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Tha classical problem of finding bounds for-thc apsidal angle in the ddae of the spherical pendulum 
-has been considered by Halphen in his clas,ical treatise on 'F~nctions Elliptiqu~s'. His proof is bseed 

on certain inequalities among Elliptic-functionccnstant. We prove these inequalities of Halphen 
and Puiseux, i e  a slmple way, using an interesting identity of S. Ramanujan; besides, we obtain positive- 
term series for %he quantities involved which may enable ope to*improve such bounds. 

I 

In txi paper we have established a connaotion between an interesting identity of S. R a m j a n  and 
the famous classical inequalities df Pui 7 ux and Halphen concerning the osoillatory motion of a Spherical 

These inequalities relate to the  problem of finding bounds for apsidal angle1. .The proof given by 
Halphen2 is based on the following inequali$ies among elliptic-function-const-nts, when one of the periods 
2w1 is real and positive and the other purely imaginary (0  < q < 1 )  : I 

If 
f (0,) = 02 - 71 e,/w1 - gzj6 , r = 1,  2,  3. ( 1 )  

then 
a 

\ 

f (e,) < 0 ,  f (e2) > 0 f (63) < 0 , (2) 

where e, (r = 1, 2, 3), g2 and vl &re constants aseociated with We'erstrassian ell'ptict and Zeta 

functionss; P ( w l )  = 01, Pr(w2) = e2, P ( w l  + w,) = e3, 5 ( ~ 1 )  = 71' 

The identity of Ram,anujan4 from which we derive the inequalitieg (2)  is (a = 0% i oalw,) : 
r 

Written 

cot 
xn cos no 
( 1  - xn)2 

n= 1 n=l 

a0 

n a" 
( 1  - cos n. 6) 

\ n= 1 

of Weierstrassian functions, the identity (3) assumes the form6 

where b 

00 

!12% 1 
( 1  - q2m)2 -2 2 1 - nq2n q2n cos w1 

e o -1 n==l 

sqd 1 ( 5 ) .  

a 
7lU + -- au + 5 2 :2&. 

mu 
t; (4 = - cot - sin - . 

W1 2 w 1  2w1 w1 w1 
n= 1 - .  

*The material presented in this paper is included in the Ph.D. thesis of the author. 
tThroughout the paper P denotes the Weierstrassian elliptic function. 
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By means of the identity (3) Ramanujan-derives an interesting relation (identity ( 1 )  of Table 1)& which is 
equivalent to ( 

. . 
?12 

( 1  - q2")2 (6) 
n = l  s= 1 

Tt is identity is originally due to V.A. Lebesgue and has been used by Halphen to give explicit solation 
in terms of ellip& constants to the system of differential equations 

d d d 
- k + x & = x 1 x 2 ,  dt T & + ~ ) = x I x ~ ~  - ( ~ 8 + s ) = x ~ z l .  

. r 
which arose in connection with problame in mechanics and differential geometry. 

In this paper we use the Ramanujan identity (4) to obtain the following intiresting Lambert series for 
f ("v) , ( r  = 1, 2, 3) : 

, 

(2n - q 4 n - g  

( 1  q4n - 2)s- - 
n= l 4 

1 
f ( ~ 2 )  = , 3- (el4 2 (1::s)~ 

I I J -  

(7) , 

n=l 

- , -, 

I f (e3) = - g ($rz (212 ( 1 i - q 2 n - 1 ) 2  - ' 1. (' 

92% - 

n= 1 J 
o < q < 1 and W ,  are real and positive. 

' r  

These relations evidently imply (2), and establishes bounds for the apsIda1,angle in the caseof spherical . 
I' pendulum and other related problems co~oerning the motion of a rigid body with one point fixed (Non- 
I integrable case). 

- We need the ~ambertseries of and q, e:(r= 1, 2, 3) for the p o i '  of (74 ; series expansions of 
j 

-23 - era are wyU known and can be easiIy got, from the relation 

I 
P" (w,)  = 6 e? - 9212 , r = 1, 2,  3 . (8) 

Now4 

i 
.i 
t _ 92=- ' 12 ( - : 1 ) 4 ( l + m 2  l??:n). (9) 
I 

n= 1 

c Hence, we obtain 
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,Q2 = e 1 2  - - - vI2 /2w2 + - '"1 , 8  

Substituting the series expansions of e,b, gz and v12 from (lo), (9) and ( 
I we get (13). - 

Proof of Eq. (14) : Changing u to u 4- w, in the identity (4) we get N 

I 

I 
! 

C 
00 

I 1 1 43% nmi/wlJ 

= (%)a[- a + y C ( 1 - . q y 2 e  I (16) 
n=l n a  1 

Comparing the ooeffioient of u2 in the Taylor expansion of (16) at u = 0, we get 
1 
1 ( P ( w 2 )  + 3 )2 - _i. 1 ~ ( 2 )  ( o n )  

'"1 

w w 
n2 qw 2 n  ' 

q - ('/-1 )' [ 2 ilT + ce :+] (17)- 
n= 1 . s= 1 

43 w 

Since 
2- nZqn 

I 1 - * 2 n Y  

/ n=l n= 1 n=l 
* 

I the relation (17) gives 
C . . I 

w 
n2 qn 

8 
a=1, n=l 

Substituting the expansions (1 l), (9) and (6) for eZ2, gp and ~5 respectively, in the last relation we obtain a 
(14). The series expansion for 7, e3 can be easily got using the relations 721 e3 = rll ( 9 + er ). , 
We have from (12 ' ' . 






