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ABSTRACT

This paper is concerned with the unbiased estimation of integral powers of the variance
from a sample taken from a large population. The method characterises the distribution
free estimation. It also gives the variance for the estimated powers of the variance to-
gother with a few examples wherein the resu]i;s obta.med find. their apphcatlons

INTRODUCTION

In certain situations it is of interest, sometimes necessary, to study the problem like—
that of estimation of higher integral powers of the variance. In such cases one should
consider the estimation of the r t power of the variance o* rather than estlmatmg the
variance itself and then raising it to the r th power. It is essential also in yiew of the fact that
sample estimate of the variance, as well known, is always biased, consequently the hlgher
powers of the estimated variance will involve greater amount of the bias, making it too
faulty for all practical purposes. Therefore, a function as discussed in this paper cer-
tainly gives an unbiased estimate of the variance as well as for its higher powers. The
underlying assumption is that the population mesn is either zero or known, for instance
suppose we are interested in estimating the radius of a sphere which includes say o %, of
the probability mass following orthogonal tivariate normal law. The function as will be
shown in the text involves higher powers of the variance therefore requires unbiased
estimators for them. Slmﬂarly the correct estimation of the error function and jts com-
plementary would require essentmlly the unbiased estimators for the higher powers of the

A,
varjance, as illustrated under Estimation and Variance of Functions Involving p, . Classer!
has considered an unbiased estimator for powers of the anthematlc mean and the present
work it based more or less on parallel lines. o -
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This has been obtained with the help of binary symmetric functions which are a
special case of symmetric functions typlged (Fisher?) by
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where summation takes place qver a)l suffixes 4, 4,.......... u,v» which are different
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The numberz m = v, say is called the crder of the symmetric
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function and .
E ”; p, = v, 8ay, is called the weight. There are nfv terms in the summation
j=1 B

on the gxght of (1), where nus the number of poss1ble dlﬁ'erent suffixes,
bypum PL= 2, Py =P =“~~~ pa =-0 and =N =y

we get from (1) the bmary symmetric funetlon
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where suinma.tion extends over all permutations of all sets of 7 observations in & sample
of size N ( 7<N). When #’s are measured from the mean g, (2) can be rewritten as
2 2 ‘ 2
(L =2 Xy X».jz ..... e Xy : : . o (3)

where X; = z; — B | .

The " expuotation of(2) gives - :
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therefore :the: unbiased estimater for '-;é'-is
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Tk one part »sym_metne function or power sums are defined as (David and Kendali?)

Si= > X - ©
) .. B e . .
for given valuesof 7 the estlma.tor (5) can be expressed in terms of power sums. '

For T = 1,‘2 3, 4 and 6, we have .
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" The - coefficient g TTgy Atses because there are ( ; ) combinations of

B pairs of the equal subscripts ( B ) from each of the set of ¥ and then must e

multiplied by B! , the number of ways in which the ﬁ paars ma,y be. formed Then .
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Var (;f\;‘) Nw { (N — 4 > N }.m? + 16 (N = 457 yypy
' +72<N—4)‘“]mu‘+96<N—4) bt T Pt l : (1?41‘

forr=1 the result (11) tallies with that given by Kendalt ¢, .

The aboye expressions involve second moments of degree ejght and fourth moment of
degree four. The unbiased estimators fory,S (S = 1,2,3,4 e)gare given below while for p,” the
estimate fig? 1S to be substituted from (5).
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while for p,zs (8=1,2,3,4,6) ate given in the previous section. As it Jooks from the last
A
expression of (7) the evaluation of p,8 will stlll be complicated. The alternative is to neglect

/\
the term involving py 8 when N is sufficiently large since the coefficient of the term will be
very near to zero.

ESRIMATION AND - VARIANGE OF FUNCTIONS INVGLVING;}zy

Consider the function
o ) -—n

A.‘.é= IE_K@(M) , : {168

n=0
The approximate unbiased estimator of (16) will be given by

Oy Y

nd the estimate of its variance

(%

»Var @) = {Z gnz,f{‘}z + zz qpf” i F:— (S f?, )—2\%- '(18)

n=0" p=0g=0 [
p #q

for example, let us consider the function _
o V2 7 i

00 %= 33 — 105 T B6a

where r = vt + y? + 2, z,y and 2 et normal Varlateq with means equal tg zero and

variances equal to-o3. Its admissible "oot gives the spherical probable error (Singh®)

when o = 50.

In order to determine the value of left hangd side for given r we will have to make use of

estlma,tors for higher powess of vana;tce and it will hg g},ven by
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Although the above series and the following (21), (22), (23), and (28) are in finite geri :
they are rapidly convergent that is if S, and( Sy+14denote the. éart)ialr sumg %Qine;ﬁzﬁ
F(z/g) including # and n-1 terms; regpectively, the true value of F(z/o) lies between S,
and S,+1, therefore the difference hetween F(z/c) or 8, is less than the first term in the
series that is neglected. Ce . o ,
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The correct evaluation of a would be helpful in testing the normality of a trivariate
normal samp}e which is bemg discussad by the authar in a separate paper. Similarly
unbiased estimators and variance of the expression of error function can be had from
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and the variance ' o i S
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If the function is of the form,

¢==':E>£1P2 | ' ‘i k&“)
. n=0 . . . ' o ; ’
The unbiased estimator for ¢ is given by - :
AR A, . IR
$ = ZK:! B if  Nzm (2
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Where p,” is given by equations (7). The variance of ¢ is

- A n A LU Y A
Var ¢) = 2 Ko ® Var (u?) + 22 Ko Ky cov { gt , iyt
. = n=0 p=@ " L
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Var (u," ) is given by equation (10) and
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For illistration let us take the complementary error function

A z 1 —= 1 /\2 13/\4‘ ‘ 135/\6
B2y o[l e 13t 180
1 H( " ) o e [ z . o T i T T

o SEE LA A :
. ) i 2 3 o2
+—T"'. ........ ]0 (28)

where # is the normal variate with mean zero and variancé o2, The expression (28) is a
polynonial in o2 The unbiased estimator and variance of (28) may be obtained
by making use of equations (5,10, 25-and 28) and unbiased estimate of o is obtained from
. /\ n
g = 04 £ i E x.'z

" 4 t=1

where C=\/-;i r (n/2) /P %(u+1)

The term e—2?may separately be evaluated from any suitable table. An unbiased esti-
mators for the normal theory error function has been given by Bartons. The  present
paper provides approximate unbiased estimators by distribution-free approach. The bias
may not be significant for the evident reason that normal error function series are
rapidly convergent. _ :

‘Similarly unbiased estimates of higher powers of variance have their applications
white éstirhating dispersion by the use of higher order mean square siiccessive differences
in‘cases ‘when strong trend is present in the mean values and the method of first differen-
ces ‘does not adequately eliminate the trend as discussed by Moore’, The mean
square successive second differencédis defined by Kamat® and Rao® as '

: . n—2 CL .
el s : o o
e ‘82 e (,n__..2) ! Z ( x‘q_‘z — 2m‘-*‘-1+ Z .)2 - (29)
. & o i = i B ¢ . - L '
The, absolute rﬁoments pwr 8%, § r = 2,3, il « 3}, of & involve
o (8=1,2, .. PRI ) the moments -about the mean p,' of the sampled

population which should - positively be replaced by - their unbiased estimates
while. evaluating the moments of 8—, in order to get better estimate of the
moments of &2 ' o o ,
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