION OF THIRD ORDER SYSTEMS

A network for the simulation of third order systems is shown in Fig. 1 and its transfer
function has been shown?* to be :
_I_ag e Y1¥sYs & ( )
H,y ~ Ye (MHYe s ) (Ta-HYaFYsHY¥7) +HY¥a¥e ( TatY¥s Tz ) +¥sts (YrhteHYsH¥e ) +s0sYs

Simulation of the system of Eq (1) with the network of Fig. 1 is possible if the ad-
mittances (y’s) are properly chosen; and furthermore, it is seen from Eq (2) that at least
three of the appropriate admittances will be required to be capacltatwe Ten basic
circuits each employmg three capacitors and six resistors are posmble

of ‘ fo
) *
Fie. 1—Network for Simulating third order systems
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Each basic circuit can have nine parameters; since the number of constants in the
system represented by Eq (1) is five, a choice of resistor values is required so as to reduce’
the number of circuit parameters to the number of constants in Eq (1). This requirement
offers considerable latitude in the choice of intended design values of resistors as a result'of
which a number of circuits are possible which are essentially a variation of the basic circuit
employing three capacitors and six resistors. Hach circuit, for its physical realisability, -
- will require satisfaction of a set of conditions which will be different for every circuit.

Only three basic circuits each with a certain arbitrary choice of resistor values, have been
presented and the conditions of physical realisability discussed and obtained. =

(“)k Y3 V5 amd vy, Capacitative )

A possiblé»c_ircuit_ for simulating 'ﬁhe 'sYstem;_(')'f Eq (1) is Shbwn in Fig. 2 (a), in which
vs= 80 ys= (805 "ER")’ vy= 8C; , . '
1 1 1 o 9
L M=V TV TR GR \YeTBR \ -

Substituting Eq (3) into Eq (2) and simplifying
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Equations (1) and (4) will be’identical if o

. - B /m . L . o ! . ) i
by= BT 1 > ; . . ‘ ‘ (6)

(3at-20B+B) -, B o | Qat208+B+1) ’
__® rpp. B La(B41) o
@y = 2at1) Ty T+ —2—'T5T7+ 3 (2at1) T, T, . (8
oB , ) \ : :
a = 55agT) L2151 , 9)
Where - % ‘ L |

T, =RC. - S | T e

Now, simulation of the system of Eq (1) with the ‘network of Fig. 2(a) is possible only
if the values of a, B, Ty, Ts, T, obtained as the solution of Eq (5) to (9) are real and posi-
tive. It is required to determine, therefore, in terms of the given real and positive a’s and
b’s, the values of o, B, Ty, Ts, T, and find the conditions, if any, under which these can
be real and positive. ) .
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Elimination of T, Ty and T from Bq (), (B (7, (9) and (5), (6), (8), (9) give the
following two equations ' , , ‘ ST e e

ag by ’ : o0
_ a— (?7’;3;+ 3b, + —2—,') S | )

. b, g
(T.+ 26y + 353, )

AN

and

b, (%, |
| — o (gt wh) | o
which on solution yields >

on [ + 1 om0) ]

[ (%f +4b152)-2+2a3 (2(»1——2b1—b2 )—Zaz, ( —Z% + 4b1b2) ]

It is evident from Eq (12) and (13) that « and B are real; and these will also be
positive if , .

(13)

ag (20;—2b,—by)

(“%2' +4byb, )
1

If the inequalities of (14) are satisfied then « and B will be real and positive; and as

1 as | 1 : |
—2—(—1,; + 4b1b2)+ >ty > “3(5514- -b;) - 2biby (14)

_ seen from Eq (5), (6) and (9) the corresponding
N : | T, Ts T,will also be real and positive.
g =07 SR R .

T e L, L—D—LE . Therefore, the circuit of Fig 2 (a) for
“ o G , > gimulating the given system of Eq (1) is

. physically realisable provided the condition
(14) is satisfied. The circuit component
values may then be determined with the aid
ey R of Eq (12), (13), (5), (6) and (9). Having thus
w1 determined a, B, Ts I T, and choosing

g 16 | b e, arbitrarily a convenient value for any one of
the capacitors, the remaining component values
e = may then be obtained with the aid of Eq (3)

. ~and (10). ' ,

L L Le, mo C(B) s vs and vg Cap@citative.
g J g D & Another possible circuit for simulating the
system of Eq (1) with '
¢ ki ' 1 - [
. ‘ T = S0 (804 g =504
" F1a. 2—Net works for the simulation of . ‘ : 1 1 (15)
By _ bsstD N=v=rn= F INT"=FR

-
-
-
1

B~ 7 a@ + o+ af + 1 isshowninFig. 2(b).
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Substltutmg Eq (15) into Eq (2) and s1mphfymg
~RC, S (ocRCsS 4+ 1)

E, _ 4t +1) , 7
E T op o8 ' aﬂ B \
1 4( D) RO’O’C’S3 +[2( ) R20305 + Tt ) 3205CSV+TR20308]S’%
+ [y R (G)ro rofser oo
Equations (1) and (16) ,vﬁll be identical if '
p 1 . Dol
b= e T DY (17)
b, = o T : | . (18)
(ko) | (o g S :
A= oD T (m)T5 g W
_aB LB B A S
2(oc—|—1) Ty Tot gryy TsTs+ T BT (20)
where ‘ T o
Tn = RC' : (22)

Elimination of B, T's, T, and T from Eq (17) through (21) gives a cublc .
g0B—(5hy - 2b1b,2—B5) 02~ (61D5* -+ B85—20,Dy—2b, ;2 a— (b~ b2 —a—b;%) =0  (23)
whlch will yield at least one real and positive o, as shown in the Appendix, corresponding

- to which a set of real positive 8, Ty, Tj, and Ty emsts, provided any one set of the -
conditions listed in any one of the followmg three cases is satisfied

(¢ )A1>o, B, /o and Ay>0, By 7 >

Either OL>OK, OB>0A T (24)
or OK>0L, 04>0B ) (24a)

(#5) A, >o, B, io; and Ay<o, By>o0
A= (B2 4 84,b,) >o. }

(26)
OB> 04> OD .
(i31) 4,>0, B, zo; 4,=o0, Bz>o/
OE>0A. o - S (%)
where ' : , S

= A1_ __&;
OL= %,= %, (ot 55)

{= % =_.&.. 23D,y —39 \7..;.'_
0k = g h= iy (T )

GA _ B, + '\/.312 -+ 84,5, . 0D = 32 - ‘\/B—__as T840,
; 4b, : - 4b,
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By + VB4 84b, , " op B,

0B = o, ; = % o
_ a, . 200, - )
B= (0 g —) B (M )

The procedure for design would be to compute the values of 4;, ‘A,, By, B, and see.
if any one of the three cases mentioned above is applicable ; and then check and see if the
set of conditions listed under that case are satisfied. The fulfilment-of these ¢onditions
signifies that the cireuit of Fig. 2(b) for simulating the given system is physically realisable.
" The next step then would be to solve the cubic of Eq (23) and obtain «. Substitution
of the real and positive value (s) of « into Eq (17) and  (18) gives Tyand Ty and 7y may
then be obtained by solving Eq (19) and (21). -The circuit component values may be
caleulated with the aid of Eq (15) and (22). o '

(6) 1, vs and vy Capacitative o
Another possible circuit is shown in Fig. 2 (¢), in which

1
S Y11= (SCI -+ _—R5 )y VY5 = 805, Vo :_—.. 807
1 1 1 @7
n=v=v%="F YW= L&' " BE |
By ' Gt D RC; S (RC,S+1)
E - , - :
1 (3_.__—;_‘54 )»R30’105C783+ (3&%&) [ Rzglgs 1-4BRC;0,+ RZC‘C’]Sz +
ofl) oy HBE4) 4o |
: ,[(3a+4) ro, + D Rowt (gpe )R s+ e
Equations (1) and (28) will be identical if : :
& A : :
b= (g )T o e
b= T R (30)
_ (2t «(B+4) . d \,,
“ _(3a+4 )T1+ (Bo+4) T s+ (m)ﬂ : (31)
0y = (?:;—{-_4:) [T1 Ts+ 48 T5 Ty + Ty Iy ] (32
m 7 :> . . R
o =(3«'+£‘4 .z, | ®
‘Where , T | :
T n =R0n.y (34)

Elimination of T;, T; and T, from Eq (29), (30), (31), (33) and (29), (30), (32), (33)
gives the following two equations ‘ ' ,

(36)

(160&3 5 )
- 4by by 4a;- bb, +, ?
—2 = |g,—b — 54 — »
g =\l T )T ) -
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~ by _ |, a5 4a, da; e
wd 20 = (o~ g — ) + g (2
which on solution yields = : ;
b3
4 | (@0 4 16a5) — (40'2b2+b1b22+ f—)
o =3 | x b3 - i (37)-
| (w45 ) — (@be+ 10 |
and ‘ '
_ 1.
b,2b,t - : :
= St b b - 38) -
B/ day |dasb, +(; “Z; )blbzz 4 —-—(abe? + 16a3)] (33)
3 k .

Now, it will be seen from Eq (37) and (38) that and B are real, These will be also
positive if , , ’ o
N BN g (2 821
Min [(4“2b2 + bib? + —3~ )402 by + 4a, bo?r+ 4 0 > (a, b + 16a5) >
- ’ 3 . .

. 3 . : :
(4“2b2 + byb* + %) (39)

Therefore, if the inequalities of (39) are satisfied then the corresponding T, Ty and’
T, as seen from (29), (30), (33) are also real and positive and the circuit of Fig. 2 (¢) for.
simulating the system of (1) is physically realisable. The circuit component values may
be then obtained with the aid of (37), (38), (29), (30), (33), (34) and (27).

CONDITIONS UNDER WHICH THE CIRCUIT OF FIGURE 2(b) IS PHYSICALLY REALISABLE

i Simuiatiod of the system represented by Eq (1) with the network of Fig. 2(b) is possible
only if the values of a, B, T, Tgand T are obtained as the solution of equations

1 ; :
By ?4(‘*—*_1)1,8 : - (1-1)
= SEED o ()t e 09
o af B
Gy = mT3T5+ m Ty Ts+ T-TSTS (1-4)

byt oy T Ts T 1)

are real and positive; where @’s and b’s are real and positive constants.
1t is, therefore, required to determine the conditions under which a, B, T3, T5, and T
- can be real and positive; and graphical methods may be perhaps a convenient means of
obtaining these. , e ‘
Simulation of Ty, T's and Ty from Eq (1-1), (1-2), (1-3), (1'B) and (1-1), (1-2),
(1-4), (1-5) give the following two equations ,

—9bj? + B+ 4, ' ( ,
B = 2b, (o + 1)2 ‘ (1-6)
a— 20, 0% + By 4 4o} | an

B = 4b12b22 (G + ]_) ‘
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The intersection of the cﬁrves bf' Eq‘('l-ﬁ) and 1 ‘T in i'the first quadrant of the'ocTﬂ |
plane will give both & and B as real and positive. Tt is seen from Eq (1-1), (1-2) and (1-5)

.that the corresponding T;, T5 and T, will be also real and positive. It is clear, therefore, o

that only the portion of the curves lying on the right of the B—axis are of interest.

The curve of Eq (1+6) will cut the a-axis (i.e. =0) at two points (A, A’) whose co-
ordinates may be obtained by equating to zero the right hand side of Eq (1-6) and solving
the resulting quadratic '

) 2b,02 — By — A4, =o. , - (1-8)
the roots of which are ' ’
/ : B,--+/B;2 + 84,b,

a(A;AI) == '1-b1 . . (1 .9)\ N

where
_ - B a3 -1 -
Al = (al + bz 2b1b2 ) - )
aa J . (‘1 ¢ 10)

Bl= (a1—2bl— —2—5]'—52*) o o o .
Now, if B A, >0 ' 1 o
-and - B> ~ (1-11)

‘then Eq (1-8) will have one positive and one negative real root. The other two cases, that
is, 4, <o ar}d Bl’<o‘ give two negative and perhaps complex roots; while 4; <oand B,>o0
is not possible, in view of the fact that ¢’s and b’s are real and positive constants. '

Similarly Eq (1-7),will cut the a—axis at two points (B, D) whose «— coordinates ate
' B, + vB, + 84,5, | |

“(Blp) == 7 4b1 B (1-12)
#where : :
" f 2ay b ‘
4, = (Tu _ 261—-62),
2 @y bib, : ' (1-13)
(s e
Now, if
- \> i . ‘ k . .
4y>0 B2 o’}‘ , (1-14q)
then Eq (1-12) will give one positive and one negative real roots; but if »
Either . 4, <o, By>o0 and A = (B2+84,b) >0 (1-14b)
or ' A;z =0, By,>o0 (1-14¢)
then Eq (1-12) will give two positive real roots. The other case wherein A§<o and 32<o

is not of interest as under these conditions the pair of roots will : L2
' of roots will be, negat;
- complex, : ; L .iegative and per}laps

A
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. ’ Therefore, if the conditions as expressed 'in

U -~ (1-11) and either in (1-14a) or (1-145) or (1-14¢)
\ Lo are satisfied then it is possible for a portion of each
O\A curve of Eq (1-6) and (1-7) to exist in the first
T quadrant, and,it may be poss1ble under certain

conditions for these to intersect each other at one
) \ : , or'more points in that region. ' The sketches of the
“ A0 00 portions of the curves lying on the right, of the

\l . "I A p—axis are shown in Fig. 3.
AN : It may bé evident from the sketches of Fig. 3

' \n‘—. ;l/n \: "7 that « and B will be real and positive if the set of

conditions listed in any -one of the following three
cases are satisfied.

() 4;>o0, B, 20’ and A >o, B _
Either OL > OK, OB > 04 (1 15a)
or - OK > OL, 04 > 0B (1-15b)
O (i) 4, >0, B, zo; and 4, <o, Bz >0 '
I ﬁ=——2b1°C2+ﬁIOC+A1 A = (Bz+8A b1)>0 .
, b, (o + 1) : (1-16)
I g = ag (— byoc?+4-Byoc+ 4,) and OB > 04 > 0D
S0 80P (xct ) e
: (i) A > e, B1 ~ 0; and 4, = o, 32 >0
Fia. 3——Sketches of the curves for < ' ‘
positive o OFE > 04 - (1-17)
Where | »
4 1 ay
oL= %, T 2, (a1+bz—~- 2b,b, )
. g _N 2a, b,b, . )
OK = ooy = pang ( PR ,Zbl—bz |
‘B, + \/—3—12 + 84,b, : _ By — /B 4 84,5
04 == iy o 0D = i
B+ /B2 x 8455, B,
OB = 2| \/ 1 2V1 , OE _

4b, %, ' .

Therefore, if the set of conditions listed in any one of the above three cases are satisfied
then it is possible to simulate the system of Eq (1) with the circuit of Fig. 2 (b).
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