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A mathematical model is set. up to evaluate the reliability of a complex system comprising two subsystems (with
standby redundancy in one subsystem). The failure and repair of units for both the subsystems follow exponential
and general time distributions respectively. The switching over device for standby subsystem isnot perfect
and its repair is opportunistic. The repair for both subsystems is carried out under priority. The concept of
waiting time for-the repair of failed units in standby subsystém has also been introeduced. - Supplementary variable
and Laplace transform techniques have been appli€d to‘obtain the transient state probabilities for such a sys-
tem. Krom these pointwise availability has been evaluated. In the end, a particular case when repair follows
exponential time distribution has been derived and asymptotic behaviour of such a system has also been examined.

In complex systems'3 with many components operating in series, the system reliability can be
increased by identifying critical components and-supporting standbys for them. The subsystem A in this
problem consists of one such critical component and is thus provided with a standby unit.

In this paper, a complex system comprising two identical. 4-units in standby redundancy forming one
sub-system A and M non- identical B-units called subsystem B has been considered. 4 and Bin turn are
connected in series. The B-units are connécted in such a way that failure of either unit of this subsystem
causes the system to work in reduced efficiency. The failure and repai rate of units for both the subsystems
follow exponential and general repair time distributions respectively. : ‘

In subsystem 4, thereis a sefising and switching over device which observes the failed unit and switches
to next standby unit. This device is imperfect and its1epair 1ate follows exponential distribution with mean
R—1.  Also the repair of failed switching over device is opportunistic which simply means that the failed
A-unit (if any) is also 1epaired along with the repair of switching over device. Beforé the repair of subsystem
A starts, the system may wait (with constant rate) for 1epair. Such situations may arise in many practical
situations due to various factors like non availability of spare units or preoccupation of 1epair facility, ete.
The repait of units for both the subsystems is carried out under two different priority repair disciplines, viz
Head-of-line and preemptive resume?S,

ASSUMPTIONS

(¢) The system waits for repair only when both 4 units fail irrespective of the state of subsystem B.
(¢t) At any time, no more than one B-unit can fail.
(#45) When the jth B-unit fails, the standby unit of subsystem 4 may also fail.,
() The system stops working when the switching over device fails.

(v) The failure of both A-units brings the system into ‘Down’state and then only the 1epair of
both 4 units is cartied out.

(vt) When the system is in waiting state, no repair of jth B-umit is undertaken.
_ NOTATIONS
M - number of B-units
7 ... aubseript, denotes the serial number of one B-unit, j =1,2,3,...... M.
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constant falhll'e rate of mdepemdent and 1dent1ca.lly dlstnbuted A-umts the atan&by failure
rate is zero. ‘

consbant § fallure rate of jth B-unit when no other B-umt is fa,lled

wa.1tmg time to repair for subsystem 4 and follows exponential time distribution.

‘transient ra’e and probablhtv density function; repair of both pE umts and jf:h B—umt is
completed in time z and g, respectWely ‘ .

superba,r, 1mphes Lapla.ce transform w.r. to t.

_sum over J from 1 to M otherwlse mentmned.’

N

denotes definite integral from 0 to oo; othérv;ise‘mémiidned.' a

prime denotes ordinary- derlvatlve

 sbate.of the system; 8 is the number of A-units Whlch are falled (8 =0, 1), s the senal

number of one failed B-unit; for p = j: p.=0 denotes no failed B-unit.

state.of the system ; ¢ denotes the sys’rem waiting for repair of subsystem 4 : o is the serial
number of one failed B-unit : for ¢ = j : ¢ = 0 denotes no failed B-umt

pr {suecessﬁll operation of sw1tehmg over device' ]. :
pr[ system is in (3, 0) state’ 1 ' o _
pdy [ system IS in (8, y) state and is under repau ela.psed repalr tlme 8.y t)
p'r{system isin ($, o) state’ #]

pda [ 'subsystem A4 is under Tepair a,nd elapsed Iepau- t1me is af t].

pdy ['both £- umis along with jth B-unit have falled sy tem is under Tepair and elapsed
repan- tune is y t] . . )

~ pr ['system is in down state due to the failure of awﬂchmg over devme, whereas one A-umt

has already failed; =4 mdlcates that jth B-ynit has falled 7= 0 implies no failure of
B-unit’ t] B ‘

| Pont) = f Piuy t)'dy

Pg(t) = fPR(x s

The relations 54 (%), 7; (y) and SA (w), S (y) are glvern by

84 (®) = 74(2) exp [—fﬁA (é;j‘i({m ] s
, o g ELER

Sj (y) - i (y) eXP[ fm (y) dz/] |
s ,

From elementary probablhfy consideration* and continuity a,rgumen{ 8, the following difference differen-
tial equations have been ohtamed for the stochastic process which is discrete in space and continuous in time.
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Equations are for elthel‘ model excepf; as exphcﬁly meamened’ .

{ + z\A + :\B} P (t) /

{ = +AA +AB, Ppo(t) = Zfl’v,(y,t) W{g)dy—{- Po,g(t)AAe el

  {

Qe

- f P,A, w50 q{@_)rdaa ;i

{ + 2 + AA + vg(y}} l’us (y, t) = Po,j (y, t) /\Ae k -v f'or' model' I
S =0 ~~~~~ for model I

)
e |
"- +2 + 4 (‘5? ] PB- (a:,t)=0~~ ST

-

2 + . ] PM = Pl,f <t) "

(Z+2+n m} w(y, h=0  formoldr
(3 + 5 rm@| Ppepa=o  prmm o
| §,—+R]Paa(z)—Po,m)u—e)aA @
[ a +E ]Pm ® —Pg,m) it ~=—=e) AA R A T S Qo)
The followmg boundary condltlons mll seem to hold good an 7
PR (0 ) = Z f P,A,j (y, t) nj(y) dy + P¢,o (t) 3 for modei 1 ;
= Pyo(a foimodeln =
P, (0= Ps;0a - . formodelT _ :
P, 550, t) = Pyt 7 for madel II _ » (12)
Poj(0,)=Poo®) +PBJ (t) R | e (,13)' |
© Py =Py - 7 -7 formeddl T 0o -
e =P, )N+ Pm] (y, g) )\A edy - for modek II~ - L (14)

: + Ps., (t) R

u ] P¢,‘;, ,(t )=P1,;.;.,<;;,z@4 e 5 3 f e

. j, R0
,‘3’ |

+ o + A\A + "la(y) } ou(}l, t) —~0 e ~."*":“' 'ﬁih'i = for modelI

for model II (3)

@
o
©

M

@y

e has been assumed here that mma,lly the system is operatmg in the sﬁ&te Qf nomlal e_ﬂ‘iclency ie -

Py, ¢ (0) = 1, s0 that other abate plobab;thtles aze zero.
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 SOLUTION FOR MODEL

Special Notations

po=[1-Fe+m]|[s+n |

’ . - —1T . .- o ] VJ o %
Cj () =1t A4 ] [D, () + (s + ,\A)] A e
94 (s) = 1 ~ S¢ (s) ] 1 ¢ subscxlpt, e:therA orj. o C ! ‘

B(s) = s—}-)\A—{-)\B———?)yS,(s—l—/\A)Hj(s)——K(s)R] o

Boy=| 1——27\,8',@4)5,(0) Z,\,S, AA)H',(O) K (0) R]

m (8) = - SA (S) C(S) %Ay EZ Aj Sj(é‘) 'Ci{s) II_,(S)]

e

m"(o>=qx;é.'[{c'(0)~MAc<o>}{ZAJOJ(O)H“«»}" M
+00 { 20 {0080 + o0 my0 -3, 0, (0) o, «»}ﬂ
Gj(s)‘———‘Dj(s)'[;i;Dj;‘(%)‘Kks)R]"l  el | N

B =[1—-K© 260 |
| K(s)‘='AA(1—,¢)(sf+R)—1 ‘*
SO0 =AMEHgTE T e T
0" (0) = Aq (a2 | ‘

Taking Laplace transforms of dlﬁ'eren'cxal equatlons and usmg boundary, mmal condltmns and we get

Ppo= | BO=m a- o
B, o= hae [ 1-— ZA g (s+ AA) H, (s) ] 4—1;(})“ B o (16)
By, j(s) = % Gy () Py o (6) B )
P—vj(s):AiEOf(")AA‘H (S)Pv’o(3)+D(s)P1’o(3)] co= LT (18)
. Paew =00 P00 * R I b (19)
o B, =00Pu0 | o BNy
i RS .



Kumar Gupra : Operational Behaviour of Complex System

Pa =000 {Me D AKOGOHO Py | +

+[ 14 Z/\j Si(s) Dj(s)} T’M(s)] f21)
Pgy(s) = K (5) Py (9) : (22)
Ppyyi(s) = g;(s) C(s) « Py, 5 (5) (23)
Pgi(s) = K (3) Py (9) (24)

where

40 = [(Bo—n@}{s +r 42> 456 + a0 1 -

—[MFae 0w (DuEe e +1).

(1= uFe+mme )]

The Laplace transform of the probability that the system is in the operable state Py, (s) and in the
failed state Ppowa (5) can be written as

Py (9) = Poo(8) + Bo @ + | 20i )+ P ® |

~[{1+ > vae e D% G0 B | B —mio) +
+{1+ > yD09 Howe 1 D T + 20 By 410
Poven (= P + a0+ B9+ D [ Pos )+ Py )+ B0 |
=[50 + o <s)2§j(s) 0@ o+ 00+ () 0« | .
A2 NGO BO+ED D ¥ 60 | Basin +
900 cmatom + {06 > Fmowar

O+ 950 00 « | > 450 | Bt
Tt is interesting to note that

Pup () + Poowa (5) = 51 which ought to be
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The asymptotic behavlour can be derived w1th the help of Abe]s’ Lemma ie.,-

ce Limaso [s f(s)] Lnn,.m{ 0 ] = fisiy)
- provided the limit on the right exist. The esult obtamed are straight forward and can b& given as under.
Py [ 1+ D NGO+ e D YOO | {ﬁ(é) ~no |+ |
| {1+ z N Dj‘_(or}.x;yé{il —- ZA,-S',-,(A;;) Hsiq)'i} Ja—
| éb;wnﬁ——-[x(ow (00 a+0© « 1 }'\{zwﬂo{) M B +
| 4k ,(0)‘.;2 % 65(0) }'_1{, o+ MO0 a0 + o
| +é»(0)+%o'(6)azalb(0)] 10 |
Pou=[ BO-m) |2~

P Ax [1 _ z % 8500 ;g,(o) ] o

-

and . , :
H =4 (O)

- Here M aand M; are the mean time o repair of two faﬂed A-umts and yth B-umt respectively and can
be deﬁned a8,

. MA=-. j:'oﬁSA ‘(m):dd
fy 5 ) ay

: SOLUTION FOR: MODELII

L

Special notations (also see the special notat}ons for model I)

PO = [s+ 22— > 456+ ]

VVVR'(O)= [ 1 —»,zx,-s?,-(u)]

T(s) [ZAS(3+AA)D(3)H(S)+1] | oo
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rO=re[ D n{500 0,0 50+ 50 D050 +
+"s‘(AA) D; (0) H'; (0) } ]

The method applied for the solution of model IT is the same as in model I The golution i is given from
equa.t on (25) to (34)

Poo() = R()dw) S @

- Pyole) = T4 @
Poyj(s) = 405 () Hj (5) Pong (5) - o @7)
P =\ D(s)[ Proa(® + hae D) () Po,o(s>] )
Po(®)=C®Ppo(® .~ ' (29)

‘ ?12 (8) =94 (3)9(9) a P, 4 () oL R ‘ - (30$)
Py ()= Cs) Puje) - e
Posyj(s)= 94 (5) () a Prj (5) - - @
Ppo (5) = K () Poso (9) . )

| ‘Pye) =K@ Poslo) - : (39
where ) ' :

4@ =[BoRO-F@ o0 Tw |

‘ ,Pl,P (3) and Ppown ( s) can also be obtained in the same way as in model I

Puitey = [ 14 D ADOHO +hee > KD Hi0) | Fuald) +

+.[ 1 +‘ZAJ"DJ' (:8.) ] -ﬁv'o(s)-
Pomn(®) = | KO) + > 40,0 B9 00 {14 0.00¢) > 40209

AAeH(s>]Po,o<s) + [02(s>{gA<s)a+1}Z WD | Bt |

In thJs case also
Pyp (8) + Pnown (8) = &—1

The asymptotic behaviour can also be denved on the same lmes as suggested for model I The results
aTe given as tnder

Po=[1+ D 4D H0) +AAeZA DIOBO] Poot
[1+ZMDJ-(0)‘P1,0" o |

Poors = | KO+ D A DO T;0) + 00) (1 Ma) D 4 DO
.e Hj(O)]?Q, o+ [\02(0) (_Mf;a-ﬂ)zijm) ]fl,o ,
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Pao =[Nt > xs00]a
Pao= ZA,S AA>D,(0)H<0)+1]H—1

“H.“ = B’(O)R(0)+ B(0) B’ (0) — 0'(0)T(0) + M40 (b) T 0)—0’(0) 1"(0\]

Particular C‘ase (wzth constant repmr rate)

When repalr rate is congtant, S, (s) = - . _?_AM-- and ;-S-'; (s) = --s + . These can be subs-

tituted in the equations of above model.
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