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In this paper, using the supplementary variable method, the head-of-the-liie priority queueing syitem
with general service time distributions has been:studied to obtain an expression for the Laplace transform .
of the generating function of the joint ‘probability distribution of the number of priority and non-priority -
units in the queus at time ¢, and the number of units setved (including non-priority units) in time ¢.
“In particular cases, explicit solution for the model with exponential service time distributions have beep
obtained; expression for the joint. distribution of the queue length and the number- servedin time ¢, for
an M/G/1 queue has also been derived. ‘ ‘

The head-of-the-line priority discipline seems to have been introduced by Cobham!. Jaiswal? studied
the head-of-the line priority queueing system by using the supplementary variable method and obtained the
generating functions of the joint distribution of queue length for the first and.second priority units. In the
analysis of the above mentioned models, authors have confined their attention to the queue length; from
the management point of view, we can extract more information about the system behaviour by making
more comprehensive description of the state of the system, for example, by the inclusion of the number
of units served at any time ¢. o '

In the present paper, by including the above mentioned additional information, we study the head-of-
the-line priority queue discipline with Poisson arrivals and general service time distributions. Using the *
supplementary variable technique, we obtain an expression for the Laplace transform of the generating
function of the joint probability distribution of the number of priority and non-priority unitsin the queue
at a time ¢, and the number of units served (including non-priority) at thetime ¢. In particular cases, the
same model with exponential service time distributions has been studied and complete solution obtained;

correspondence with earlier results of Gaur® and Jaiswal? have been shown. (

A
' Tt is to be noted here that some work on this line of action for a non-priority discipline have already
been done by Prabhu#, Prabhu and Bhat®, Greenberg and Greenberg®, Scot” and Guar®.

STATEMENT OF THE PROBLEM

At a service facility, the priority and non-priority units arrive according to Poisson distributions with
A, and A, as their respective mean arrival rates. There is a single server and selection for service is according .
to the head-of-the-line priority discipline. The service time distributions of both types are general with pro-
bability densities 3,(z) and S,(x) respectively. Let 5;(z) A be the first order probability that a priority
unit complet&s service in the interval (¥,  + A), if the unit has already been in service for a time z, ny(z) A
having a similar meaning for the non-priority units, so that :

8,(0) = my(a) exp | — f e () s
0 -
and ‘ -

— jv‘ g (u) du
0

80 = @) oxp

*A part of this paper was presented at the Seventh Annual Convention of ORSI, beld at 1.I.T., Kanpur in December
1974, ' ' ,
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Let us define the followmg probabllltles

(@) Pmynoi (2,1) de (m>1,n >0,k > 0)is the probablhty that ab time ¢ there are - m pnonty and
non-pnomty units in the system and k umts (mcludmg non-priority) have been served in tlme ¢, and a
priority unit is in service with elapsed service time lying between @ and z + dz ;

() Quisnsi (2, t) dz (m>=0,n>1, % >0)is the probability that at timet there are m prlorlty and »
non-priority units in the system, and kumts have-been served in time %, and a nor-priority unit is in -
service with elapsed service time lying between # and 2 + da ;.

(e) Po,i(t) (k > 0) is the probability that at time ¢ there is neither a prlorlty nor a non-priority unit
in the system, while k units (including non-prlorlty) have been served in time #. -

~

FORMULA‘T’ION OF EQUATION
Following Keilson and Kooharian®, we derive the difference-differential equations for the system :

Pait@,1) + 2o Pk @1) + O + 2 + m(o)} Pt (3,8) =

= NAI Pﬂ\%—l"n-:k (m’ ) + )‘2 Pmm—l’k(w’t) o ) ) c (1)
- m=1, >0, k>0 V .

2
2
2 Quni @) + 2 Qi (5,0 F (D 70 @) Qoo (@,0) =
= A1 Qm-—l, nok (%, 2) + }\2 Qmml,k (w t), J . - (2)
' (m=0,n>=1, \k ) :

i
C 7 Posk( {A1 ‘l')‘z} Po,k t) = fP1>o,k—1 )da; 71 (®) dw ‘.f' fQo,1,k—1 (2,1) "72( )dx, - (3)

where Puyn,k (2, 8), Quonst (2,1) vamsh for mor n < 0. These equatlons are to be solved under the
following boundary condltlons

Pmmnc (0 t) = f Pm-l-l’ nsk——l (w t) "]1( ) d.’l: "I" me>n+1v k-1 (w’ ) 2 (w) dw

| L 201,120 )
Puo(0) = [ Puni1(@tims@) o + [@uuss @0 m ("‘w) o+ NP ()
0 : 0 ‘ ’ :
Qo,mk (0> t) = J Q03n+i’k» ;1 (m> t) N2 dw + fPianak;1 ({E, t):r"l (w) dw E (6)
Q(,,l,k 0,1 f Qosirs (@) (w) & + f Pl,l,k_l (w 0 (o) do -+ WPos ® o

and the 1mt1a1 condition Po’o 0) =1 (1 e. the system starts from an empty state)

SOLUTION or THE PROBLEM
We now define the followmg generai;_gpg functlons

k) ' o

fm»k(mat) —‘zd Pmm,k .76, ﬂ(w o, ﬁ t sznlf x,“ t Bm
n=0 - . R - m=0 :
. F'(w’m’ﬁ’.b\’t) z zskflﬂ (w’d’ﬁ’t); -t
' =0 '
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. o . ‘
9m,k z,0, t = Z U. Qmm,L ms t) gk z “’B t Z ﬁm y’mk w “7ﬁ t)
. - m=0 -

C |

G550 = z messds
H, (m,qc,a,w;zakfm,km,),, <mac Zs ImilnB), J.,(s t)—ZShPo,k(’t).
- K k=0 . =0 =0

Also we deﬁne Laplace transform of a function F(1) by
e F(s fe—” F(t) dt s

Now, we multiply eqns. (1) to (7) by appropnate powers of «, ﬁ,S and using the generatlng functlons
defined above, and then applying Lapla,ce transform, we have the solutions = :

FleinB8.) = dienfibe) oxp T (54 (1—f) + Ml —ayo—[ mwdd @
B ) = A (wf00) e [ M A=)t (e o— [ mud @
. s P — s P -
F(0,a, ,8,8,3)/ = ? f F(z,x,B,;8,8) 1y (2) dx 4 Ay B, (8,8) - " f G (z;2;8,8,5) 0, (x) dz —

0 . . 0 . ’7‘
s f T ) m(w) s — ;8; f Casam@de, ()

¥

I_(,'(G,m,s,;s) = % f Io (0, ,s) g (w) dm —I— ] f Hl w,oc,s s)'ql(:z;) dx —
) ‘ 0 . , C <
» —{s+xl+>~a<1—m)}J <8s>+1 ‘ R ¢ )

Since a non-priority unit is taken for service, if and only if, there are no. priority units in the system.
The expression Qum,n,x (%, t) must vanish for T = 0, m> O k>0, and Qo,a,L (0 t) for @ =0," 80 that

Toi (0,0,8,5) =0, m > 0and I, (00&83);&0

Hence SR
, G(Occ,ﬁSs)—I(OocSS)—-G(O,,oc,OSs),
50 that
) : A'?Z (“33;833) = A2 (“:0:8:8) = A2 (0(,8,8) (Sa'.Y) o
Then, we have : S ‘ ’ - o A
T @f,8,9) = 4y (3,8,9) 6xp [— {5 +A (1—F) + 2 (1—a)} o — f—mz W] - (12)
e o o / S ; " | ;
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Io(“f',“ss)-—Az(“:Ss eXP[‘{S'I'M-H\z(l—“)}iL‘—/J#"Iz(“)d"l’ W

0
Substltutlng values of (12) dm& (13) in (16) a,nd(ll),

"~ we have - q

A

Is

'-*AlﬁJQ(SS)—SJ‘ o 0,9 m @) +—— Ay(58)

[S{A1<1~ﬁ>+A2<1~a>+s}——s{A1+A2(1~a>+s}] T

S

S | (oc,S $) [ 1—~L—~ sz{)\l—i—Ag l—oc) —|—s}] =8 le w,oc88) M (w) Az —

| (sF N FXN0—a) LB +1, A ¢ -
where S (s) and S, (s) are the Laplace tran,sforms of 8, (x) and 82 () respectlvely /

" Now, it can be ensily shown by Rouché’s theorem that the equatmn B— 8 8, {A (1 B) +Ay

" (L—a) + s} = ¢ bas one.and only one reot:inside the unit eircle | B | = 1 fcr Re s> 0 | 8] <1, then
following Ta- kacs® the-valie of the root can be determined.. Let B - B (a,5) be the requned root,
Then from eqn (14), on putting 8 =# (e, sl wehave

- : e

5 fH1 {z,2,8,5) n (w) as ——1\1 B (%8) Jo (3 ) +Aa (8, 8) [S {?\ (1—8) (OL 8)) -+ J

+Az(1——a>+s} Bl A, -0y L L (1)

‘ From ‘eqn (15) and (16), we have ‘ | B ‘
Aa(oc,Ss)_, ES-HH{1—/9(<>cs)}+x2 1~oc)] 7, (8,8)

1= Bl A (=A@ P —a] i
Substltutmg for f H, (2,8 s) n (@) dx from“ﬂ5) m (14) we have
Ay (,B,8,8) = {3;')\ e ﬁ) + Ay (1 —a)} J, (8, 5)
' B 1—"*,»?* Sy {o\l (1 B) +?\z(1-°¢)+8}
k [1‘”3‘ 82{A1 (1"‘/3)4')‘2 (1*“)"}'8}]
— Ay (2,8,8) (18)

. 'S
B g[l—f;; S0 ﬁ)+/\2(l—a)+s}]

- Thus, eqn. (8) and (9) are completely determmed except for J0 (8, s) which we ca&; determine bythe'

usual argument.

o

By Rouché’s theorem it can be shown that denormna,tor of eqn. (17) has one and only one zero
inside the unit circle || <1 for Re s> 0, | 8| <1, andat this zero, the numerator should also vanish, so
that A2 (e, 8, s) may be: regular mSIde the unit circle. Le‘c % be that zero, then

1 |
AR T Al{1—.B(oc..e-,s>};+Az<1'—°‘el‘1 : ’r

~

(19)

3
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. Hence if 7 (a,8, 8 t) apresents the genératmg funotlon of the joint probablhty d:lstrlbutlon of the
number of priority and non-priority units inthe queus at time ¢, a.nd the number of umts already sprved
-at time ¢, its Laplace transform is glven by :

(s B8, 8) = fi (@2, .B,.S,,s) d + f ’é;xw, % B 5,8)do + T5 (3,9)

o L » ;98 )[1—~91{7\1(1——B)+A2(1—¢)+8]
< , B ,{ %, P, 0,8 - [Al(l"‘—B)‘/l‘Az(l-—a) ._I_s] ._;h

>

o

=8 na— )+A2(1—~—-oc)+s}]
[Al(l—-ﬁ) _,\2(1—«) i—.s-]

A 2,59 + T ()

where A1 (% B, 8 S)LAz (. ﬂ, 8, 5) and Jo( s').are given by eqn._,(17),,.(,,18)“ and (19).

o
r

;Pam}cular Cases S e ! -
(1) Exponential service distribution:—In this section, attemp t'has been made to illustrate the procedure
by which complete solution of the probleni can’ be. th&m&d, svhen the service times of priority and non-
priority units follow exponentla,l distributions viz. - Sl(t) = py et “and Sy(t) = py et In the formu-
lation of equations, now; z will be dropped ana (%), g (a:) are. replaced by 1 o Whlle Py s 5(2,2), -
me ny k (99, ) by Pm, ns k& (t) a‘nd Qmm:i: (t) Iespectlvely :

Then equations (8), (9), (10) and (11,,) give us |

[+ na—p + 20—+ ;,»1(1- — )7 (w889 CNBT5 8+

4

e

. L"» Cedue
4 %,

S —.I“ Gw ﬁ, ’ S ——4"[,1831(“:8 S

L35, @

TN 2 ) B8 =1 (s b, () 7,650+

(

+ pISHl(oc,S s)——{)«zoc—— ;é}fo(a, 8, 8). B e h (22)

‘ ‘ {ks‘+)\1+p2'(1 8)}Io(oc Ss)_l—{s—l—}\l-{—z\z(l——a)}Jo(S s)—l—

: . . - 7 ) ‘ + -1 ) H]_ (“, 8; 3) 4 e (23)
Now eqn. (22) with the help of (23) becomes | “
{8 +A(1— 3,),'+ A(l—ea)+ yg]' (2, B,9,5) ={s 42 (1—a) +4+ p,2}7; (0,8,5) - (24)

¢ -




Ty (o, 8,8) =
L fa 8

- Thus once knowmg By and oy; 0(8 s) is completely determ]ned ‘Now eqn. (26) with the help of (27)

I
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Substltutmg values of G (e, ﬁ, 3, 8) and pd H1 (o 8, 8) from eqn (24) and - (23 1n eqn (21) and

mmphfymg we have

{o4n A—pr+ A; () ( 1 “%)}ﬁ oc,/’F, , ) =\; - {S M=+

1ad s+a,(i—~a)+h1+é .

R

' ;_‘(SJ;A“:;; i ﬁ)} o T S

 Now denommator of eqn (25)is a quadratlc equatlon in ﬁ let Bybe ons of the roots lymg inside the unit

circle | ﬂ | <1 and is glven by

(0 (1) ) — [ A=) 4 ot — ]
B = / ‘ - N e — L

N

Then by the usual arguments of Rouché"ys theorem, we ha:ve

1— {s+A1(1—ﬂl)+Aa(1——a>}Jo(s 9
3 TN B - 2 e
3 [s+f\1(1—ﬁl>¢aa T=w + ;»28(; “‘“"’*"2‘1*&’)]'

Again dendmlnator of (26) is a quadra,tlc equatmn ina,

Viz 4o Boc—l—C’-—O

Where Cmer T s

' : —)\2(34‘7\14' Az‘f"#z) : -
_"“{)‘ 3+ S+A1+A2+P‘2 (3+A2+i"2+7\1(1 Bl)?}

=8{s+ A+l “31) + # (1 — 7‘1}91) b

usihg the same arguments let « = o; be that root Whlch hqs 1n81de the unit circle | « | <1. Then we hiave

1 : PR

Where . = o j : ‘ . ) ‘ “ - ) 3
. B—(B*— 4A0)% |

0(1= w24

~

'glVOS us

[1; (s+>«1(1—‘—ﬁl)+>\2'(1—«)]
(s AL —By) A (1 —ay) (28)

70 (OC,‘S,,S) : — A - ‘ ’
e — A Bipg S : 5 ‘
o - -[“{S‘-l-’h(lfﬁl)—l—)\%(l———a)v-[- ”z}“{s‘lr)‘1+)\2+ﬂz_(l “&)}] ;

2

(26)

%
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Further eqn. (24) with the'heip of (28) becomes

;[ 8+?\3(1—¢) T 1~ (snlu,——jsﬂ. + Az,(i_—oo)]
As+3 =8 F+2 (01 —a) + p o\ A (=B (1l —ey)
§

[oz{.§ —&—)&13 ﬁ‘g:)igf)\z I—a) + mp} { —{ M +A2 t (1 ~ g’ }]

G, B,8,8) = (29)

5

The value of H, ‘a, 8, s) can be evaluated from eqn. (22) or-(23) with the help of eqns. (27), (28)
and (29). Once knowing all these functions, value of - F(x,B8,3,5) can be obtained from egn. (21).
Thus all these functions are explicitly determined which give complete solution of the problem. In the
“steady state cases, other parameters of operational characteristics can be computed by using the uiual :

methods e.g.. '
328— J(8)[s=1 = Mean number of units served o | , (30)
kag& Iy(, 8)| a=5=1 = Mean number of non—priorityﬁnitsin the éyst\em when there are no_priority

units waiting for service. 7 (31)

-G-BG (@, B, 8) | B=a=8=1= Mean number of priority units in the system when a non-priority unit is in
d : service, - ' - (32)

etc. However, the complete solution in the steady-state case is to be submitted elsewhere for publica-
~ tion. , S o - : . U

k(z'z') For an M|G|l queue, we assume that all units are served as‘ ordinary (non-priority) units, so . that,
. Puonok (%, t), A1 and #, (2) ave all meaningless, so dropping themin eqn. (11) and (13) replacing A,, 7, (%) by
A and 7 () respectively, we have ~ L SET : :

\\

\ T R

T, (x,x,8,5) = 4,(, 8, s) exp [{sf,\(l;a) } z— ! nku)dq]‘ V’ o (33)
_ where ,‘ ] | { |
i [1—~{s+A.(1‘1—;c)} ‘«E—\P_o,\k('tg) alo]

= S“{S“Zi“);”

whicH is in fact eqn. (3.1, 47) of our earlier work (Géur3) obtained slightly in a different form, due to the
_differenee in the initial condition. _ \ - y

4y (@, 85) = —

(é6i) Equ. (20) is in an agreement with eqn. 27 of Jaiswal?, on dropping K and 8, since in the
latter the number served is not considered.’ ) P ‘

N Applications of the Model

, Applications of the heé,d—bf-the-line priority queueing model of defence interest are encountered at an
) - E.M.E. workshop. The repair and maintenance of A and B vehicles and several military equipments are
carried out at various E.M.E. workshops. Generally service is.performed on the basis of FIFO discipline but

&

3
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during '6pé,ra,ti0n)time or emergency, pfior}ity in service isassigned to some of the equipment'.";ft has been ’
observed that the head-of-the-line priority rule is frequently used. Often, management is interested in know-
ing about themumber of equipment served, joint probability of the mmber of equipment waiting and the
number of equipment served, the average queue lengths of equipment waiting for service in differentsitua-
tions etc. As explained earlier, eqns. (27) to (32) are used to derive the above mentioned necessary
information. This information isalso quite useful in determining the inventories of spare parts since th
demand for the replacement of spare parts is generated by the quipment coming for servicing.

. Further, the problem studied can be considered as a ‘breakdown model’ in which the repair of & .

- ‘priority breakdown’ can be postponed until the unit in service completes its service. Jain® has considered.

a similar-model with priority resume repair,pqlic}{Li R :

#*
<
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