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The distribution of latent roots of the covariance matrix of normal variables,
when a hypothetical linear function of the variables is eliminated, is derived in this paper.
Therelation between the original roots and the residual roots—after elimination of , isalso
derived by an analytical method. ~An exact test for the goodness of fit of & single non-
isotropic hypothetical principal components, using the residual roots, is then obtained.

 Let 2’ =I[z, .., & ] be a (row) vector having a p-variate normal distribution with
zero means and variance-covariance matrix . There is an orthogonal matrix

o L =[l]="[nlkyl..... i) (1)
such that ' .
2 =1L diag. (63 o} ... azf) L ' @)

where 0% (¢ = 1, .., p) are the latent roots of Z and J;) are the corresponding (column)
latent vectors (diag. stands for a diagonal matrix, the elements of which are written in the
adjoining bracket). If the roots are arranged in descending order of magnitude as

2 > o ;....;«:ﬁ

v = lgpe 3)
is called the i-th principal component. The transformation o
Y=l ypl=cL (4)

to the principal components shows that the y; are normal independent variables with zero
means and variances o},

Let ‘
X =[] g=1,...... ;P
nXPp i r=1,...... , N (5)
be a sample of size n from the distribution of ». The maximum likelihood estimate of Z is
1 : :
—— A, where
" , ) _ |
»4 A=lo]=XX ©)
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is the matrix of the sums of squares and produets of the sample observations. There exists
an orthogonal matrix @, .

G =lgl= [gu; X 9(2) l ------ Lol .
such that S
A = G'diag. (eg i s e; )@ : (8)
where '
62 >Aa§ > >0; : - 9)

are the la,tent roots of A and g() are the oorrespondmg latent vectors Then _— 6; 2
are the sample roots and , : SRR
. Zi =gy e ‘ (10)
are the sample prmclpal components They are the max1mum hkehhood estlmates of the
correspondmg population parameters. The sample variance-covariance matrix of

Z =l 2% ...... i =@ (11)

is obviously
lf .; N - i “
~- diag. (0%, sl 02 ) _ ~ , (12)
A SINGLE NONISOTROPIC PRIN(‘IPAL COMPONENT

If all the roots o2 are egual, the vanatlon of the «’s is 1sotroplc. However, if all the
roots except o3, the largest root, are equal, the variation is not isotropic. It is so because of
4y, the first principal component, Frence y, is called thesingle non-isotropic principal com-
ponent. There is no loss of generahty in assuming ‘the common value of all the roots,
except ofs to be unity. In the case of such a smgle non-lsotropm prmmpal component
-Z i8 completely determmed by 01 and /(1) the direction vector of 4. Such a situation arises
in factor analysis if there is only one (common) factor besides the specific factor ina fa.ctor-
structure!. If this is the case, the problem of testing the goodness of fit of a single non-
isotropic hypofhetical principal component arises. Thus, if Az is a hypothetical function,
we desire to test the hypothesis that #z is the same as the true non—lsotroplc component
Vqayr. Since in the populatlofx when Vapis ehmmated the remammg roots.o}, . . op of X
are equal, one feels that the criterion of the hypothesm can be based on the ‘residual’ sample
roots of 4 when the hypothetical function Az is eliminated. The relationship of the orlgmal
roots 0; and the residual roots ¢7‘; of A i;bbtéiﬁéd here,
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RESIDUAL ROOTS

The hypothetical function £ = 'z can be expressed in terms of the sample prmclpal
components Z by using (11), Thus

¢ = W=k G'z=w's=wz, + o w2 (13)
where, o :
o W= G‘h o G (1)
and we assume that for normahzatmn R \: L
| e = e s (15)

The eondxtlonel covariance in the sample between z and 2 when ¢ is fixed is (from 12)

COV (z, Zj ‘w Z) — COV (Z. ,Zj )_~ cqv (Zh @ Z) GOV (Zj w z)

V (' 2)
’_- 1 8 02 . e 3,2 0)59§ .
— - = I} 9 - P 2;;» 2 . > (16)
AL e e nZ i 6 '

l T

where 8;; is the Kronecker delta and ¢, j run from’ 1 to p. The condltlonal covariance:
matrix of the 2’s when £ -is-fixed is; therefore, -

~ -n—[0§ S;j——}-\-é-w, w, 92 0;] 3 o (17)

. where S J
L1 % 42 6 = tho samplo variance of |
w =0 2 e b ‘= the sample variance of £. - ; (18)

The latent roots of the above fconditional" covariance matrix of the z’e when ¢ is eliminated
- are‘called the residual roots of the #’s. The idea of residual roots is originally due to Williams?;
he derived them by copsidering the intersection of the ellipsoid

and the hyperplane -
wlzl+. +w? Zp =0 ~
However this geometrlcal derivation can be replaced “by the above analytlcal method Thus

‘ 10
the remdual roots are Y tlmes the roots of the determnantal equation in qu

| B oy — i o —p%l=0 (19)
This equation sinlpliﬁes to : :
1 2 _.____.______“" =0 . O (20)

PR
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and can also be written as

p g 3 Ty . 5 ‘>~: . )

Let i (k=1,..,p-1) be the roots of this (p-1) th degree equation in $2. Collecting the '
coefficients of (42) 72, ($?) »2 and the constant ‘term, it can be eagily shown that

qu 2 1 V4 02 B - ;f“::‘n:‘ w5
P % = % igl : : k (22)“,1 k
and, , o .
-1 o p 1.2
Z 42 =268 —g e 6 (23)
1 . 1 “1 :

From (21) Williams? has proved that ) B

A )
' q}ﬂl(ﬁ — )

2 .
Wi =

= J(i=1 yp) (24)
6 — ) ™ |
J“’l:j5é€ :
DISTRIBUTION OF THE RESIDUAL ROOTS
Since ¢7 (k=1,.. .., p-1) are the residual roots, i.e., derived from a conditional
covariance matrix, it is obvious that their distribution is the same as those of the original

roots 67, with n replaced by #~1 and p by p-1. The more important distribution is, however,

happens that this latter distribution does not involve the nuisance parameter o,2 and is,

theiefore, useful for deriving exact tests. This is éo because A2 is a sufficient statistic for ci

‘We obtain this distribution under <he null hypothesis :

H: Z has one root ¢ > 1; the femaining roots are all unity and the principal

component corresponding to this root is the assigned function ¢ = 'z = w’ 2. (25)
Since 4 is the matrix of the sums of squares and products (S.8. & S.P.) of the sample
observations on #, it follows from (4) that the 8.8. & 8.P. matrix of the true principal
components y is '

B =LAl i (26)
The variance-covariance matrix of y is diag. (o%:1, .., 1) and hence the distribution of
B is the Wishart distribution

+ (n—p—1)
const. ’ B ‘

exp '[-—%(-%-.bu”+ b + ..o by )] dB, (27)
o1 ’ )

where dB stands for the produet of the differentials of the p(p--1)/2 distinet elements of B,
From (4) and (11) .

y=L&z= Wz ' (28)
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where ‘
LG =W=[Wy]- A O (29)
W is orthogonal because L & G are so, i.e. A :
WW =1,, S (30)

where I, denotes the identity matrix of order p. From (28), the true non-isotropie principal
component is S o )

, , ' hi=wnz+ .. +wp P (31
The assigned function is ¢ = w'2’. Hence if H of (25) is true the two vectors w’ and’
[013,. ., wyp ] are the same. Also from (26) and (8) with {29) we have ‘

B =LAl = LG’ diag. [0} ..; 6} )GL'. =W O W’ (32) °
o lzv,he.l:é

6 =diag. (6%, ...., 6% ) ' ST (83
In the distribution of B, transform from B o ® and W by (32) and (30). Since W is or-
thogonal, there are p (p+1)/2 constraints on the elements of W and only p(p—1)/2 elements
are functionally independent. They can be takento be Wi (j > 44,5 =1,.... ... .. , D).
We shall denote by dW, the product of the differential of these p(p—1)/2 elements. The trans-
formation from B to @ and W is unique only if we further impose the condition w,5 >oforall
1. The Jacobian of this transformation 34 is the absolute. value of )

. »-1 !
00 —6) + 1w (34)
b §on e g=1

where Wgq is the matrix of the first ¢ rows and ¢ columns of W. The joint distribution of @
and W, therefore, comes out to be ( . ;

R EEE —n ' 1 1 . -1 1 )
Copmtp (8 oo | —g ¥ (o —1)| W dear. @)

; ) ' 1 = . : : R
where 5 or 8 - ' o SO

P (n—p—1)2 : 1 ‘
pW):jﬂ (67 ) e@(—~gﬁ)}:j@,*ﬁ) (36)

We shall now integrate out all the elements of W, except those in its first TOoW, viz, wy;

=200t Ve ;,p). For this we need
. - 1 . .
I - J‘ 2 _ dw, ,, S ,

‘where o : o

’ W’q = [u)q’ gF+1 eeecne e WQ, P ] ) (38)
and the range of integration is such that ww'=I,. - .
Let S

A = the matrix of the first -1 rows and p columns of W, and - (39)

C = The matrix of the first ¢ rows and p columns of W

=[”wgle—;:—]:—.1, R @)
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Hence _ : : ,
’ o e 4 a4t - 4 w,
or ) 7

Iq—f‘—A a4 oy —Bwy e o S
: s Wq,—l - [ —wy & ‘ 1T — w'y w ]/ 3 S @
Taking determinants, N v ' o \ i

o (. .
Wy = (1—wyDuw) |lr—4day

" where o RIRT ST SO IS SRS F BT PN C .

D=1l & ([y—ad )14 =l — 447 (43)
Let D =T I’ where T is a lower triangular matrix. _Transfd;m_ from w, to
my =~[mq,q+1 ................. ‘..mq,:p_]"_by— SR LY . ’

o P ; ;m'q‘i,""'*»wfq T
The Jacobian of the transformationis : o
—1 g Sy S e s L

AT = DV = A Leg— AT A= T — A AR g

Hence )
e TV A | L

ST =J(1.—mqmq )_,i d’mq': W
Proceeding in this manner for all ¢ from p-1to 2, for i.ntégr‘é,iiing’ out elehienﬁé of w, excef)’t
Wi (0= 2y eeiineinenn peaivesiey , ), we obtain the joint distribution of @ and
Wi (8=25000cenreens , P) a8 T S -

const. P (@)al—n exp [ —_ _1_'A2( 1 —1 2 de 'ﬁdwl,- s (46). o

: 2 "‘12_ ‘ 1Wn i=2 S T
where . o SR R T
: W_,ll =l —wp? =i wlf ILE ReckR o ’, (47)

"as W is orthogonal. L P L Co

We are deriving the distribution of 6} and ¢ under the null hypothesis H and so
w; = w; for all i, where thew's are the coefficients in the assigned function . We now
transform from the wi (¢==2, ........ ... , p) to é% (=1, «oovniiiaans , p-1) by"(24). |
We find on using (22) . e S
o W Jbe

X = f%. (¢ —o)

or:

L R
LA wi b forall band ;. -

ok ik — &)
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" The Jacobian of transformation from w; (=2, ......;p)to ¢ 2 (k— ........... »p-1) |
comes out to be (after a little algebra) the absolute value of o

|  Const, 7 (5 g).m (6 — 8) n(¢h - ¢k>n(a>k — 8

o A (48)
Wl_oén ¢i‘ nn (4 —0?-> mooe— e o
. k ki _ o el
‘where b, k=1, ......... e ees sp—landéi=1,.............. » P The joint distribu-
tion of @ and of (k=1, . sesseseusdes sy p-l) therefore comes out to be ‘
1 ‘ -
Cont. p(0)exp [ —g #(L—1) e &) 110 -—021 n <¢;.—¢k )
. o ° tEj
Aol & et nnled —af |
l;ll?i — 6] d0dp
moe —¢r 9
11 C R
where dé = 1, d$i. Substitute for all w; from (24) in terms of 02 and ¢f and
use (22). After a little simplification, (49) reduces to -
. 1 9 .
Const. p(@)exp[._;.xa (7;2— — 1)]0\2) 'k#k ¢ —4t | de d¢
, 2 ; Ph 1
(50).

i1 Mo —
t ke

— (o

’Smce A2 is thes.s. of the sample observations on y,, w}uch isN (0,0y), A2/02 has a x2 dlStl‘l-

bution with degrees of freedom. Hence the condltmnal distribution of @ and ¢ when A2ig
fixed is obtamed by dividing (50) by the distribution of A2, On usmg (22), it comes out as

—p—2 X
Clonst. lc (%) 2 exp;(-fé . 02 )z;} | 68 — 022 |h;élc 63 -— &3 |dOdg

eXP(—%*’ ) l'rlqbzc—o2 lid)tz

, 'b

~(51)

(One of the 67 and ¢ must be replaced by its expression in terms of )@ usmg (22) but this
is not explicitly earned out-to preserve symmetry ) )

Thus, this conditional distribution does not involve the‘mu'qance parameter o? as A2

" is a sufficient statistic. This, therefore, forms the basis of an exact test for the goodness of
fit of the assigned function.
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A TEST FOR H ‘
A measure of the total variation of the cha;i'a;cters'acl ........... e w., @ is

Z’ 67, the sum of the original roots. When ¢ is ehmmated the residual roots are o

(k =1 .. ... , p-1) and the residual vanatlon is thus P ¢’ The 5.5, of € itsell is
A2, Hence, if H is true, we expect :
S p Pl -
U=2 2 —F HF-x - (52)
i . , : |

to be insignificant. Since U is a function of 6f , ¢7 and 'X2,' its Qistiibution does not involve
o, In fact, the author has shown elsewhere that U is a x* with (p—l) d.f. Thls, therefore. 18

‘an exact test for the goodness of fit of the ass1gned functlon é. Tt should be noted that the
hypothems H, of (25),/cgmpnses of two parts. o

H, : All the roots of 2 except o2 ( >1 ) are unity and H » ¢ the principal component
corresponding to of is ‘

E=Nax=w'rz : o
A test for H is given by Bartlett”8 or Lawley®. The more important part is, therefore, of
testing H,, which deals with the direction of £. Anoverall test of H, as the author! has
shown is provided by
b
v=26 — N _ (53)
i=1

" which is a ¥2 Wlth n(p-1) d.f. For H, alone, however, we should. use U It was shown by
the author that U and v—U are mdependently d.lstnbuted :

In H,, the common value of all the roots of 2 excludmg o3, is assumed to be unity,
Ultp—1)
(-U)/(n-1)(p-1)
as an F-ratio with (p-1) and (n—l) (p-1) d.f. because, in that case Ulo? and »-U/jo? are
independent chi-squared variables. This, therefore, provides an exact test for Hy, ,

However, if this is not so, it is o andlfc is unknown, we can use

A numerical example and the use of U for obtaining confidence intervals has been
- given in the earlier paper
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