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Sampling plans by variables with special reference to life-test problems based on Wei-
bull. distribution are obtained. The life-test is terminated at the r-t failure. The sampling
plan is such that a lot is accepted with a preassigned (high) probability when the specified
mean life can be established. OC-functions of the plans are obtained and Producer’s risk
‘I8 also discussed. A method of obtaining minimum sample size has been proposed - 50 as
to obtain the required number of failures within a prescribed time limit with a given
probability. - : . ‘ !

Recently some work has been done on acceptance sampling based on life testsh:2:34.
They are all based on the attribute plans. Our object is to discuss some sampling plans by
variables with such life-tests objectives based on Weibull distribution. Thislife distribution
which includes exponential distribution as a particular case is one of the statistical models
for life-length of materials such as electrical and electronic goods. [See for example, Kao®
and Weibull®]. , ' i ’

In many life test problems it is customary to terminate the experiment as soon as first

v failures are observed. If # units are placed on life test and if #,,¢,, ...... , I be the first .
7 failure times (measured from the start of the test), then assuming a parametric model
for life time, we can set confidence limits on one of the parameters {or on a function
of ‘this parameter). Alternatively we can obtain. a.decision procedure which assures a
specified mean life with a preassigned (high) probability, thus providing the consumers
protection. The parameters model is assumed to be Weibull distribution with its shape
parameter p known. . »

CHARACTERISTICS OF WEIRULL DISTRIBUTION
The probability density is given by -
[ (t) = (p/6) tr—1 exp § —t7[8 L 0<t<<oo, p>0, 08>0 1)
The moments of the distribution about the origin are - '
r ) N
W, =B () =8 /4”)1’[1+(1r/p)], so that

: p .
ply = Mean =[ 0, 1T [1/p] : L 2)

It is easily seen that Weibull distribution corresponds to a failure rate of :

Xt) = (pfo )tp

We shall give here the maximum likelihood estimate of 6 based on the. first » ordered
observation #,f,.........,% whenn unitsareplaced on the test. The distribution of the
. . . 115 - : . ‘ .
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above estimate may be obtained on the same lines as given by Sobel” for exponential distri-
bution, :

Theorem 1—The maximum likelihood estimate of 0 is g1ven by
AT N » : : ,
97n=|:‘2 t‘.—f— n—-—r) tr‘}/r] : i ‘ (3)
=1 . . ) )

A .
which is unbiased and the distribution of 2r8,,/0is the #® variate with 2r degrees of
freedom.

Proof—The likelihood function of the sample £, 5. v vvvnene e , & is given by

’Ii [ Y —r) ! HH(MB —1] exp { —Et U wh ¥

exp! } ] — \(4)

The logarithm of the liklihood (4), when maximised, gives (3). It may be noted that p=1
gives Sobel’s results. _

A
- To obtain the dlstrlbutlon of 0,, we put

P
p=t, 9=t — l‘u_l (t=23...... , 7).

Tt may be easily seen that the ]omt d1str1but10n of ¥, Ygovnvv-- , Yr 18 given by the
probability density ‘ -

. (. (n—i+ Dy
f O Yo -9 )= [ T ( (n—1t+ 1)/9) exp ___(#_0_)_3/‘}] ®)
“From () it is. apparenﬁ that oy, inenen y, are independent and the distribution
of (n—i+1)y; is given by the prebability density 1/6 eXp[ ] ‘which has the charac-

teristic function E(e'ei” = (1l —taf) 1. Hence the characteristic function of the dis-

pn—i+ D)y

A .
tribution of by = Z ( 18 given by
. i=1 r . . y
wif \—r -
4>/\ (d)=( 1—— ) , | - ®
m - :
By inversion theorem, the probablhty densﬂ:y 18 obtamed as
r\r—1 — 70,
f (0".) — *U (7) "m eXP { - (7

From (7), it may be easily seen that E (0,,@) =6 and 2rl9m /0) is distributed as x*
on 2r degrees of freedom.

: Remarks—lt may be noted that the dlstnbutlon of em is independent of p and #, and is
the same as Sobel’s result.
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CHOICE-OF SAMPLING PLAN FE

A common practice in life testing is that n units are placed on the test and _fhe

life test is terminated as soon as a preassigned number r of failures are observed. This

preassigned r generally depends on cost and time considerations. We want a sampling plan

which will establish a desired mean life of the lot with a given (high) probability. This can
be done with the help of the statistics (3), as follows: o

(¢) mitems from the lot are put on the test and the first # failure times ¢, ¢,. . . ., &
are noted.

A A
(1) compute the statistic 6,,, and accept the lot of 6,, >4, otherwise reject.
The choice of the sampling plan is the choice of 4, which is made according to the
following consideration: :

Given a value 6, and a number P* (0<<P*<1) we want that the probability of the
acceptance of the lot under this plan, whenever 8<<8, or equivalently the mean life is less
than a specified value, is less than or equal to P*. :

Mathematically,
A ’ : '
P, 6, > A/6<6} < P* (8)
2r4 . :
or P, {x% > io—/e‘<e°; < P*, using theorem 1, where xZ, denotes x2

variate with 2r degrees of freedom.
This condition is, of course, satisfied if we choose 4 such that

2rd .
P, {X22r>; <P , 9)

.. 4 s . .
Minimum values of T‘foﬁ a given value of 7, satisfying the mequahi;y (9) for
P*=0-01, 005, 0-10 and 0-20 have been shown in Takle 1.-
TapLEl

: . i G A
-t - oo~ TABLE- -SHOWING - MINIMUM VALUE OF g FOR A GIVEN VALUE OF CONSUMER’S RISK
o !

, /P : 01T ‘ -05 -10° -20
/ . , ‘
o1 4605 2996 2:303 1-610
2 3319 2:372 . 1-945 © o 1-497

3 2-802 © 2099 - 1-778 ©1-426
4 2.511° 1-938 1-670 1-379
5 2:321 ' 1-831 1-599 1-344
6 2.184 - 1.752 1-546 1-318
ST 2-082. 1-693 1-504 1-297
8 2:000 1-644 1-471 1-279

9 1-934 : 1:604 1444 1-264
10 1-878 1-570 1420 - 1.252
11 1-831 - 1-542 1-401 ° St 1-241
12 1-791 1-517 1-383 o 1-231
13 1771 1:496. 1-368 1-223
14 1-724 1-476 1:354 .. 1-215
15 1-696 1-459 1342 . 1.208
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It is apparent that p does not occur explicitly in the inequality (9) and that the same

Table 1 may be used for obtaining 4, whatever be the value of p, but the statistic 9,,. is
 different for different values of p. It is also-seen that the choice of the sampling plan does

not depend on the number of units placed on the test but this number may be fixed

according to time considerations as discussed later. o :

. OPERATING CHARACTERISTICS -
OC function is the probability of accepting a lot under a given plan and is given by

' A : ard /0 s ' : .
- . 2 i .
Pr { 6,024 } _.P.r‘ {Xz, > ( 6|70 )} T - (10)

0C curves for a few selected sampling plans (r=>5, 10, 15; p*=0- 01, 0- 05; 0-1)are drawn

in figures 1, 2, & 3. They give the probability of accepting the lot for various values of
6/6,. ; '
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Fie. 1—Operating characteristic curves - Fre. 2—Operating characteristic curves
for Weibull distribution for » = 5. . for Weibull distribution for » = 10.

The producer’s risk is the probability of rejection of the lot whenever 0>0, and is
given by ‘ ;

L | i e e
Pr { b <AJ0>0, }::Pr {;g <22 %//0}00} a1

Thus for any given 6 > 8, we can compute the producer’s risk for a given sampling
plan from x>—Table [1]. For a given value of producer’s risk, say a, one may be interested
to know what value of 8/8, will insure a producer’s risk - Za, when the sampling plan under

" discussion is adopted. From equation (11) one may 9btain

| A 0N U
PT {Xzzrfj ( 00» / ao )/ 0/3°> 1 } >1 o » (12)

The minimum value of (6/6,) satisfying the inequality (12) is given in Table 2,
for & = 0-01, §-05, p*== 0°01, 0-05, 0-1, and various values of 7. -
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TABLE 2
SHOWING THE MINIMUM 6/6, FOR A GIVEN VALUE OF PRODUCER’S RISK

: * . L .
AN Producer’s risk ¢=0-05 Producer’s risk a=0-01
' 0-01 - 0-05 ' 0-10 0-01 0-05. 0-10

1 © 89-417 58-165 44-709 . 458-209 ©298-060 229-104
2. 18-674 13-288 ) 107941 44704 31-946 26-192
3 10-283 7-702 6-511 19-280. 14-440 12-208
4 7-351 5-674 4-889 12-205 . 9421 8-118
5 5-801 4646 4-058. 9.-073.. - 7-157 6250
6 5017 4-023 3-549 7-342 5-888 5-194
7 4-435 3-604 3-206 6253 5-083 4-520
8 4-019 3-303 2-957 5506 4-524 4-051
9 3-707 -3-074 2-768 4-962 4-1156 - - 3-705
10 3-462 2-895 2-618 4-548 3-803 3-440
11 . 3-252 2-738 2-487 4-222 3-555° 3-163 -
12 3-104 - 2.630 2-397 3959 3-354 3:058
13 2-968 2-528 2-312 3-742 3-188 2-915
14 2-852 . 2-442 2240 3559 3:047 2-795
15 2-752 2-367 2

177 3-403 2-927 2:692

SAMPLE SIZE
Ttis to be noted that 80 far in the discussion of the sampling plan and their characteristics

n did not occur explicitly anywhere except in the expression for Bm Thus for a- preass1gned
A

7, the choice of a sampling plan and its characteristics are in no way affected 6,, by the choice
of n, so that one may ask: what is the number of items that are to be put on the test?
To answer this question it may be noted that the time to get r failures is a random variable
whose distribution depends onn (and also p), so that we may fix » such that the test
terminates within a prescribed time #, with a probability exceeding a given value D,
Since the distribution of ¢, == y is given by the probability density

! —r+1)
1) = V”U?W_T,e@i—"ﬁ—lj;ﬁ—}uww”

(1 ——exp{ yp })r»; 1 . (13}

the above criterion may be expressed mathematically thus

l ‘ o o ‘
ff@@>”* ' (14)
It can be easily seen that (14) reduces to ' '

1,7) > 1— P** ' '
e‘P{ e 9} —rbn K - (18)
Where I, (p,q) is the mcomplete beta function ratio tabulated by Pearson. Thus for a
glven r and P** minimum values of n may be obtained from (15) bv usmg Pearson tabless.

COMPUTATION OF TABLES

Tables 1 and 2 have been computed using equations (9) and (12) respectively with the
help of x>—Table 1. For computing Table 3 the equation (15) has been used. Since the in-
complete beta function ratio I, (p, g) are available ® upto the value 30 of the” argument,
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it has been necessary to use the following equivalent or approximate formulae for higher
values: S

o

. r—1- n
T m=0 . . ) .
and S : '
L (n—1+1,7) &P iy > In(l —x)} < 1 — P*x - an
4P :
where % = exp —J

‘ Table 3 has been>p1‘epared,nfor P*%=0.95 from equations (16) and (17), whenever ne-
cessary using Tables at references 9 and 10 respectively. It may be pointed out that the
tabulated values of » are always rounded off to nearest higher integer.

1.0

0.91

o.8L

PROSABILITY OF ACCEPTANCE‘

%, -

Fie. 3—Operating characteristic curves for Weibull distribution for r = 15,

ILLUSTRATIVE - EXAMPLES

Ezample 1: Choice of sampling plan—Assuming that the life distribution follows
Weibull distribution with shape parameter p, we went to have sampling plan with P’'=0-5

and r==10. From Table I, we get ~—?— = 1+57. Suppose we take 0, = 1000 hours, tlen

our sampling plan is such that accef_)t the lot if 6,, > 1570, reject otherwise.

Ezample 2 : Producer’s risk—For the plan considered in Example I, éuppose one is
interested to know what will the quality of the producer’s product so that his risk is less
than G- 035, the minimum value T = 2-895. Thus the manufacturer’s product should
have the true mean life at least %qual to 2895 hours.

- Ezample 3: Choice of sample size—Given a sampling plan (r, 4, 6,) how many’ items
are to be put under test when the true meanlife & = 6, so that a decision is reached within
a given period ¢, with a probability exceeding P#*=0-95. For the plans considered above, if
we want a decision within 500 hours (for the case p==1), we see from the Table 3, the mini-
mum sample size is #=37. On the other hand if we wish to have a decision within 300 hours

‘we see from Table 3 that the number of items to be put under test is 58. -
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