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ABSTRACT
This paper describes some particular solutions of
the equation E*¥ == 0 using the method of separating
the variables. -
1. Recently Bhatnagar' has given some particular solutions of the Bihar-
monic equation _ o : L
V=0 .. .. ee .. (1'1)
where 7 isthe Laplacian operator, using the method of separation of
variables. The aim of the present note is to obtain the corresponding solutions
for the equation _

BEy=o0 .. ., e (1Y)
2 22 1 2
R, ——— g e e o .
where E? = Py 352 R (1-3)

which occurs in the discussion of the axis-symmetric motion of viscous liquids.
In terms of the polar co-ordinates, '

T=pp, Ba=ra/] _JFp=0x0 .. ' L. oo (104)
we have ‘
’ 82 1_’“2 32
B = ar + - 2 ou? (15)

The Vtechnique of solving the Laplace equation by separating the variables is
well known. We shall use this technique to solve EW =0 in two sets of
co-ordinates (z, &) and (r, p).

2. In (%, 3 )co-ordinates (1-2) can be written as

o2 72 1 2 2
st =0 . e

ioe- :
aﬁy - 64{-? 64\1) i azq_) 9 83(*)
out + o0&t +2 7% H? + & yw? 5 228
2 Y 3 oY .
—3 Dewd a8 Py =0 .ot . (2 2)
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On substituting Y= X(:v) W (&) in (2-2) we have.

et 1 py
>*’X WK 2 e "Fa‘)
1 AN\ ‘
P (W"——*—W)*—‘O T oem 2 (2°9)
where dash denotes d.lfferentlatlon Wlth respect to the .argument. _

X pox (o

Here we find that the sepa,ratlon of variables is poss1ble in the following
cases:—

@) X" =0 ‘ () X = + X .
o " 1 'y _ . /4 1 ’
ety W' — —Z‘»—W ,—0 | (%) I:V — —af-—W = oW

Case (/) When X" =0 , X=ar+b oo (249)

and (2-3) takes the form o
S 2"3W”' + 3;32W9 — 3a,gW” == 0 .e o e . (2°5)

Substituting & 8=¢ 1n (2:5)a and denoting: -g— by D Wehave

D( ‘—.2)2(D—4)W\—0 . . . (2:6)
the selutionf which is = |
W = Ol+ (Cg + 03 log 6)52 + 04&4 . .e (2'7)

so that:
=@ D0+ O+ Glog @3 03 .. @)

Hence the partlcular solutions of (2-1) are

&3, 8% 1,234 18% 32 log &, @ 2l)gw .o 29
Case (i1) When X" = x2X .. . e T (219
then X©v = MX .. . e 31D

and the equation (2-1) takes the forrn

( d2 1 ) -
G~ w ds PP )x=0 f. s e
W 1 dw

whereXT A - T T Sdn —_l—)@W e ) . @19)
The solution of (2:12) is ' |
~X= “15] 1A8) + agwyl()\w) X . . : 210
where J; and Y, are Bessel functions. N = = =
Tn view of: (2-14), (2-13) takes the form ' S-
AW 1 aW_

T8~ dg A =esl09+ azza:agam ] . (@15
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We can easily show that this equation admits the following solution :

W = h,8708) + haY,08) — 55~ 84 | 1108) |A87,00Y,08)0

~ 2 -~ - )
— vipa) 18708100 | — 55 8 [7,08) | 207 200)

— Y,8) ] A87,0%3) Y, (:\w)diu] . . .. (2°16)
Since the solution of (2-11))is ‘
X = ay cosh Az + @, sinh Az .., .. .. {2°17)
 the particular solutions of (2:1)are o '
/ Coshvlw‘\' / Cosh Az ' z
3 { Sinh 2z 'J,08), | Swh M )Y, (08),
Cosh Xz )
8 (Slc;fh v )JI(A‘T’) ‘ A(T!Jl(/\tﬁ) Yl(?\&‘»)dw,

J—

., Cosh)\m (v ais e 7 ' -
e 3 Sinh Xz )J1()‘¢TJ) Y (A3, 18, :

1r Cosh Az %
[R—— ~ A- Aﬂ
-‘ + o 3 Sinh A ) Yl A B) { o572 w)czw
w - Cosh Az ~ -~ ~
md + g 8 (g > v, 08) [ AB T, (AB) Y, (05)dd
. ) ” o s . (218)
When X" — —a X b e . .. (219
. X._-a.,coskzé‘-l—bssm)tw e . . (2020)
and (2-1) reduces to . ' '
d2 ' 1~ d -~
OxX 1 . xey=0 =T 2+21
i T | ; @2
v 2w 1 4w
= e i A2 .. .. 2-22
where x 5t 5 6 w | | ( /)

The solution of (2-21) is -
x=0,8LA8)+6dK, (A8 - v~ o . (229)
"In view of (2-23), (2-22) takes the form

ew 1AW ey o8l A B30, 8 R, 05) (2°24)
ie:  p i |

which has the following complete solutlon

4
- -

r
W=baL0a)+b8K 00 + F [1, 018) NBL(B) Kyh o) do
2

K, A8 ’,\ I\ )de + & 4 [11 oy | [ ABK 20 @)do

e —KI(A_a‘,)Jz\wI(/\a‘,) (/\w)dBJ : 5 e (229)
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in this case then we have the following partlcular solutions :—

3 (g;s;”; /;Il(m) (g]osm \Kl(h&),’v
gfﬂg) 08 [ A8L08) K (A8 do,
;kg‘;g)z 5 wal 0 B —2 (glsA”)Kl( w)j 1812 (0\a) d
and —- "’(‘S")sﬁz/xm )J 2\SLOSE (I8  (2:26)
Case (i) When W* — %W':O S )

~ the equation (2-3) reduces to
x!V = 0 having the complete solution

X =a + bx + c2® 4 do? . .- . o (2-28)
Since the solution of 2-275 is . . :
W=o0+ a, & . v .o (2:29)
Y = (4, + a, 2)[a+bx+cx2+d.»3} . T.. o (2030)
giving the following particular solutions :— o ,
z o, 2%, 282, 48, 0 &L B .. L. T (231
Case Gv) Here W’ ———i W=aeW .. . (2-32)
- w -
where o = £ A? C . . A (2-33)
Wheti o = A% then W’ — i We=RW . @
so that { & 1 ) (W" 1N enw .. @)
\iF B B & )
‘and the cquatxon (2+3) takes the ferm ‘ . :
X7 +2N X MX =0 . e (2036)
the complete solulion of which is - ™~ ‘ T
X =(b + bw)Cos)\w—{—(b3+b x)SmAw .o (2737
A Further the solution of (2-34) is o
W——alwIl(/\(H)Taszl(A(O) .e . R (2.38)

(2-37) and (2- 38) give us the following partlcular solutions of (2-1) :—
o Il (A &) Cos A, le (X &) Cos Az, &‘mll (}\ ) Cos 7\11? &K, (Aw) Cos Ax
:,‘;fl (A@) Sid Mz, BK; (A®) Sin Az, 8aI, (A8) Sin M K, (AB) Sin Az,
. . - .. .- (2 39)

i
\
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Let us now have W" — i— W = — 2w . (2-40)

w

then (2-3) reduces to S T .

X1V — 20 X" MX = 0 . e ey
the solution of which'is : = _ A

= (b + byw) Cosh Mo + (b5 -+ b4w) Sinh Az .. L @4

Furthier the solution of (2+40) is - -

W= 8J, Vo) o ag oY, Mao)r .. L 2e)

From (2-42) and (2-43) we have the following particular solutions :—

(e J0er. & G Jrao,

. Cosh Az L h Az oy
W g e ) R, wxl,,gf’*"h o )Yl M) (244

3. Inpolar co-ordinates deﬁned in (1-4) the equation (1-2) reduces to

2 1 — p2 22 ’2 _ R LTI )
[+ 25 ) om0 o e
Taking ¥ =R (M () .. . . . (32)

in (3-1) we have

-~ - - -~

S v oo ) [

(5 L] <o e

Suﬁé%itutmgi = ¢? in (3+3) and denoting _gé— by D,

we have ' . -
!_ Lp—1)(D—29 (D—3)RJ+ 2| (1-,A2)£4~”J [%(pausba-amj
[ E fa—wmary] =0 . e

The variables are separable in (3+4) in the following cases :-—
@M =0 B Q=M =\M -
and (y) (D*—3D +3)R=aR L
We shall-consider th-se cases in turn, - ‘,., - -
. Case(a) : If M" =0- .- - . (3+5)
4 M=a +ap . .. '(3'6)
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and D (D —1) (D —2) (D—3)RB=0

so that :
B = b, + byr + by + byr® ORI N . 30!
Hence we have the following particular solutlom of (3 1) —_
""!/'.;/"3,“,/”"'97/",73 L. .o . Cee ve (3'8)
Case (P) ‘ , ‘
Let (1—p?) M =M .o .. e /(8-9)
e '
" then (1 — u?) i [(A—p)M" =M .. ee 4(3°10)

and [D (D —1) (D —2)(D —3) 4 2A(D? 3D 4 3)+ MR =0 (3111)

g TQ solve (39) in terms of the known functions we substitute S
M=@—p N .. . ee . £83-12)

init. We then have . ,
gy AN 1N »
(1 — ) W—_gp.—dp—_(xju 1_1‘2\\)2\7:0 . B3

‘We now take

LA = —-n (n + 1) . .o ] ‘k‘- . ’ R 4(3"145 i

so that (3-13)and (3- J)zeduce to. b

. @N AN T Rt 2 R
'(1_#2)&72———ZV.T’L'—{-[@(’H,—{-1)——.—1‘:,-7‘_‘2"]N=0";2‘{3lgzm
and - A )

D+ n) (D——n—3) (D*—]l n—2) (D—-—n—l)ij 0 .(3-16).
The general solutions of (3+15) and (3 16) are - . }‘_\! ’\ B a st
N=a p,t (I")’{’aanl(f") - . .
and ' . - o
‘ —nZ (n +3)% “n—2)5 (n+1‘)z
R=1De Y be.  tbe  +be s
so that - ’ o -
M=0q,(1—p Pul(p)+a(l—p) U O o B
id . - . R s ’ “ -

R = %‘ b7 by g hbe e B0
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From (3 17 yand (3- 18) we have the following sets of particular'sblutions :

(1—-#2) Py l(p) ——

a4l

1/2 1
,’.7,_2 » (1—p2) Py t(w rT (1 —l’-z) P T,
n+3 :
© and (1 — ;;.2) ,Pn L(w)r WhenV/,u/ < 1 ;

' oo 1 }
(L—n?) Q”](M)?-wzz,(l__”’z)Qn’

3 1 , 3 nt3
(I1—p?) @' (p)r and(l—p?) @, (u)r L
* B ~ when [u]>1 I - (319)
“Case (y) : '

Let (0*—3D +3) R —=ak .. .. 0 oy (320}
Then | . |
D(D—1)(D—2) (D—3) R=(a—3) (a—1) R .. . L@
and | ' |

- 2 : ) ,
(1—u?) };{(1 —uz)M”} +2a(l— ) M’ +(@—3) (a— ) M =0 (322)

The discussion of the general case is cumbersome and therefore we shall only
consider the special case when

=1,
When o = 1 (3-20) and (3-22) reduce to )
i - (D—1) (D—2) R= 0o e (3-23)
and | |
Q=g (A=W | +2(1—m W =0 @20

The genera.l solution of (3-23) is

R=oy+ar . .. 3%y
To solve (3-24) we put ‘ | N I
| -y M =T .. . . . (3-26)
8o that it reduces to '
(1—p) — U+20=0 .. e 320

which is same as (3-9) on replacmg M by U and taking \ = —n (n+L j=—2
1 e.n = 1and hence the soluuon of (3 27) is

T=p u— o' () 4 b5 (1— 1) Yosny L s
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Restricting to the case when /p/ < 1, we take |
Umby(1—p2) Py () e oo e S (399)

so that (3 26) becomes

. S
Aty M == ) " 2y ()
= =y (1),

or M’ = —-—-bl -
o 2 R : G
80 that M = _bl’i'z +bzy‘+b3 '. e . .o . ‘ ..(3.30)
From (3 25) and (3+ 30) we have the followmgmm“ ( H
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