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Tha. classical problem of finding bounds for the apsidal angle in the dage of the spherical pendulum

—has been considered by Halphen in his clagsical treatise on ‘Fonctions Elliptiques’. His proof is based
on certain inequalities among ’ Elliptic-function ccnstant. We prove these inequalities of Halphen -

and Puiseux, ina simple-way, using an interesting identity of 8. Ramanujan; besides, we obtain positive-
term series for ‘the quantities involved which may enable ope to improve such bounds.
‘ - . i . .

~

In this paper we have established a connection between an interesting identity of 8. Ramanujan and
the famous classical inequalities 6f Puiseux and Halphen concerning the oscillatory motion of a Spherical
pendulum. These inequalities relate tothe problem of finding bounds for apsidal anglet, The proof given by
Halphen? is based on the following inequalities among elliptic-function-constents, when one of the periods
2, is real and positive and the other purely imaginary (0 <<'q < 1): ’ P
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. Written in terms of Weierstrassian functions, the identity (3) assumes the form®
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*The material presented in this paper is included in the Ph.D. thesis of the author,
+Throughout the paper P denotes the Weierstrassian elliptic function.
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Hence, we obtain
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By means of the 1dent1ty (3) Rama,nu]an denves an mterestmg relatmn (1dent1ty 03] of Table 1)4 which is
equlvalent to ) k

L Zi: =(“’"J;) [ T oy 5 2 nsqzn' 22(1?2—;; ] o _’,@

« Tlis 1dent1ty is ongmally due to V.A. Lebesgue-and has been used by Halphen to give exphmt solutmn
in terms of ellrptm constants to the system of differential equatlons

d
(m1+w2)—901w2, dt (%"1"%)——‘”29’3" ar (-’1;3+$1)—“'3971r

which arose in connectmn with probloms in mechamcs and . dlii’erentwl geo:metry

In this paper we use the Ramanu]an 1dent1ty (4) to obtain the followmg interesting Lambert series for
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0o <g< 1 and wy are real and positive.

These relations ev1dent1y imply (2), and establishes bounds for the apsxdal a,ngle in the case of sphermal .
pendulum and other related problems coneermng the motlon of 8 l‘lgld body with one point ﬁxed (Non-
integrable case)

'We need the Lambert series of ez and ; ’71 e (r_q 1 2 3) for the proof of (Q series expansmns of
e,* are well known and can be easily got from the relation
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" (In deriving these relatmns we- have uséd the Fourler series expa,nsmns of P” (w,.) (#’ = 1 2, 3}, whmh are -
“-obtained by dxﬁ'erentxatmg (5) twwe wrb. u and putting » = ). ‘

The Lambert series expanswns of ’71 e,, (# = 1,2, 3), which are reqmred in thls connect:on are obta,med
by the use of the Ramanujan identity (4)in. the followmg way; we prove :
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Taylor series expansion at «=0 of the left s1de of (15) is
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Subst1tut1ng the series expansmns of e;2, g2 and 7,2 from (10), (9) and (6) resPectlvely in the last rela,’omn '
we get (13). - : ,
‘ Proqf of Eq. (14) : Changng utou + wyin the identity (4) we get i
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Companng the coefficient of 2 in the Taylor exp&nsmn of { 16) aﬁ u = 0, we get
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Substituting the expansmns (11), (9) and (6) for ¢, g, and me resPectlvely, in the last relation we obtam o et
(14). The series expansion for »; ¢, can be easily got using the relatlons m 33 =m (ey+ e ). e

We have from (1) *° =~ .
7 f(31) =e? —m /w1 —-9o[6 ..
Substituting the series expamsions of e, y Gl/wl and g, from (10) (13 and (6), respectively. we get
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Carrymg out the ewdent slmphﬁcatlon of the nght hand side, we obtain finally
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o =
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\‘ )

P
(Hq 2 -

ne=xl

we notme thét f (311 —I— f (ez) + f (53) = O [for

PR 3 | " e




o

2

L

‘Hence, we have
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hence it follows

J

f(e:z) <0 (il<q<1§wl>0) s

€8 ; ' \ﬁa:htle.s used by Halphen? this may
enable us to obtam an 1mprovement on: the Pumeux—Halphen bound
and other related problems PRSI b et
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*From these relations 1t follows that i E

4f(e)-=—-(wlwx)2 & =Lz

n the case of the spherloal pendulum




