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ABSTRACT

This paper considers the behavj stemhaving o general failure time distribution with
probability density S (x). The Laplace transforms of various joint probabilities have been obtain-
ed and the corresponding results for some particular cases aré dedused, In: the end the beha.
viour of the system under steady state is examined.
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CINTRODUGTION N e

Ly

Hosford® considers the pointwise availability of a'systemi wilh cohstant failure and

zepair time distributions, In this paper Hosford’s assump lonsare relaxed in as much as thet

the failure time distribution is.assumed to have a probabilily. density -8(z):. . The utilisa-

tion of such a density function brings forward the effect; of.ageing on thesystem. Further

the employment of joint probabilities of the kind which includes fhe contingency that -
the system has suffered » failures by thetime(¢- is carriéd out with a view to extract

more information about the behaviour of the system. Tt may be observed that the foliow-
ing probabilities vrz., AT e

(a) Absolute probability that the system has suffered (7 failuves by time 2. - ':
(b) Absolute probability that the system is operable at time t, »
are eagily obtainable from the corpespanding joint probabilﬁiesﬁdeﬁ;t%&*fn--the body of

the paper. The supplementary-variable? technique has been employed to obtain the
solution. :

N

i} DIFFERENTIAL EQUATIONS.GOVERNING THE BEHAVIOUR- OF THE SYSTEM
R
Define, '  n v e

\ e o e B (R Ns
VU Promt)dz = the joint probability that »" failures haxe ocourred By The time ¢, the
system is operable at time ¢ and the elapsed time since it was last commissioned for
operation is in the interval (z; o'diw). | = in: 7 Ty i o RS T
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Py, p (t) = the joint probability that the system has stffered n failures by time ¢ and
that it is in the outage stage at time.s. . . . . 3
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Elementary probability considerations lead to the follovj'v’ing forward equations for the
process:—

e}
S5 P (b d) = P — ud rfpaﬁ:r:‘l;oa,taﬁwidgjj 450
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Pur(t+ 4) = Por (1 — pd] OO )
Pn,o(x + 4,t+ A) =an,0(w’ t)[l - n(w)A
o P DS n

where 7(z) 4 isthe first order prafability that the élystéiﬁ'fai]ks‘i’ﬁ the time interval between
zand z-1- 4, conditioned that the system has not failed upto time x since it was lagt com-
missioned for operation, The relation® between 7(x) and the probability density 8(x) is
given, by, \

z

e et e
Sy =a@e © - R
‘Equations (1) through (3) are to be solkv,ed qnde,:; the boundary condition:
o Pude ) =pPar) o My
_ wluch ‘arisés frOﬁn i‘the. fact ‘fhat 288000 a.s‘ the sy?cem"is rei)a‘iréd,' it 18 ‘coxr;missibn‘ed' fé";r
‘operation; and initially if we count time from an instant when the system has suffered
one ‘fg.i}u:ef’:a,nd happgns"ﬁp be in the failed state, then, G e
e : H»P;l,’F(O)::'o,‘ ’n_>1
=1, n=1

Equations (1) through-(3) become when 4->0, .

____—-an — ‘ " N ‘ . : R ,_’
o ,éf(t) Tk P”'F(t);‘J‘P w—1,0(%, D@} BT ()
P
‘%Q+MI'F(t)'=O ce S (6)
3P'n,o x4 8P, o(x,t i ) o
—_— at'(—\ —), + ———aw—(*w—)‘-f‘ '”(x)P’i"’o(w;’t) =0 e L ﬂ o (7)

Let the VLé.‘pla.(yze transform of the function f() be denoted by
fs), ie. F(s) = f e f(t)dt, Re (s) =0
(see ref. 4). -

.- Applying the Laplace transform, the equations (4) through.(7) with the initial -condi-
‘ions mentioned above become,” Lo o R

Pmo(o:s) = .,PP.”’F(S) . . . . ' . .o (8)
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(8 + #)Pn,x(s) fﬂ—w@)ﬂ%”c- e

(s + ) Pusls) = 1

) Pﬂ O\ ;‘\ -
" and i—'—g—)—+ b+ o] Pﬂ,o(w s) -0 :
which onsolution gives, . - g
P, (z,s) = P, (o, s)e_'f“‘ e ° '

With the help of equatmns (12) a.nd (8), equatmnﬁ) glves,

(8 + #)Pup(s) = pPr—1,5(s). S(s)

where S(s) is the Laplace transform of S(x)
Also from (10), we have,

. 1
»'BI:F(S),:= s dm

Therefore from (13), we get,

o= { o a0 [ -,l{b,_,&ﬂ -

—_ n _ n—-] :
and Pn,o(o, S) = {W}[S(S) ] .

Again,

-
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i.e. Pn.o(s) = Py,{0, s)[ ————E@- } :

e

where P,,,o(s) is the Laplace transfoerm of the probabxhty tlmt P,,,,, (t) the system has

suffered » failures by the tlme ¢ and is in the operable state at time ¢.
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Using (15) in (16), we get,
N T (N 1—8@,) ,
P, o(s) = [———————-——(s T ][S(s)] { } e L@

Employing the rela.tion,

, P, (s) = P,,F(s —{—P,,,a(s) e e R (18)
where P, (s) is the Laplace transform of the probablhty that Pn (t) the system has suffered
n failures by time ¢ which is equal to the sum of the Laplace transforms of the probabﬂl{ ies
that the system is in the failure state with » fa.llures and that the system is in operable
state with # failures.

Substituting the values of P, p(s) and Pn,o(s) from { (14) and (17 ) in (18), we get

R IS

S R R

Again . . , R

ook

TJm(é):ZP,,,F(s) . O -}
' n=1 U :‘&:‘.

where Pp (s) is the Laplace transform of Py (t), the probability that the system isin the 7’
failed state at time t.

Substituting the value of P, z(s) from (14) in (20) a.ndj summing, we have.

Pr(s) = LI O 5

s+l —8E -
' Provided, : - ot

M(#+S)—‘S_(8)}<1 -

P

which gives the restriction that Re (s) should lie outside the roots of the equa.tlon

?—pr—p=0 L

. BEHAVIOUR OF THE SYSTEM UNDER STEADY STATE-= )5 °

To this end, we examine the limit of the expression, s[Laplace trarsform of Pr (t |
as s->0°which gives Py, the probability of the: system beirg in, the falled state When the
state of statistical equilibrium has béen reached, B L
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‘Front' (21), we get‘ P TR R R i &

SPF(S)‘:- i s # — “eg / ' .v DhL ,' .,,, i ,..;' LU .. o :',;., (22)
s + y{l ,—-«’S(s)] Vo P, ,

.

1 ~ NS I
whence Pp = [ 1 + ] , Where L the“avera.ge life, under véry weak conditions
.On S(x) ie., ex1stence of the varlance of hfe | &

| PARTICULAR CASES o

(l) EXPONENTIAL FAILURE TIME DISTRIBUTION N T ey

RN R

Settmg 8(s) =

in equatmn (19 we get

Y

s+)\

ms)——[un—lv—l/(swwsw) 1[s+A+n] . L (2)

@) K- ERLANG FAILURE TIME DISTRIBUTION

K, ' TR

Setting -S(s) = (——s'+——)\) in equation (19) We‘ havé o

pr—1 An—DX

P,(s) = [ il IL)” (S = A)M:c ].{3 (s 4 A)K (s - ;\)K EAK } e

Mean Nwmber Qf Fazlures upto tke tzme t

e mean 0 number of fa,llures upto the time ¢ is glven by thﬁe expreﬁalon s i

w© GV EOTTEI
- M) =Z”Pn 1) SIS o L (26)
n=1 o

"Taking Laplace transform of the above expression, we have, ~  °

M(s)zznﬁ,: ) .. . L(26)
n=1 ) '

Define the Gererating function, .

e o]

a(“,s) == Z?ﬂ (s)mn v t 1 . -c" ve (27) g

n=1

-
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Substituting the value of P,, (s) from relation (19) in relation (27) and. summing the
geometric progression under the condition | p(p -+ ) I'S(s)| <1, we get,

G(a, 8) = afs + p — pS(s)] ' .. .. (28)"
s[s-I-lL—OWS(S)] S S S B P

leferentlatlng (28) w1th respect to « and then puttmg a=1, M (s) the Laplace trans-
form of the mean number of failures upto the time ¢, is given by,

M(s) = s+’_‘_’ PR . . (29)
sis + » — 8(s)] '

Relation (29) for a given probablhty densﬂ;y 8 (x) on inversion glves M(t) In the
case of exponential failures time dlstnbutmp, L ’ R
A
86 =~

Subst1tut1ng this va.lue of S( §) in relation (29) we have,

By o »
MO =37 m B APTR  N

Relatlon (30) on inversion gives,

My — MO p) + 1 + x) + a1+ ewp[ — A [L)t]}’
"= BT o
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