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ABSTRACT

In practice several natural phenomena like wind direc-
tions, death rates, egg production etc. follow circular normal
distribution. In this paper the problem of ~estimating the
parameters of this distribution from incomplete records has
been worked out by the method of maximum likelihood.
Second order partial derivatives are given to determine the
standard error of the estimates. A numerical example is
added to illustrate the practical application of the method.

Introduction

The problem of measuring parameters like amplitude, period and direc-
tion of certain natural phenomena following cyclic variations has long been
recognised especially in cases where the record of events is not completely
known. As for illustration, it can be said that most of the economic-pheno-
mena in nature behave in cyclic fashion. It is indeed a complicated matter to
find out the nature of a particular phenomenon it follows, due to imposition
and super-imposition of various factors. Though number of methods have been
developed, the question still remains open in view of the complexities involved.
partly in the phenomenon and partly due to the incompleteness of the methods

-themselves. » '

E. J. Gumbel® has discussed a specialised distribution function, called the
circular normal distribution which is essentially due to Mises?. Under this distribu-
* tion, the chance of generating false cycles is mitigated by specifying the length of
the period which is established by some statistical considerations, The distribu-
tion function possesses the properties of linear normal distribution under certian
conditions and has wide practical applications. Phenomena as wind direction,
storms, deaths, production of components by automatic system, rainfall ete.,
follow this type of pattern. Circular normal distribution is important and use-
ful also for making predictions of the trend from the available information. As
for an instance, let us suppose that we have recorded the dates of the occurrence
of storms in a month for the last ten years. It so happens that due to certain
climatic difficulties or instrumental defects, it could not be possible to record in
the dates for few consecutive months. The data as such 1s not complete and
such situations are generally encountered in our day to day planning. On the
basis of the incomplete information, we are interested in to find the period of
the maximum occurrence with a certain amount of dispersion, in the past and
future provided the conditions do not change abnormally. Thus if the period
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of storms is predicted with a certain degree of accuracy, it wonld be of great
help in directing the navigations of aeroplanes and ships. Similarly by noting
the behaviour of wind direction, it. may be possible to detect the radioactive
fallout over a particular locality.

‘ The distribution under consideration has two parameters, one giving the
mean direction and the other the concentration of observations. In this paper
we have discussed the method of estimation of parameters from incomplete
records. The incomplete records studied in this paper arise under two situations,
(1) Occurrences are not recorded for the later part of the year for a
number of years.
(2) Total number of occurrences are noted but the actual dates are not
recorded. :

The two situations considered above are analogous to truncation and
censoring respectively for linear distribution. The problem of estimation of
parameters for these situations has been considered extensively by Cohen?,
Singh? and others. 2nd order partial derivatives are obtained to determine the
standard error of the estimates. A numerical example is added to illustrate the
practical utility of the method. ,

2. w—Diagram of a Circular Distribution

Let N points or observations lie ina manner on the circumference of a circle
of unit radius and leb a; (¢ =1,2,3......ccvvinnnn.n N) be the angles cor-
responding to each observation. To characterize such cireular observations,
their vector mean has been used and this is calculated by introducing ractan-
gular coordinates. @ = €08 &;, yi =Sin a;

then

. N
- 1 Nz -1 X
—_— 2 — ] . 2-1
=N . Y N}y @1

t=1 t=1

defines the vector mean.

It is, howeve_xi convenient to express the vector mean in terms of polar
coordinates. Let o and a, be the solution of # — @ cos a5, §¥ = a stn a, . It is
obvious that this solution is unique unless z = y = o0 and is given by

, r 3
and . | ) |

—g_ . . e .o [SPSEEN .. (2'3)
x
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where the quadrant in which a, is to lie is to be determined by the signs

of z and J The vector strength a at the mean direction a, 18 written with the
help of (2-1) as

1 g‘ .2 g 2
e = N l\/ <.i=lcosa;) + <i=1_sma¢ ) . @

The parameter a, is analogous to the-mean of a linear variate.

The observations may be given individually or in the grouped’ form. In
the individual case, the calculation of sine and cosine for each observation will
give @ and a, . In the grouped case, let p; denote the frequencies attributed to
certain intervals, say months, of thirty days each. Then one day corresponds
to one degree on the 7—diagram. We attribute frequencies to be spread uni-
formally over each month, then a, will denote the direction of the maximum
frequency on a day. The observations may be arranged according to the follow-
ing scheme. B

Scheme for the circular distribution over a year.

MARCH 20 APRIL

FEBRUARY

JANUARY JuNE
1e0°} 3s0*
OPCEMBER Ly
NOVEMBER AUGUST -
OCTOBER ..o SEPTEMBER
Fre. 1
In the tabular form it can be represented as
Angle Month  Frequency Angle Month Frequency
0—30° June A 180°—210° Dec. Pq
30°—60° May Ps 210°—240°  Nov. s
60°—90° Apr. Py 240°—270° Oct. Dy
90°—120° Mar. P4 270°—300° - Sep. P10
120°—150° Feb. Ps 300°—330° ~Aug. P

150°—180°  Jan. Pe 330°—360° Jul. '




336  ON THE FORECAST OF PERIODIC EVENTS FROM INCOMPLETE RECORDS
The mean direction can be obtained from the following trigonometric rule

N
2

i=1

cosa;. = July — Jan 4 0'5 ( May — Mar(;h —-‘ Nov -+ Sept ) -

+ 0.86603 ( June — Feb — Dec -+ Aug ) e . @.5)
‘%smq.- = April — Oct + 0.5 ( June + Feb — Dec — A.ug)
'+ 0.86603 ( May + March — Nov — Sept ) .. .. (2.6)

8. Circular Normal Distribution

The density;ful'lction of the circular normal distribution as defined by
Gumbel® is given by : i

. 1 ‘o )
f(o.: m_)_ek00§\a ao) O<a§2ﬂ e ‘e . (31)
o

where o, and k& have their usual meaning and To(k) is the modifis1 Bessel Func-
tion of the first kind and pure imaginary argument. For & = o (3-1) reduces
to the uniform circular distribution and for large values of &k to N (0-1) and
the distribution assumes the form .

_ 1 e
F@) = 5= ,  —0<B<o . (32
where
B= \/T(a —a,)

4, Maximum Likelihood Estimation

SrruarioN I (Occurrences are not recorded for the later part of a year for
number of years.)

Let a; (4=1,2,3.......... n) be the angle corresponding to the ¢ th
occurrence. The likelihood function of siich n consecutive oceurrences is given by

) n
L, = #+ Ma)
) t=1

0<a<a, ce e 41)

where
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~ Taking log of (4+1) and differentiating w.r.t. a, and & we get

N i . ‘ n »
670'[0‘9:[11 =k Zl $n (o —- ao) -+ Tj(m(f(an ) e 4 a°)>
j= .

and v ‘

] | (4.2)
0 AL n I,o (k) f
57&(09141 = 2603 (@ —a;) + T:—-F’—(an’_%)(.ﬁ (=)= L, (})

=l
I,
Fawa))—n I, ((Ic; J
where ‘ . =
. 1 koosa,,
Fla =orme
2r
Flava) — é77_11(15) “ o Hoos(o—ar) ;-
° n
© kJ—l 2m J
1 ;
BO=gr@ O G | oe—a) da
: J=1 a&n

and I ® (k) is the sth derivative of I() (8 =+ n)
On equating to zero, equations (4-2) can be written as
1+ a_z) cos®a, -+ 2aBcosa, + B2 — 1 = 0

and o '(4 3)
I' (k 1 — Flay, n n S :
Io‘z(k))zﬁ(a) + (51 %) (\cos%ifloosw + sinaoiflsz'na,- | )

where

stno;
a=f“—~—=ﬁl a.ndB-.:l__Fn( ’a)X f(:n)_gl(%)
Z cosa, ' o lc_)l' c0sa;

Il
-

IS . . =]

The parameters can be estimated from (4-3) with the aid of tabels (2, 3, 4)
given in Ref. [1], the graph and the Appendices I, IT given at the end of the
paper. Since the equations are riot explicit, the solution may be arrived at by
successive approximation. The procedure has been illustrated in section (6).

Srruarion II (Total number of occurrences are noted but the actual dates
are not recorded). '

The likelihood function mlder this situation is written as

n

n N— - '
Lz:\éli:lf( a ) [ F (apa,)] . . oo (404)
4 =N n! (N —n)
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using the same procedure as above, we have

a, 1. $=1

éa__long = kcosa, .Z‘ stno; — ksina, )E’ cosa; + (N—n)(X—Z) |.
and - 2

3 5 Ty )
% lOng =:$€1008 (0; — @) + (N —n) [ B (a) I o(k) :‘ ( .

Flawa,) I, (k)

r, (k)
T LK
. f(a") - ¢"(a’o)
where X = F(an ,ao) L= Fan, ao)

On equating to zero, equations (4+5) can be written as

(1 + o?) cos?a, -+ 2ab cos a, + B-—-1=o0

and : ;
I’o(k) __ (1 _P) ﬁ(a) :!'_ n r . o ' (4'6)
I(k) Flon, o) + oy |08 ifl cosa; —}—.su.mO ifl sina; J(
) (X—2) |
where b = e, p="
EX cosa; N
iz‘ 1 ’

The equations given afa (4-6) are also not explicit and the solution is ob-

tained by iteration process. A numerical example for this case is also illustrated
in Section (6). : o ' :

5. Precision of Estimates

_To determine the asymptotic variances and cdvai'iances of the estimates, it
is essential to construct an information matrix for which the 2nd order partial
derivatives of the likelihood functions L, and L, are given below:

SituaTioN 1

O \og L, ——F 2 sovms i S eine s b s
gezlogly=—Roosa, 3 cosa—feine, B e i plg o)
( X : ne ) no ’ 12 5.1
sin(on — ) f (o ) sinab(e) )+ (g, g () M) T O
2. o I (k) ; AL
ot = e | HO— [y A0+ (1 P T
~Io”(k) Co n________ i \ Iol(k) i N2 .
—WJ*@—F(M,%))Z (’g(“) —fp Fewew ) - 0D
E—Aa?,?k logL;=cosaoi :‘71 sino; — sina, i)i lcosoci 4 (—————1 _;_F(Z——-——n P

(=) ()

. [‘303 (%-.“do)f(fw)——cos aoll!(%)] e (5°3)

:
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where
0 j Qe
1 k j+2
b= g > 1) o e
j = [: X%
. SrruaTion I
2 ' n . .
—log Ly = — kcos a, Z cosa; — ksina, g‘ sina; - &(N-—mn)
da? ® =1 i=1
[X sin (o — a,) +Z Sinao] (5°4)
— (N —n) (X — 2)?
o2 o o) 7/ Ba) \2 TR IR\,
i 8 La=(V—=n [F(an (e | +¥ (50 ~Lw /O
® togL 3 s ina
m og L, = cos%i z sina; — Ejllnao‘_ z co8a;
' B () 1
+ (N — n) | Xcos(an— a,) —Zcos%-——m) (X —Z) ] (56)

The term ¢ (a) can be evaluated directly for the desired values of % and a,,

6. Numerical Example

If the data under consideration is distributed over a year, the observations
may be grouped into monthly periods. Since the lengths of months vary from
28 to 31 days, it is essential to eliminate the influence of inequalities of months
by multiplying the observed frequencies for January, March, May, July, August,
October and December by 0-96774 and for February by 1-07143. The frequen-
cies thus obtained are again to be adjusted by multiplying them by the factor

12
Z
p=1

Q=1 so as to keep the total frequencies same, p; being the observed

frequencies and p; , the adjusted ones.

The example considered in the paper is taken from Ref. [5] and concerns
.- with the death rates recorded in U.S.A. from Sept. 1946 to August 1951. Let us
assume that it could not be possible to record in the death rates for the months
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of July and August for some years, The frequency d}stmbutlon of the de&th
rates is as follows:—

TasiLe II
Death Rates U.S.A. Sept. 1946—August 1951

1 2 3 4 1 2 3 4

Month Obs Fir. t Sec. Month Obs First Sec.

} adj. adj. ; v adj. Adj.
Feb. 1066 1142 1164 Mar. 1080 1045  10-05
Jan. 10-50  10-16 ~ 10-35 .  Apr. 10-24 .. 10-24
Dee.. 1042 1008 1027 - May 960 9-29 9-46
Nov. 9-70 .. 970 - June 942 .. 9-42
Oct. 942 912 929 S
Sept. 9-08 .t 908 |  n=9984

n—diagram of death rates

*
MARCH 90 - aemiL

JAR June

°
186

DEC.

Fie. 2

where shaded area denotes the period for which the data are not recorded.

A rough estimate of the mean direction «, is given by

n

2 stnd; : : . . _
tamay = St L (6]

2 cosa;

i=1i
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Where
| e0sei = — Jan 4 05 (May — March -+ Sept — Nov) - 0-86603
i=1 : : (June — Dec — Feb)
2 sina; = April — Oct + 05 (June — Dec - Feb) 4 0-86603
i=1 ' (May + March — Sep — Nov)
and that of 3 is given by
_ 1 T n 2 EEREERY
i = ~—n—']'/ (ifl 60Sa; > + .‘ifl sina; ) .. .. (6-2)‘

The value of % for a given value of & is obtained from Table-IT Ref. [1].
Thus the values of a_ and % are as follows:—
@, =161° and k— 0-477

SrruaTion I

On substituting the values of % and @, in the first equation of (4 - 3), we get an
estimate of o, equal to 167°. Utilising this set of values ofa, and % in the second
equation of (4-3), we get the value of % as 0-373. The graph gives the value of
k as 0-810. By using the iteration process, the values of % and a, converge to
the values 0-980 and 161° respectively. Variances and covariances of the esti-
mates have also been determined and given below.

Var (a,) = 0:07934 Var (k) = 0-00606 Cov {a,, k) = 0-00011. Therefore the
confidence limits for & and % are given by 161° 4« 0-282° and 0-880 + 0-078
respectively. - :

Interpretation of Results

This means that the maximum occurrence of deaths will take place during
the period corresponding to 160-718° to 161.989° i.e. near about 19th and
20th January. Therefore, under the assumption that conditions from year to
year remain same, the necessary steps may be taken to provide more.. medical
assistance during this period. Similarly; results may be obtained under situation
II and an interpretation may be given accordingly.
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ArpPENDIX I

, 0  2r :
l ‘ "1 i1 .3 ) : :
ues o Q) = ————— ———— cos (a — a_) aa for
Values of B (2) = 5777 (G—D1 (6 = ) aa
Jj=1 an '
Different values of a, and k.
o ) ) o o
o 30 45 60 90 300°
01 g —0-:03741 —0:07301 —0-09983 —0-12183 0-14977
0°2 0-004104 —f0'034l5 . —0-06246 —0-08505 0-16196
0-3 0-04464 0-00374 —0-02599 —0-04908 0-17432
04 0-08394 0-04042 0-00941 —0-01414 0-18676
0:5 0-12178 0-07565 0-04332 0-01954 0-19917
0-6 0-157856 0-10925 0-07577 0-05179 0-21149
07 0-19068 0-14106 010655 0-08248 0-22364
1-0 0-28116 , 022502 0-18808 0-16431 0-25831
20 046052 0-38952 0:35145 0-33258 0-34632
30 052048 044658 0 41365 - 0-36829 0-39633
ArpenDIX II
0 ¢+
09|
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o7}
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. o — k g
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THE RATIO 1S PLOTTED AOAINSY
fo(K)
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