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ABSTRACT

The distribution of busy periods for the bulk-service
queuing problem, in which the server on finding the system
empty, waits, has been obtained by using the ‘phase’ tech-
nique. As particular cases, the results of the classical queue’
have been derived. ‘

In any queuing -process, the server is either occupied with a unit or is
ide. The time interval during which the server remains busy is called the busy-
period and the distribution of these busy periods is important from the
point of view of the server.

The study of busy periods for the simplest queuing process M/M/1 is due
to Kendall’, Ledermann and Reuter? and Bailey®. For the system M/G/1, the
distribution of busy periods is due to Takdcs* whose results were extended
by Benes® and McMillan and Riordon®. Luchak? studied busy periods for
the case of a queuing process characterised by a time dependent Poisson
input and a wide class of service time distribution and later$ obtained results
for the same process under time independent conditions. In both these papers,
the ‘phase’ technique has been employed. Some recent investigations for the
queuing processes GI/M/1 and GI/E; /1 are due to Conolly %10 and those
for the quening process M/G/1 are due to Prabhull.

In the bulk-service queuing problem studied by Bailey'?, the server is
continuously busy and therefore the question of deriving this distribution does
not arise. Another type of bulk-service queuing problem, in which the server,
on finding the system empty, waits for a unit to arrive, has been studied by
the author'. This type of process will be called the modified bulk-service
process. The various operational parameters of the two processes were studied
- by the author but the distribution of busy periods for the modified bulk-service
process remains yet to be investigated. In this paper, therefore, this distri-
bution is derived and as particular cases, the results of the classical queue
have been obtained. a '

~ We assume that at =0, the system is empty and a unit arrives which
initiates the busy period. The ‘phase’ technique (Jaiswal'®) has been used to
simulate a wide class of service time distributions. We define Pn,r (t) as the
probability that at time ¢, there are n units waiting in the queue and the
service is in the rth phase. Therefore P, , (0)=Cr, because the incoming unit
may demand the 7th phase with probability Cr. With this initial condition,
we have to determine the distribution of time, the system takes in reaching
the empty state for the first time. Therefore if P, {t) is the probability that at

309



810 DISTRIBUTiON OF BUSY PERIODS FOR THE BULK-SERVICE QUEUING PROBLEM'

time ¢, the system attains the empty state for the ﬁrst time, the reqmred
probablhty density is given by

dP, (1)

v =222 L L L
Equéitioﬁé “for the pro‘c'és's are, DR -

gt n, r(t)=_(A+“)Pn r(t)+ APy 1,r ()

+ an r+ 1(t)+M09'Pn+s 1B @>0,1<r) . @)

d Py (0) ...._(,\+ P‘)Por(t)+ BPy 4 1(t)
+y.C,Z7Pm,1(t) : :(1<r) N G

d o . o :

dt‘P W =pnP,) .. » % ;(4)

Let the. Laplace transform of P, ) be: glven by Pn ,(s), e
P 8) = SPW t) e dt

App]ymg the Laplace transform to the above equatlons and usmg the initial
condltlon mentioned above,: we get _

—(8+)‘+P)Pnr(s)+)‘Pn——1r(3) ‘
+F'Pnr+1(s)+!"'n7'Pn+Sl(s)_0

. wW>01<n .. ... ()
(s AP, (8) + MPor+ 1(8) ) | _

—{—pCr 2 Pml(s)+0 = 0 (1 7). . (6)

sP.(s) — i Py (8) =0 O (1)

et us define the following generation functions:
@» (x,8) = z‘ x Fn,r (S‘)
r=1 o
o ®
F (=, .%8) = 2 y'n Qn (w,s)

Multvplymg the eqnatlons (3) to (7) with approprm’oe powers of = and j we
obtain “ .

s+ + Xy — ;»/w} F (@38 — - ys(x) 51 ()
| AOO , ‘

n=o
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“aC@ > P, @L—rhl=o .. .. @
=1

Putting ¢ = p/(x + s + A— Ay), we get

} P (8)(ys—y"‘)—uP,1(8)+ys

m=1 .
yP,‘”“ R T T ©
where
© ‘
, #® \r
B= ¢, (#+s+A—Ay)'
r=1

It has been shown by the author'® that the denomlnator of (9) ‘has 8 geros
inside the unit circle and at these zeros the numerator of (9) must vanish so

- that Z P 1{s)wﬂlbereguﬂarfvorReex>() ThustheSunknownm(Q)

n=0 -
will be determmed by the 8 equatmns, namely

S—~1 . . v
I"Po:1(3)+ﬁ' > Pm,l(s) ——y )__.y S (10)
m=1 =1, 2 ........ s)
80 that '
- A
#Par@= 5]
where
e ‘ % #° ve e =1
y° Y2 Yo? .o e yS—1
IAl= .o ’ .c’ .o s o o
K} 2 g1
yﬂ yS ys .o .o ys
=(—1Y¥"1y 9.... ¢ O (g — yv)

p;év,p.<v (B, v =1, 2..8)
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and A v -
1 Y1 — 4° S L Y51 —uf
1 Yo — 955 e g —y)S
[Bl=
s - 8 §—1 8
1 Ys — Ys . Yy Yy
8
= [ (1—wi )—l—(—l)s—‘ylyzu--ysl o (yp—1y»)
t=1 ) . . ,u,;év

<y = 1,2....8)

Hence if | B | #0, which is a necessary and sufficient conditic;n tha‘tk the equa-
tions (10) may have a unique solution, then \

— . ("——1‘)5"]'3/1%--59 : o
BPg, .y (8) = — - L1

S : : :
O Q=5)+ (=D 5y

Hence the Laplace transform of the retiuired probability density is given by

- — : 1
r(8)=wuP,,(s) = e .. (18)
1+(—1) o ——¥% S
t=1 3/1 ' i
where y; are the S roots of modulus less than one of the equation
0 : ,
s 3 ¢ ’ :

However, if the number of roots of modulus greater than one is less than
S, it would be preferable to express y (s) in terms of the roots of modulus greater
than one. Let us consider, for example, the case in which the service time
distribution is K-Erlang, where K <'s. Then if | B | # o, we have from (9)

0 ,
o ' d(s)
> ?InPn,l (s) = ;I_-];:—-(s .. .. (158)
"o @ —y)
) i=s1 :
80 that
- [ stk
‘ PQ‘,1 (8) = d(s) / O . .. (186)

/ t==8s+1
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Also from (9)
\ 1— p‘Po’l (8) :
< n,1(8)~— : <p,—[—s> 1] e (17)
so that o
. s+k .
Po’l(s) o @'7" ' —
=51 1 —pP,y (S) . '
s+k M—!—s _1 Coe. <. (18)
o (%
t=8-+41

This gives 2,,;(s). Hence, using (1) and (7), the La.pla.ce transform of the re-
- quired probability density is given by . ,

- Sl : - R
r(s)= - 19
1+[<”+*)—1]‘3§"<'9i‘ a9
®
_ ¢ =8+ 1\%; —1
where §); are the % roots of modulus greater than unity of the equation

A— 1k o

ys[w] el1=o0 .. o (20)

"
Particular Cases ‘

(a) Exponential Service Time Distribution—Inversion being difficult in
the general case, we consider the particular case in which the service time distri- -
bution is also exponential. For the exponential distribution, €', =1, r=1 and

Cy=o,r7%1 and |B| o0 if s is chosen in such a way that | s| > p (p — 1) where
p = :T’»’ because as ghqwn by the author!® under this condition no ' two

~ roots are equal none is equal to one. Also since the greatest root g1 cannot
be equal to (i ) , We have

”+3)%S‘+1 o

B|= ]I p. — yv) 9
IBl= Mgr1 By —1) 4 =)
' ‘p.<v (w,v=12,..... S)
The solution is, therefore, unique and from (19) is given by
- r (Y -1
7 () = — (Js+1 1)

(b+8) g —p
- where {g_; is the root of modulus greater than unity of the equation

MESHFU— (At s+ NP +p=0 . e (22)
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Inverting (21), we get by following Luchak®, the required probability
density as I :

®_ —ut ’f —Nu n I,g
o= S |2 emd [ L
uw . %! - ® bn
n= o .
8, 2O\
S
where ‘ ‘

; p
.bS + 1= 5

The moments of the distribution can be more easily evaluated from (21) by
differentiation at s=o. For example the mean K(f) and the variance V(t) of the
distribution of the length of busy periods are given by < -

E@)=_ 5+ .. .. @
, F(WSJrlffl) " ' .
y (é) _ ' , 2 ‘;fsg;l
| ToR@Eg, DTS+ DAé, —@AQ+w S
‘ Y o
8 +1
T Py, — 1P ()

where &g, is obtained by putting s=o0in 'ys.;_lﬂi.e. Sés 41 18 the root of

modulus greater than unity of the equation . .
AP — ALy =0 _
" (b) Classical Quene—For the classical queue, 8 =1 and from (13), we get
o rE = e e e . (26)
where ¥, is the unique root of modulus less than one of the equation (14)
with §=1. '
Thus the Laplace transform of the probability density of the busy period
distribution for the classical single server queue is given as the unique solution of

the equation y = B s + A(1--y)] where B (s) is the Laplace transform of
the service time density—an important result due to Takdcs®.

. [t 5 . '
Putt}ng Z = Py y— (26) can be written as .

p s +A p
. o .. .. (27

r(e) = e ‘ AZy .
where Z, is the root of modulus less than one of the equation

A+ p+s)Z—p—2AZ EC'rZTQ_: o . .. (28)
. r=1
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: Now proceeding as in Luchaks, we get

DU | (r+2n—2)7
</\—|—,u.+s z( ) n'zb””’ (r—}—n——l)' X

" (+2w—l . : .

é( ¢ Z r—1>> .'—""v}?bn,’t Zr .. v | .. (30):

Substituting (29) in (27) and inverting, we finally get

b N N (MYt~ g
0= D5 D iy

n=1 r=0

where

(31)

It will be observed that if Ba(t) represents the n-fold convolution of
B(t), then using (30), we get

‘/ (M)H-n—l < ut . o : ’
dBn (t)—}bm _(T—T:n__)_ e [idt e o (32)

and therefore (31) can be written as | T

r¢)dt = Z e_)\t (Mz:!_l-dBn (t)‘ v . .o (33)

n=1

which is equation (9) of Prabhu’s paper referred above.

The table below gives the mean length of the busy perlods in terms of
the mean arrival time for different va,lues of Sand p, assuming exponential
service time distribution. :

p 1 2 3 -4 5 6 7 8 9
S=1 111 <260 429 <667 | 1-000 | 1-500 | 2-333 4-000 9-000
§=2 241 577 | 1-038 | 1:683 | 2-480 | 4-056 | 6-497 | 11 441 | 26-386
S=3 391 983 1 1-833 | 3-056 | 4-861 | 7-675 | 12-475 | 22-334 | 52-151
S=4 -561 1-468 | 2-815 | 4-785 | 7-731 | 12-359 | 20-454 | 36:673 86-359 R

g 8=5 | 751 | 2-035| 3-984.| 6-873 | 11-226 | 18-106 | 30-015 | 54-063 i28-809
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