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ABSTRACT

Tue correspondence boiween the particular solutions of the eqﬁatior\is Vip=0and F'¢p =0
are pointed out, The solutions obtained already by Bhatnagar! are compared. =~ An elementary

discussion of the operational equation [Fy F, (L L) é =0 is preéented:.  The’ operations

Ev 2 Evﬂ Hv’ and Hv‘i are introduced. B

\ INTRODUCTION .

. The . La.pla.c;ia.n operator is denoted by V2 and can be identified with
0 /] 2 '

+ 5+

T ap T in the cartesian system (rectangular).

2 _ 12

The operator E? stands for —, + aw“’ o 20 |

solutions were obtained for the equatmn E* ¢ = O by Bhatnagar 1. The correspondence

between the particular solution of /% ¢ =0 and E =0 was not brought forth in the

paper, or atleast was not pointed out and hence some results relating the particular
solutions of the biharmonic equation and E*$=0 are presented here.

Recently, some particular

22 2 ; ' :
onsideri . & 8 1o
Considering the operator, [£* = e -+ S e it can be segn that ]
2 2 1
BEf (x,ro):« &t ol ;—a{;— - :f can be transformed into a form involving the operator \/2

by the simpLe substltutlon
1) [= of;

?f- = W -a—E’ + F and

ow

&f azp f

5-—'(02 a—w: + 2= and hence

. &F *F 1 aF " F
(2) E2f=w( 22 T o T o ow —i;é)
‘We define \72 in (T w,p,) coordinate system and express \/2 as
32 1 32
Fria aw2 +; r 3w o o

p (62F 2F ;1_ oF  F\ id
v ( \ oA @i w?)’
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where F has been assumed to be independent of ¢.

Recalling the operation of 7%n the (v, w,$) system (cylindrical polar coordinates)
‘on functions independent of 4, we may write,

» 2 1 ai,]

(3) Va "'—"I— w2+ ® aw

(@w)

It iS' easily seen that,

62 62 1 9 :

and hence,
(5) Bf =B (F) = w( v? (.,,,;0,_;‘1/¢2) 7.

To obtain a particular solution of the equation E“‘f—-O one only needs a particular
solution of V?¢=0, where /2 is the Laplacian operator in (%, w, ) system and the

particular solution @ depending on “4” as w Fe'®;  If such a solution is found, f can be
written as wF;

[Note: The operator E2 is 1ndependent of é]
E ¢ f——E2 (B*f ) :
- writing f= wFé®
E* (0 Fei$) = ¢t B2 [EX(w F)]
Also, w72 (Féib) = E2 (wFeid)
consequently
Bt (wFei$) =E2. BwFei$)
= B% (V3 , — /o). paid
— (V% — 1) ® Foip
= wV* pgi¢ and hence
wV* (Feid)= B* (fi4) [V? = Three dimensional Lap'acian operator]

To obtain a particular solution of E4¢——0 one can search for a particular solution of

7*4P=0 of the form ®= Fe'® (F independent of ¢) and ‘convert it’” to a solution of
Fi®=0 by multiplying F by o,
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To summarise:
consider the. operators e » :
2o Tamrd Prasy s vne pe e ' i
Eﬁ_(a@_!_,a_}ar)(xw) ,

ox? dw? w dw

N 10, 1 aé \

Assume a solutlon of the form #=F (z,w) e"P to the equation Va ¢' O Z‘hen, 7

. particular solution of F2® =0 is w F; Also if F(z,0) 4P s a so}utl on of V4@ —0;
. oF = ¢ is a solution of E% = 0.

ILLUSTRATIONS

Obviously, if (P satisfies the equation V2 @ = 0-itig.a solutmn of V“ Cb = 0 too

Assummg the ¢ dependence of ¢ = Fe“P as that of e "P we-seek the solutlons of
3"11’ 1 317' F :

axz + + w au) ”—'_‘:2 = 0 -

It is well known that " Ky 1
cosh N .L T ST A Y
’ ¢ < AJ, (mw)+ BY, (mw) PR

‘(for anym #0). il
are among these. B .
Hence,

S cosh [ |
() = omxr < A4d, (mw) +'BY, (mw)
sinh L “

are solutions of £? @ = 0 and hence of E* ¢ = 0. Also,

cos o
7(a) d=w mxr AU, (mw) + BK, (mw)}

sin

are solutions of E2d =0 and E2D =0.

Iffis such that B2 @—f where fis a solu‘mon of B2 =0, wﬂl be a 80]11’01011 of E* P=0;
Thus we generate some more pasticular solutions for B¢ ® = 0. . Gt e

Since the genera! solution of

By _1_@+(mz_m_.)J_ 47, (mw>+BY1<mm)

do ' o dw

=V (mw) say, N
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can be expressed as,
w w
® Jim) 01— [ 7 (0¥, () ] + ¥y0me9 [0, + f @ Vone) J, (m) |
a S B

where C,, C,, « and B are arbitrary consta.nts, some particular solutions of Bt & =0
take the form as expressed by equation 218 in the paper by Bhatnagart!.

Simple manipulations result in the new pa.rtlcula,r solutions given by equa.tlon 2-26 of
reference 1. Since

(82 ‘1 2

9w B

—_ %) (Aw+Bjw) = 0

and
52 32
P ( ) (a+bx 4 ex? 4 dw‘*) =
some more solutions of 74 @ =0 can be seen to be of the form,

(@ + bz 4 cx? + da’) (Aw + Blw) et and hence
(9 (o4 br+ cx? + dr?) (4de? + B) =
is a solution of E'p =0.
(@, b, ¢, d, A and B are arbitrary constants)

[of: equation 2-30 of reference 1]
Also from the solution of , A

2

(ot a5 — o)/ = Ao+ Bla,
it is seen that .
(10) [C; + (Cy + C; logw) w? + C4w4] (24 bx) is a solutlon of B*® = 0.
(equation 2:9 of reference 1).

By similar arguments,

cos I, : cosh J 1
“ sin M K, (Ae); “ sinh Az (Aw)
(11) and
cos I ) cosh J 1
2w . /\:v K, (Aw); Tw sinh Az (,\w)

can be proved to be particular solutions (cf: equa.tlon 2+39 reference 1)

Polar coordinates:

The correspondence that has been proved to exist, between the solutions of B —0
and V¢ @ =0 is particularly useful in helpmg us to choose the proper p&rtlcular solutions
in other systems of coordinates,
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Considering, for instance, spherical polar coordinates for which V725 assumes the form

1 ) i) 1 2 /. o) 1 &%
L . _ 90 - 90
V% 2 \or (7‘ ar® ) + sin 0 30 (sm o 20 ) + sin?0 a¢% [°
it may first be pointed out that only those solutions of /%5 = 0 or Vg5 = 0 whose dep-
endance on & is as &b are of interest in the discussion of E* @ =0. o

Tt may be recalled that a typical solution of Vz @ =0 which is of the form F (r, 6) ¢ b
is given by , ; , )

(12) F= (4r* + Br—»—1) [OP', (1) + DQ'n ()]
The particular solutions of ;é- Zr ( r aU) Arn + Br—r-1

will be of the form A'r"+2{B'r—(»—1 and hence there exist particular solutions of
F* @ =0 which are of the form,

) (A o i) {aIP'n B) + by @ w)} (rvi).
(of: eduation 3-19, reference 1) |
In the degenerate case, n=0, we may easily prove that the solutions.will be _
(14) (B+ AP+ B'ri+ Ar) (a; + ay p).

It can be shown that a solution of V4 ® =0

can be given in the form » f (u) where f is a solution of

[ 2 (1= Z) + n—2 n—1)— = ] {2 [a—m 2]

o I—u? [ 9
+ m (m+41) — 1__”2} f=o0
A typical solution will be given by
3 a 1 1.,
@ {5 (1= ) = 7=
which can be expressed as 4 P’ (1) + B Q'm'(p«)
Also, If ‘
(r 2 1 / Y4
(16) La (( —-V«z) - ) -+ m (m"l—l) P(P) = Al m——2(l‘)+B1 Q m—2 (P‘):

) {rmﬂ f(#) V/I—pz— is a typical solution of B¢ = . 0 with f (#) of the form
) 4P + B (W) + 4, Pra (0) + By Qs ()
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It m=1, it can be easily shown that the solutions so derived will correspond-to those ob-
tained already in equation 3-30* of reference 1.

In the particular case of solving the equation (L;+L,)? $=0 where the linear differen-
tial operators L, and L, are independent—in the sense that L, operates only on f (£,) and
L, on ¢ (£,) where f (£,) and ¢ (&,) are arbitrary functions of -the coordinates £; and &,
As an illustration, we may note Laplacian V2 " in cylindrical coordinates, is of this

form
Ve =LtLy; L=2.
(w,w) i) 3 s 1 or2 °
_ @ 132
L=k T wbe! -

To obtain particular solutions of (Ly + Ly ¢ = 0ie. (L, 2 + 2L,L, + Ly?) ¢ =’07,'
we assume ¢ to be of the form X (&) Y (£,) and dividing the equation by XY, one
L2 (X) L (X) Ly(Y)  LY)

x T x Y "y
be determined by solving for X and Y from _ - .
(18) (L N X =0and (L, F N Y =g(§) where(L,FA)g=0
or '

(18a) (L, _—L MY =0 and (I, F A X = f(£) where (L; FA) f =0

where A is a constant.

obtains = 0. This suggests that the solution can

Iustrations:
. 9%
b=
1 2 ( @ o
Ly, = i (w-z\jr)—l/w

If (Li£»f=0,
flE)=a 0 AX+b ShAX

sinh

according as the upper or lower sign is chosen. Hence any solution of (L; F A) X = f (&)
can be expressed as (

. __ cos
Xx= cosh -
If A = 0, it can be easily proved that X = a; + b, ® +-¢; 2% 4 dy 2%

Similarly, if (L 4+ 3) ¥ = 0,

Mooy + bp) + o Koy + dyo)

Y =4, Ji (Aw) +;B1 Yi_()\w) and (40 + Bjjw) (A=10) N

*It may be pointed out here that the solutions rp?, r’pﬁ are not “new” as given in reference 1, equation
_ (3-30) but are implicitly stated through equations 3:19 and 3-8 of reference 1 for n=1, Also refer Appendix.
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Hence the particular functions wXY expressed as ‘ 3
I K; cos
I:w {Al Jll'v(hw) + B, Yi (Aw) }{ccs Az (@, + byz) + p e (ey + dz) } A 0.

where 4,, B,, a,, by, ¢;, d, and A are arbitrary constants and
II : w (4,0 + Byfw) (@) + by + e@® 4 d7°) , A = 0)

~ are solutions of E* (wXY) = 0.

Also, the solution of

(Ly £ Y = {A1J (Aw) + B, Y, (Aw)} )\aéo
can be proved to be

I K I K 1 K
c, Ji (Aw) + Dy Yi (Aw) — [ Ji (Aw) f w Yi (Aw){ 4, Jll (\w) + B, Yi (,\w)} dw

_ K ()\w) f 51 (Aw) {AI 51 (Aw) + B1 K, (Aw)} dw ]
where 4,, B;, C; and D1 are constants. Hence some solutions of END) = 0 are

<D=wXY=w’<( ay Azt b 'Sinh Az } SJEOIJI(M::J” 1)1 (Aw)\

cosh,
IIT: I K I K
— J11 (Aw) f w Yi (Aw) { A, Ji (Aw) + B, Yi (Aw)-g dw |
K I S § K, N
—_ Yi (Aw) f w Ji (Aw) i 4, J11 (Aw) 4 B, Yi (Aw) -,\ do
For A = 0, XY will be of the form,
IV: (e, + bz) @ Ayw + Bjjw + Ciw log o + Cywd

The solutions I, II, IIT and IV have already been shown to be solutions of E4 ¢ =
in this paper, equations 7, 8, 9, 10 and elsewhere (reference 1, equations 2-9, 2-18, 2- 26
2-31, 2-39 and 2-44)

In case the operator is of the form fi(§))f, (§2) (Ly + L;) where L; and L, are in
#é) . y&)

terms of £, and &, coordinates only, let us assume a solutlon of the fo
188 5 Y " E) A

so that

nene | Ln(F )+%L(}q‘ ) ='f1“1“(-'}f; ) +=n (fy )
oL+ La)ﬁ‘ L, (% ) +xf2L2(% )3 ;—_flfz LyLl [flLl(%)]

+f1L1(f )Lz(y)+f2L2(%)Ll(x)+mL2( 21,2(%));
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and hence, representing the opera.tor fife (Iy —l— L,) by f f '

£82 zy 1
e {5 fz{

=0 implies

c s o
i [fl b (f)] nonw . mw (5 s
(19) " y + Yy e 4 =
For the speclal case when fy(§,) = 1

w580 (1]

(L) | Llf)) | L) _

0
Ty e oy ) y
Tt can be seen that the condition -—L—;—(l) = A implies,__ *
sl (3 e nemr
1o L@ | L@l
921 1 /1) 1 _ta(@/f1) | a
(21) z A==+ r“"/ FHer=0
from which an expréssion for X can be derived. If (ac) =a and als (7/f L = a,
x
(i.e. if both X and X/f, are eigen functlons of the operator Ll), we ﬁnd that
L (y) f 1, LAy
oy oy + 2 fat e+ 2y(y =0 .

(22) or (L + “1) (Ly+72)y=0
where o, a, are constants. This equation can be solved easﬂy for Y thereafter, and the
complete solution thus obtained.
ILLUSTRATION
Spherical coordinates:

A A
L=y (#g) s h=we
=0641) 5 =—a% where z = log 7.

For the operator Ly, 7 will be an eigen function with the eigen value (52 -+ n) so that r» ~2
will be an eigen function with the eigen value ( #® — 3n - 2).

i.e. Ll(r ) (n-!—l)andM :

Irn

—3n + 2;
correspondingly, one can solve (for ¥) the equation

[L; + n(n + 1)} [Ly + (0 — 2)(n — 1)] y=120
Some of the solutions can be,

Y — Ay Py (8) + B, @' () and
Al P'n—2 (I") + B1 Q’n-—'-2 .
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In particular, for # = 2

Y = 4, Py(4) + B, Q' (M) and

(4 + By p,)/\/l — pdor A,py/1 — g and (4," +- B/’ w1 — p2,
conﬁnmg to the T‘egendre func‘olon of the first kind. A solution can therefore be Wntten as
A p/T—p® or (4, + By w)/y/1 — p* Consequently, the solutions for B4 = 0 can,

henee be expressed as r4,u(1 — p?) and (4, + B,'n)
4,, A4/ and By’ : arbitrary constants). -
Similarly one can derive the solutions cor,respondlng to: other powers

Discussions of a similar- nature can be extended to some other operators as well.

Defining E.2 = —3%)—5 — :) 0 + 8 — it can be proved easily that
L T o L
) E( w” F) —o T {gat w e~ e am)

which corresponds to the operation of the three dimensional Laplacian /2 on a function

,7.(11—{-1 E P -
which varies with ¢ as e’ 7 ¢) o _ o
For v = 1, B\ & E? discussed in the paper, and v i - = 1; Hence,

.,,4_1 i‘v—{el,’sb‘ v+1 -%v—kl
(24) B w2 Flwz)e 2 =w g2y 2 7

v 1 = T | cew 41 | -
(24)a Ev4[ 3 vty ?‘] 2 ( T ¢) :
w F(o, 7) e = w VN\Fe. ‘ /o )
v+ ,1‘
and hence corresponding to a solution of 774 ( 7 : 2 Sl’) 0 with 7 mdependent
b v+ 1

2

f ¢, a solution of Eyif = 0 éxiéts such that f = o F .Ap operator of the form

[ @ v 9 9? 5 i
H, = (—5;2- ~ % 7@ + P ) will oorrespond to the Hamlltoman

| TR i1 1""{‘1(’5
(25) (V2 — «?) since Hy| = 2 Fl=w 2 (vz_Kz)f Fe 2

with F 1ndependent of ¢.
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APPENDIX

To solve | e : :
A(l)(l——-pﬁ) gg{(l——p }—}—2«1 lwp)p. +(a—-3)(a——-1) ‘——O

(¢f: equation 3-22, Reference 1)

2

d.u'2 . . . . .
‘ a2 d 10
”{.(1'.—'/"2) dz 2"‘ dp “‘1#_“2}
respectlvely, By simple ca.lculatlons it may be shown tha.t

6, {N(w \/l~#“} = vl T— g2 92 {N(ﬂ)a

so that : LT ey -

0 Nuwi—p = 01[\/1“'-—7. 02 N1 =I—r 62N
Equation A(1) can be transformed into the form
A®) 02+ 20p+ (@a—3)(a—1)p=0 |
Nyl —p2isa solutidn of A(2), provided N satisfies the eqiiq_tion,
A(3) [92—{-2a0+(a—3)(a—-1)]N—-0 C
Denoting the roots ( — ai\/tia-— 3) of ‘the equation #* +-2ax + (a —3)a—1) =0
by «, and a, respectively, we ﬁnd that

N =4, Pty_;(p) + By @'n—1 (1)

+ 4, Pty 3 (1) + By @'n—3 (#)

where 3 -+ n{n — 3) has been written for a.

The solution of (D? — 3D + 3} R = oR

Denote by 6, and 6, the operators ( 1— pz) and

(cf equatlon 3-20, reference 1)
can be expressed as R =20C, r* o Cyr —(»—3) -

(note: @ = 3 + n(n — 3)). Hence, a solution of EA & = 0 W111 be,

[Cym 4- 027—{”_3) ][A]_ P,n—l (») +B1 Q,np—l (V') + Az P n—3 (P‘) + B, Ql,.._s(p.)] |
W1T—py) )

(44, Bl, C,, 4,, B,, and C, are a,rbltrary consta.nts)

This result has been 1mp1101t1y stated through equation (17) of thls paper.

In particular, for n=1,a=1 and the solutlons given by equation 3-30 of reference
(1) can be deduced.



