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ABSTRACT

In this paper the multi-channel queuing system with finite waiting space has been consi-
dered under Poisson arrival and exponential service time distributions. The Laplace trans-
torm of the time-dependent probability generating function has been obtained. In two and
three channel cases probabilities have been derived explicitly and known equilibrium results
are shown to hold. At the end are given the tables for mean number of units in the system,
with two and three channels, and the probability that an arriving unit on finding the
system occupied is lost.

v INTRODUCTION

Much stress has been observed to be laid on finite waiting space problems in queuing
theory for its utility to the industry and to other spheres in practical life. The steady-
state solution of the multi-server queuing system with finite waiting space has been studied
by Jackson3. The solution of the single server system has been given by Heathcote and
Moyall. It was however Saaty? who studied the transient behaviour of the multiple-channels
queuing problem with infinite waiting space. : '

In this paper an attempt is made to solve many-server queuing problem with finite
waiting space. The Laplace transform of the time-dependent generating function has been
obtained. In the case of two and three channels, the probabilities have been expressed
explicitly in Laplace transforms, the inversions of which involve prohibitive Mathematics.
The steady-state solutions have been derived by using the corollary of Abel’s Thecrem.

THE PROBLEM AND ITS SOLUTIONS

Assume ¢ service channels. Let the maximum number of units which ean be accommo-
dated in the channels and the waiting space be N. Suppose the system (units in waiting
queue and. under sérvice) starts with i (> ¢ — 2) units. Define P, (t) as the probability
that at time t there are n units in the system, so that P, (0) = &, the Kronecker delta.
The forward difference-differential equations can easily be seen to be—

dP, (t)/dt = — AP, (t) + p Py(t) 0]
dP, (t)/dt = — A + np) Py (t) + NPa—1() + (n + 1) pPat1 (),
‘ I<n<e )
dP, (t)/dt = — (X + cu) Pn (t) + APp—1(f) + cpPp +1(t), e<n<N 3)
dPy (8)/dt = — opPy (t) + APy —1 (2) )
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Introducing the generating fanction

‘ .Fw).-.—.z'p,, @)a;n m-that F(aw) S R 4;-(57)
Multiplying (1) through (4) with appropnate powers of z and adding, we get

AF(z,t)/dt = — (A~+ op — A — —_,,;) F(zg) +» (1 - ’195)

o —niP, liyh +NL—) 2V P () (6)
n=0 . . . .

Appl'ying Laplace transfori viz., f(s) = Je —% f(@ydt to (6), We have

8+ L do + 1—0)Py (512 5o — m)En (9"
7 %R —Ts + X+ wje + o]

:" The denbmmator on right of (7) has two zervs in

Cdg ()=Ts + A 4 op £ (6 + A+ onyf — — donu]/2A

, I_’(x,s) = (7)

!5

and since 7 {x, 5) i regular for all domains of @, the numerator must vanish ab = a:l
(for +ve root) an.d % = o (for ~ve root) gwmg rise to two relations - R

w1 D 43 = a,) Py (s) — n(l —mlmc Py (it =0 (®)

c—1

“ot F 1 Qo +1 (1 o ) Py (§) — p(I — atp) Z'(o — n)Py (s)aé" =0 (9

Jinvolving (¢ + 1)~ mﬂmowns‘.
The other (¢ — 1) relations are
: A
¥

= A H‘sz()( e

i - dk A
[ —e—n = =y |

—

L A
T o[

dF 8 R X o B )
e {i.[;,—(cfl), L —4), — (1~ ]"%%0 oo —2 - (10)
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as given by Saaty?, equation (21).

Solving equations (8), (9) and (10) and substxtutmg the values cf, P,I {s), (o < 'ﬁ‘fl‘ 1)
and Py (s) in (7), F (@, s)can be knOWn oompketely, from which different qneua M
hetérs can be determined. . .. - e e

Particular Cases :
I e=2 ;
For ¢=2, th> Laplace transform of the generating fun.gtgo» (N i is  given by

_,_w'+1+MN‘“(1—~$)PN(S)—-M(1w-w)[zpo(’)“”zp;(l)] |
ﬂ”fs’,_ ~DF—GEAT T i

and the equations involving the unknowns P _(s), f?;y’ and Px“ are
B+ 281 (L — BYPy(s) — MLy~ BO2Ps) + BPy(s)] = 0,
B +1 4 28N +1 (1 — By)Py (s) — p(l rﬁz)[zpo(s) +. BgPl(S)] =0 (12
and (s + 3) Byfs) = p Pifs)
where B =oyfc —2, By=a/c =2
Solving equations "(12), we get
Pyfs) = [(= + /] Pife), o
Py (s) = {[20 + (s + NBIABF + 1}Pys) — ML — By) BF —¥) 1
() " o -~ —a—pasr— |
Plo) = G gt — Rt G VR + T TR

')

- 13)
Steady State
We make use of the WPH known property of Lap”lace transform i.e. Limit sf(sy=Limit f(z),
550 t—>o00
¢ T A Y
if the limit on the right exists, (11) and (13) under stea,dy state glve o
S
, 1+ pz— 2N 1N +1 » ) -14
F(z)= T - -P? ‘ : ‘(’ ')
P,=r TP 4nd (15)
°o =1 p—2pN F1 ’ ' )

P,=2%"P, , 1<a<N ~ LR



et ity o = 1;“_23%, 1, p- Béihg the utilising ‘factor. Denoting by L, the
mean number of units in the system, we have

R 2p[1—pN{1+N(1~—p)]
TTd& |e=17  (—pIFtp—207 T

(17)
Letting N > o0
90

L= PP , & known result.

II1. _6=3
' For c==3, the La.pla.ce transform of the generatmg funétion (7) red;uces to

o +14 Mgl +1 (1 — x)PN (s) — y(l — :1;)2(3 —_ 'n) P, (s)an

oy HEO =T R T A T e 5
| ‘ \ (18)

The relabmns in four unknowns Po(s), Pl(s), (s) and Py (s) are .
et 4 ML — ¥ + Py () — !"(1 - ')’1)[3P (S) + 2n P 1(31 + ')'12P (s)]—O
P+ 4 AL — yhya + 1P (5) — (L — 1)BE() + 2oP(6) + 72 Pos) = O,
(s -+ NP, (5) = wPy(o), o |
2Pys) — (s + A+ WPy(s) + AP(s) =0,

 where = /e = 3, Y2 = _%/c -3 v -

Solving the above, we get

( 3; )‘+ 1 [ (1 ——1(2))'2 “—-— c —.—71)71;"“5_‘]: .

P - -
(1 N 71)(1 B '}'2)[ " 1 —n’ + 1) + 2'}’172(72 — ¥ ) (s + 'A )
! 2
2
4 - o 'f”f‘.‘t"‘}’az(?’z - % ol 1){ w }]
— oof A - ) ‘
Py(s) = (" ‘:: )PO(S), . ‘ - (19)

v Pyfe)'= {[{s+-A)*+su]/2u23 P (s), and

/\ — o
PN(s)—- X SHIH% (’t )+ ;;, {(s A+ o 1]Po(s)‘

r , — [)‘(1 — 71)‘}‘1 _'] . J
With 'Ehe help of (18) and (19), F(a:,s) can be obtamed from which different queue para-
meteys. can be eyaluated,
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_ For the steady state, following the method employed in cased; it can be gébtihat
rélevant probabilities are " T T e T t

;’« S :',. Ay - ¢ ‘,‘ >y
U 2440+ 32— 9N FT
P, =3P, : S (a0
(3)3 ‘ : SEL S N
Pn,= 3' PnP°’2<n<N
Also the generating function (18) reduces to
F(m) — - 2 (1_ Pw)‘ ST : Pe Tn R et Bame o ,‘( 21)

Mean number of units in the system for fhis case is

L 324 2%—p =31+ NL—pl} - @)
 (L—p)2+4p+ 3P T .

Letting N->oo, it becomes

L %@ F%—p
(1 _‘P) (2 + 4P + 3p2)'

R S A

NUMERICAL RESULTS :
With the help of the relations (16) and (20) o
2 — g o |
= ype—gmer o fre=2 L
9(1—p) ¥

. f — A R T TETS R DS { :_F»_V;_,:“vé(
S FdpF3p—9pNFT v ro=3" .

where Py is defined as the probability that an arriving unit is lost on finding the system
occupied. The numerical values of Py have been computed for various sets of p.and ¥
the results are given in Tables 1 and 2. e '

TasLe I

- ‘ NUMERICAL VALU@; oRPy
c=2 ‘
N\ P . = X P
\ 1 3 5 7 )
N A <
2 ' -01639 ‘10112 T2 28004  -36852
3 +00164 02044 1 09081 ' ‘16872 .o4s04
4 00016  -00876 -04318 (10863 18950

5 00002 -00262 -02128 Comess e
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TasLE 2,'

NumeRricAL VALUES oF P ~ WHEN ¢=3

-00333 -05007 © -13433 -22538 -30874

3
4 -00033 -01480 06294 -13627 -21744
5 00003 © - 00442 -03051 -08708 -16367
6 -000003 . . .-00132 -01503 . -05746 +12839

Aga.m empioymg the relations.(17) and. (22), the npumerical values of L have been
tabulated for various sets of p and J¥ in Tables 3 and 4.

-+ TaBLE 3

Nuomertoar, VALUEs of L WHEN c=%

-\P-- T Y 03 03 07 - 09
N ~ , : , ~
T2 0-197 " 0.5 0808 0004 1-140
3 - o2 o612 loso L I.602
4+ o2 - oeM - ERA Tew el
5. o202 ot . ras Fsx | 2w
T Lo T © 0 Pamug 4
v ' NUMERICAL VaLuss oF L WHEN c=3
\" o ¢ 03 05 0-7 o
g 0-298 i P T 7 1-209 1-627 1-866
4 0-300 0-901" 1-469 1-950 2-330
5 ... 0300 0% 1576 2:216 2:767
6 " 0-300 0028 -. 1-643 ' g3 3182
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