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ABSTRACT

The paper deals with the distribution of certain

functions of distances between any two points of a line of

~ length unity divided into (» - 1) parts by n points taken
at random by a unified approach.

Introduction

If n points are distributed at random on a line of length unity, theline will be
divided into (n + 1) parts. Taking the length of the various sections to ke x,
Ty, Dgyovvonnnn Tn+1, the distributions of #’s and functions of #’s have been
discussed by many authors. Whitworth! in his book ‘Choice and Chance’ has
given the expectation for #,? 2,2 og" ...... where each of the indices p, ¢, 7

is zero or a posmve integer. Moran? has given the distribution of S = Z' %
He has obtained the first four moments of this distribution. Darling® has worked

out the first two moments of the distribution of the random variable W, = Z':v,
" by applying the method of characteristic function. Barton and David

have discussed the joint distribution of gy, g, g3,--.- gn+1 Wwhere the g's
are the ordered values of the s by using the methods developed by Whitworth?,
The distributions of g, g, ga,. .. . .. etc. obtained by them reduce to
p(g) = (n + Hn(l —n+ Lgy)" ! I
Py gy x {1 — gy —ngp}n—2 (1)
P91 92 93) & {1 —g1—go — (0 — 1)gg}" —3 j :

These authors have also considered a number of other distributions formed
on the basis of rth and sth smallest interval. This paper discusses the distribution
of #’s and its functions by a unified procedure developed by Iyers. The first two
moments of the distribution for the intervals between the ith and (i %)th
point on the line or some functions of these intervals have also been obtained.

Distribution of intervals between successive points
(@) Distribution and moments
The probablhty of any of the interval lying between z and 2 + dz is
n(l —z2)»—1dz . . . e (2)

This can be established as follows: An interval of length z can be either at the
extreme ends or in the centre of the line. Assuming the first point to lie between 2
and 2 -4 dz from the left end and the remaining (n—1) points to lie in the region of
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(1 —2), the probability for the fulﬁlment of these conditions is obviously
n(l—z)"—1dz, In asimilar manner it canbe shown that this result holds good
to right extreme end also. If the interval is at the centre, we take two successive
observation y;1 and y; Consider the probability that (y; 41— )is
between 2z and z + dz. The probability .-for y;+1 and y; to lie between
Yi+1and ¥ 41+ dy; 1 and i and y; —l—dy, (¢ taking values 1 to =) is

Ml —gitr—y 2 dys dyiyo*
Taking y; + 1 — y; = 2, the above reduces to n(l —2)»—2 dy; dz (3)

Now limits of y; are 0 to (1 — 2) and therefore integrating (3) between these
limits for g; , the probability for z to lie between z and z 4 dz is

n(l—z2r—1de e @)
The rth moment of the distribution 4 '
41 ' . 1 N .
pr=mn Lz" (1 —2)yr—1lde= Ty . (0)-

~

(b) Bzpected number of intervals between y, and y, and its variance

. There are n+ 1) intervals on the line. Now the expected number of
intervals lying between y, and g, is

E{N(g‘h, yz)}= (n+ )n (‘ya (1—2)pr—1dz

S %
(n-!- 1) {(l—y])"——(l—~y2)n 1 (n+ 1) asay .. .(6)

“ Using the methods developed by Iyer5 the second factorlal moment is tha
expect;a.tlon for two of the intervals between the lengths y, and y, among the
(n -+ 1) intervals on the line. The probability for any two of the intervals to
‘be lying between 2, and z, + dz, and % and z, + dz, reduces to

n(n — 1)(1 — 2, — z,)*—2 dzydz, .. . (M
Similarly the proba.blhty for any three of the intervals to lie between z, and
% -+ dz,, 2, and 2z, + dz, and z, and z; -}- dz, and also the probability for any four

of the intervals to lie between 2, and z,+dz,, 2, and z, + dz,, z; and z; - dzg
and z; and 2, + dz, are given by

on(n—1)(n —2)(1 — 2y — 2y - zy) S dzydryd, .. (8)
and { :
o n(n — 1) — 2} — 3)(1 ~= 2; — 2z, — 24 —2,)" —* d2 Az, d2,d2, 9)

It may be noted that this result holds good Whether the intervals are
connected or disconnected. ,

- *Thls can be seen by taking the distribution to be
ol =iy 1— 95 )"~ 2dy; dyip1 and equatmg

yio
cfj (1 —Yi+1— Y )“—2dy,- \dyi+1#1
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p,’“ == the No. of ways of having two intervals
X the probability for obtammg them

=(n l)n-nn——l) ry (l—zl—zz)“ -2 dz,d%,

= ot 1)L — 2y 21 — gy WP =2 Jfun—1)
= nln + 1)By .. A ¢ (1))
Assuming g, and y, to be < 1, the variance
ViN(y, )} =(n + 1) & (1 — @) + n{n + 1)(3321 — 0@)
7 When % = a/(n + 1) and y, = b/(n + 1)

{N n-T—l n+1)}""(”+1)(€‘“—e‘b)
‘»V{N<n+1' n+1>}"’(n Hie—*—e—?)

—(e=—e—)2 —(ae—a—be—b)] . - (1)

It may be noted that the variance given here is not the same as that given by
Darling3.*

(¢) Distribution of W1
Darling® has given the characteristic function of

nt1 -
Wn—l—l = h (wj)
‘? ==
By differentiating the chara.cterlstlc function he has obtained the first two

moments of W,41. The first-four moments of Wn+1 are obtained here by the
simplified méthod. It can easily be seen that

EWun1) = w+ 1D E{h() }
= (10 (1 e =9 & .. .. 1

o

E (Wpn) = | (n‘—}— 1)/E' h () }2 . »-/‘
+ (n+l)nE { bz () }

=(n+1)nJ ) a—y" ldz"

N

(, + n? (n2 — 1) ( ( h (2y) h(zg) (1 —zl—é;)”ci;12dz2
S ol z1+zz<1 E P
o ‘ . . (13)
B i) = 0+ DE () } 430t 1>nE{h(w,>} {sz)}
A Ynmw1E { ) @) b)) e (19

*This dlﬁ'erence is due to the higher degree of approxxmatlon carned out in -
thé present investigation. -



-4 SOME DISTRIBUTIONS ARISING FROM RANDOM BIVISfON OF AN INTERVAL

n-—2

+3nfn+ 1)nin—1) J J | {h (zll'}}i B (zgy-(2 ';”31 —2y)
2+l 4 dy 72,
r‘r-(n—{— l)n(n——l)n (n—-l) (n—-2) ( ' ‘\A jf h €k (2) b (23}
o ' 21—]» Zat 23 <1 :
(1—2 —2— zs)ﬂgsdzlk d’za dog oL o N 4 £
. . o 1 i '4 nel o - :
E(Whin) = b+ 1)’nJ {h‘(z)} (1—2 “d
—2
+4(n—l—1)nn(n~1) i {h(zl)f k(zz)(l—-zl-—zz)
2z + % < < 1 S,y dzz,
F3mtDane—1 | | 1k<z1)} ) Y
4+2<1 dz dzy
+ ]2X3 (n+1)n(n—1)n(n—1)(n—-2) J i j
R . 2+ 32 A < 1

{h(zt‘) }2ﬁ(z2)k(z3)(1 — 2y — 2 — )" T? dzldzzdza

\+(n—l—l)n(n—~1)(n—2)n(n—l(n—2)(n—-—3)J ‘ J ‘ ( (
A C otz 22 <T
h(z)h (z)h (zs) hizg) (1 —2g — 2y — 2, — 24)”“4dz1 dey dzg dzy,  (16)
61

_The value of the various moments for W,y = 2 & reduoes to
‘)u’ly(W.,.+1)= %%%L .. SRR (17»
B (Wap1) = %B%'T { .(2' @) !+ n(ax !)2} o (18)

s (‘Wn+_1) ='H {60+ @) a1 40 a—1) (47)3} |
- : \ . {19y

: o (W ) = % Eéeﬁ)! 4 4&(3«-)!’:»! + 3n{ i%e:)' }

+6n(n-—=1)(2 q)! @+ n (ﬁ—-— 1) (n ‘—92;)":(;0;1}1‘:[_ _(20)
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Distribution of intervals between ith and (i+- k) th points
' (@) Distribution and moments

When ¢ is zero, the probablhty that the kth point is between zand z 4 dz
is given by

n! b—1

oa—k
=i e—Rr ¢ A=A 4 .. @

-when ¢ takes any values it can be shown that the distribution reduces to
same expression

The rth moment of this distribution is

R ! Y EAer—1 n—k
¥ = TR { ¢ (A—=n
nt k4 r— ! 4 ‘
=TT e

(b) Expected number of imeﬂrpals beteen ¥, and ¥, and its variance -
The expected number of such intervalg can be seen ta be.equal to-
- Yy : : .
! (n4-2—k) o e .
=D mn—7h)] J z (1—2z) . dz . 7(2’3), :

1 :

The second factorial moment is the expectation of two such intervals. Two
such intervals can be (¢) overlapping (i¢) adjoining or (77) independent ones.
Taking (¢) there are (k—1) overlapping cases. :

They are

(k + 1) pointe )

1 | [ « (k 4+ 1) points ‘,
X X X e X X Xy (2 | ' [ Ya.
¥ | % | X X X «.... X X X
(k + 1) points , n | v |
. , : (£ + 1) points
(% + 1) points ' ’ I points
[ < —
C+th x x . ... X X....XX....XXuys
> |n Yy
| points (k + 1) points

where y;, ¥, Y, are the distances from the beginning of the line. The probabili-
ties of the various conﬁgm:a;tlons shown above are:— .

| zl z1 ?!1+zz . . L
O F=grm—F=17 . | & G a—w
: ° Y Y ,

dyy s dys = wor G07) .. S
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5 oH it

n! O ,
) E—3) (n —%—2)] J ' J _J Ga—wm) % (¥s — 92)
) - ° Y Y :
! N—Fk—2 ) o )
(I —y9s) dyy Yy dys =ome .. - .. .. (25) |
oo - "zl 2 ‘1“—|—z2 V'_k - ‘
n ! : -
.(H'l) (E—1—2)! 2 (n—Fk—T—T1)1 ( J _ i (%2 — y1)
- - ° Y% Y
l P/ Cone—fk—]—1 C o
Y Ws—y) O —g) ‘d?/1 dyy dys = o1 2 NS (26)

The limits have been obtained by. é.ssuming Yo < 2 and y3 — 9, < 2,
The probability for (i¢) viz, the adjoining interval shown below— -

(k 4 1) points (k& + 1) points | o
] ; | reduces to
X X Ve . - . X X - . . o . ’ X ’ -
. o 22 . Zl ' } : -
n! ) ‘ k=1 E—1 . n—2k
{ (h—1)! }2 (h—2k)! J ( 2 % (b—n—)  dzde,
: o o B i , o
= Bu(say) .. . .. oL@

When the intervals are independent, the probability that the two intervals
lie between 2, and 2, + dz;, and z,and 2, dz, is the same as given for the
adjoining ones. o

The second factorial moment of this distribution is the sum of the éxpecta—
tions for the above configurations assuming both #y and #, between ¥; and Y.
Thus a

4
’

S ==k 1) o + (0 — k) o T~k —1yax+ ...

cere Fo—E—14+1) o + .... + (nﬁ2k—l— 3) Rz
TR Y L . . (29)
The evaluation of oy fon any value of % is very oumbersome and

therefore we shall be contended for the present by giving the values of u, for
k = 2 and 3. The values of aoz, and a3, 03, a;5 and Py, are given below

N -1

m—1 . . . n
%y = n(¥;—Yy) .{(l =Y) —Q0-Y) }'—‘(1 —2Y,)

F2A=Y— YY) —(1 =2y .. .. .. (9)
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Py = (1—20) — 3(L—¥,—¥y) + (1 —2%y)
n-1 %1
+ {Yz (L—2Yy) — (¥ + Yy (1 —Yy—¥y)
) W

+Y 01— 2Y1)"—1} + n(n-——l)~{Y22 (1—2Y,)

7— . 7 —2
-—2Y1Y2(1—Y2-—Y1) ERTY } . (30)

ao,_.(l—2¥2)—-2(1-y—Y1)+(1-2Y1)
+a ¥, —Y) { 1Y, )1—<1—Y1§'"%}'
_a=1 V2—v2){(1—Y 1—Y @)
9 2_11("‘2)’—(—',1)

a13_5{2(1—y—Yl)—(1-21r)—(1—2y1)}
»—1
Cn [4(1-Y—Y1) v, +Y1)——4(1-2Y2) Y,
7" — . n—1
~—4(1-—-2Y) Y-——,3(Y\-—-Y)[(1-—» Y,) -(1-— Y) }]

“ n—2 n—2

Yam—1) [2y V(1 =Y, —Y) —@1—2r) ¥

n—2 n-—2 C op—2
—(—2, Y1+{<1—Y1) fa-vT )
: y.2 . ‘ ’
{Ylyz“‘T 2 ] e (32)
b =(1—2r) —20 -7, —'—YI;L—I- 1—2v)

+ o0 {v,a—ar)) —(Y1+Y2)<1—Y ~1)) +Y(1—2Y e

2 N—"2
+n(n—1){2Y (1—2¥,) _(y1+y2) YY)y +2y1 *12v,) } -
n—-3

+n(n—1) (n-?>{Y (1-—2Y2> Y, (¥ Y e

n—3 v
Y 2y}
n(n——l)(n - 2){n — 3)

+ - 4

" n—4 2 2 (n—ab) - & .. (n—d)
{v, 1—2v, LAY (1Y, =Yy + V(12 Yoo @9



8  SOME DISTRIBUTIONS ARISING FROM RANDOM DEVISION OF AN INTERVAL

These values have been obtained by substituting the limits ¥, and Y, for 25
and z, in the general expression for the pmba,blhtms of the different” conﬁgura-

tions v .
Thus for k = 2 : - .

yg : i
z(l—-z) d/

E{N(Yl,l@)}:n (T—?T)“
| v,

——n [ {a _.-y"_irz (LYY, }

1. {(1‘/_y2)__(1__1r1‘)n} ] e (38

\ ——-—naz L . L '

V{ N¥Yy) b= nay (1 —ap) + 20— 1) (a9p— a3

+ (n — 1) (n—2) (322 —_— a.z) N .. (35 -
Fork =3 ‘
. lfz

,_E{N<Y1,Y2)}=<n—1) s Jzz(l-—z)“ &

(n—1) ( ){y 1Y) ¥, (1—7, :)—2}~
Y R N A S WV {(1—1’1)—(1—— z)}] (36)

= (n — l)ag
and

V N0 ¥ b=(n—1)ay (1 — ) -+ 2 (1 —2) (g9 — a5?)
+2(n—3) (a3 — ) + (1 — 3) (n — 4) (B3 — a5?) (37

-Assuming V) == gf(n 4 1) and Y, = b/(n-+ 1) the asymptotic values of
E{N (Y1,Y,) } and ¥V {N (Yl, Y, } reduce to the followmg :

Whenk =2

{ <n+1 ’n—[—] }N"{(l + aje —~(1'+ Be }(38) :
{N n—l—l n+1 }"“” € (a+l)—;e(b+1)
—a  —b

-+ 2(a——-—b)(e -—e)-—2 e —e } ———3 i(a—}-— l)e 'f'(b +1)e "2

| s
"_(aze‘--—bze )] Ve T ee o ‘ O (39)
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Fork =23
( I oa b
EAY G n+1>}
m(n.———l){ (1+a+ )-—e(1+b+ )} (40)

[ n—}—l n-l—l)}

No—) [¢ (et — (1+‘b+‘b3/5)
—2(a——b){(2+a)e — (2 + b)e }
6 ey ) —é—(\ae_a 4) + — {ae—-b e>2

ir‘_ 1 /3—0, 3 —b b N2
‘ _Z(‘ae—-—be ~9{(1+a)e — (1 4 b)e }
; \ ,

_;25_{@ 1+ a)e—a—-— ‘b‘ﬂ + Be

+;5(aﬁv-b)2e”(a+b)] .

(41)
(c) Distribution of functions of inteﬁals

The moments for the distribution of
n 42—k
Wlan+2-k'_ f (f”kj)

where w; , represents the distance between the jth and ( j+k) th
- point on the line, can be derived as follows.

Asin the previous case
E-(Wp,n et 2—1) =0+ 2 — ka E{htxm}

0+ 2 ) ! -t |
- (Ifn-h 1)!»(n12)1 1”’(27* (i-- ?) dz . (42)

B(H% g 1) = 0+ 2 *m | = fh(wm}}

- +2(n+]-——k)aok +2(n—ls)aw -
E—— + M,.,,.-,—J—B (n —k=14 I)azk*'i- - 2(%-——2%—]— 3)a't— 2z
' + (n——2k+ 3)(n—-2k+2)ﬁzk P N C k)
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where ¢’ and g’ are obtamed from the confi gura.tlons given below

(1) Overlapping
(k1) points Ipoints
] B le—s
A X X= = = = =XX===X X X= - =XXD Jor ay
— | C Rk
I points (k 4 1) points .
AB = 2, BC =2, and OD = z,
(2) Adjoining : :
(5 + 1) poirits (% + 1) points . N
I ] , » ‘
><><———-><><-—--><l
A B c
’AB=ZI',BC'=Z2'
(8) Disconneocted : > for B'a
(k + 1) points (k -+ 1) points .
| | [ -
X = = == X X= = =X= -Xx=- - = _>|<
4 A B : B D
AB=ZI',CD=Z2'_ ’ »
.o n! ' oy ( bkl
YE TR E—T - T —FE—I—1)! | J % %
+22+23<1
] ne—k—]~—1
75 (1 —2y—2,—2) Az + 25) (25 -+ 23) dz1 day dzg

B = ”’ el
% = [E—1)! B(n — 2%) ! j J %z (l—z' —2)
242/ <1 ’

h(z) h (%)) dzl’ dzy’

Tahngh(wkj)_zwbj E(Wkn+2—k )GWZE(W]; ,,_;.2..], )
reduce to

lat+k—1)! 2—k : ’
t2

nl(al®(n41—f—0)
(n + 2a) ! (11)2

E(Wzk,n+2—lé )1=A'2

L

AV LI

-
- S o

¢§ (a—r-l-‘l)!,(a——‘s—l-l)»!(r-l—8+kf~l~2)!./.
=' (aff)!(a—s)!r!sl(k—l—2)!

[

EEN
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o @+ k— 1)t IS
(n+2a)! {.G—1)! }*

nl (2a+k—1)! (n+2—k
* (2a+n)!(k-—-n1)!‘ . (45)

t

(1 — 2k + 2) (n — 2% + 3)
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