UNSYMMETRICAL CRUCIFORM CRACK IN A THIN CIRCULAR ELASTIC PLATE
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The problem of determining stress distribution in a thin circular elastic plate containing unsymmetrical cruciform
orack is considered. The faces of the crack are subjected to different internal pressures. The problem. is reduced to
a pair of dual integral equations. These equations are further reduced to simultaneous Fredholm integral equations .
of the second kind which are solved numerically. Quantities of physical interest are caleulated.

Stallybrasst, Rooke and Sneddon? have considered the problem of determining the stress distribution
in an elastic solid containing a crack in the form of a cross, with arms of equal length. Stallybrass® also
considered the same problem and obtained explicit formulae for an arbitrary, but integrable, distribution
of pressure. Srivastava and Gupta? have solved the problem of determining the stress distribution in a
thin elastic circular plate containing a cruciform crack of equal arm lengths.

Recently, Sneddon and Das’ have considered the problem of determining the distribution of stressin
an infinite medium containing unsymmetrical cruciform crack. In this paper we consider the problem of
finding the stress distribution in a thin circular elastic plate containing . unsymmetrical cruciform crack.

- The‘éorresponding ni?sed boundary value problem is solved by reducing it to a pair of dual integral equa-
tions. This paiv is further reduced to simultaneous Fredholm integral equations of the second kind which

are solved numerically. 4 -

ey

The present iﬁirestigation are motivated with the object of finding perturba.tion in the stress and dis-
placement field due to ﬁqi_te circular boundaries. : - \

BASICEQUATIONS

We superimpose the expressions of the circular plate problem given by Srivastava and Kumar$ on the
expressions of the non-vanishing stress tensors (o4, o, 0,5 ) and displacement vector (ug, Wy, 0) givend

and obtain the following expressions :
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where p and 5 are modulus of rigidity and Poisson’s ratio for the material of the plate respectively.

FORMULATION OF THE PROBLEM

71+ We consider, under assumption of plane strain, a thin circular elastic plate containing unsymmetrical
cruciform crack. In plane polar co-ordinates (r, 8), the plate is supposed to occupy the region 0 < r < p,
#< 0 < 27, and the crack inside the plate occupies the region0< r< @, § =0, K30 <r < b, § = ™2,
. 3 /2, where p is the radius of the plate and a and b are length of the two arms of the cracks. The faces
of the crack in the arm 0 < r < @, 6 = 0, X are subjected to pressure f (r/a) and those on 0 < r < b,
~ 8= T2, 3 7[2; are subjected to pressure g (r/b). Itis further assumed that these are even functions of 'y
r. Thus the problem reduces to a quarter plate problem. The boundary conditions on § = 0 are

o (1,0) = —f(rfa); 0<r<a, (o)
© up(r,0) =0 ;o a<r<p (b ) (6)
org (r,0) = 0 H 0€r<p, (0
The boundary conditions on § = 1r/2 are . : e
oy ?@9_‘(”,:"/2) = "—9(7/(’)‘; o 0 < r<b, (a) ;‘, »
Y (r,m2) =0 5 b<r<p () po (7)
org (r,m/2) =0 . ; 0<r<p ()

and conditions on free boundary are : \
. org (p, 0) = orr ((’, ) =00<f<m2. | , o ' (8)
]  DERIVATION o INTEGRAL EQUATIONS | .
The boundary don’ditions (6"&) s.nd (Tc) are automatically satisfied if all odd-coefficients Cym 41 and
dz..;_} are zero. The boundary coriditions (6 @) and (6 b} & (7 @) and (7 b) lead to a pair of dual integral
equations :

S le [erB@mmeemactr [awe F P ae] = FHomi 0<r<a,
0. : 0 .

e B@wstmat=0; acr<yp,
0 .

Substituting rja = vandafb =,

we gét : g _ ‘ ‘ L

d oo ) -] - .
T [ErB@mevaeto [4@e ¥ ue|=F@i 0coc1, @
0 ‘ 2o .

' | fg—lB(&)cosfvdﬁ:O; !1.<’U<,p, (10)
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and e a
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Substltutmg r/b =wandbja=8=a"",
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and retiow,
G(0)= g(w)+2 (:—1)"(2n+1) @n+2 (cm+2+d2n)b2"w“
=0

The solution of these d-ua!‘mtegnil eqm;tmns as ngen by Sned“don’"aw

4 )= & fta(t}Jo §t)dt |

¢ - \

B() = ff.zb(t)-fa(ft)dt;
N s -.-.0 - it

. ~wherea ) andb (1) are the un o

With this choice of 4 (f)and ‘B (S) iheuquamnsﬂo) and” (12¥ @
the equatnons (9) and (11) lead to ~
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REDUCTION TO SIMULTANEOUS FREDHOLM INTEGRAL EQUATIONS ‘

The condition (8) is satisfied prdyided -
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_ Substituting the values of 4 (£) and B (£) in the above expressions ; changing order of ‘integratioﬁ alﬁd’
5 using the results which are given in appendix, we find that . S :

JCT L BT
Forn 1 o ST
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. ' 1)+ 1 |
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and s . g n.% S ; ,
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The numerical solution of integral equa‘tions (31) and (32) is dbtained
w

QUANTITIES OF PHYSICAL INTEREST

The problem of determining the components of the dlsplacement and stress fields therefore reduces -
to that of solving the pair of simultaneous integral equations (31) and (32) for the ynkiiowh* function o (7)
and b (t) We assume that the faces of the cracks are subjected to umform internal pressure po

The normal dlsplacement along the line of cracks are ‘ . , k o
Qpug (r,0) =21 —19) afg—lB(g) cos (£ (r/q)) de,
‘ o .
and - : ‘ ‘ L L e
O Zpiglr,m2) = —2(1--q)bf§—1.4(§) cos ¢ (r/b) d €.
- 0 ) : .

Substituting the valuss of 4 (£) and B (£) and changing the order of integrabion*,y:wé get
- 1 . Lo
: o Sl =) pea th@dt :

. r/a‘ B

and

| : 9 (1 — 79 g, b ta(t)dt | :
, ' ug (r,mf2) = — ( ,;3 Fo a(r)z/bz)} . (34)

. , Thus we gan eagily find the normal dlsplacements at the ]unctlon of the crack by setting r = 0 in (33)
' and (34) The tﬁt&l crack energy is given by N

W=W+W
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when E denotos Young 8 modnlns tfi iﬂm =
Mm(l}, wededuce RSP
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Snbatltunng the values of A (57 and B (g) we find-

c“(r,O) ——1’1"—;?)* b(1>+o<1),r>a, N (38)

, \i",, | : o”' (r’ "/2)= ‘6{%%)_*— a-(l)—i—ﬁ(l),r? ,
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The stress mtensn;y factors K, K! at the tlps of the arms of the crack a1e given by

= ¢ (r — a): =2, (} )t b (1), (38)
r->a-+ ’
., N | e (7', 11‘/2) . .
K = Lt (r —b)} [ 06 ] =p, (3 b} a (1). (39)

r>b+

.NUMERICAL SOLUTION OF -THE INTEGRAL EQUATIONS

The integral equation (31) and (32) are numerically solved for  (¢) and b (t) by the method of Fox and
Goodwin®. The numerical values of a(t) and b(t) are calculated for various values of « = a/b (= 0-4,
0-5,0:6,0-7,0-8 and 0-9), and p = 2-0. :

The quantltxes of physwal interest were also calculated numerically. Their values for various values
of « are given in Table 2

TasiLe 1

VALUES OF a(t) AND b(f) FOR VARIOUS VALUES OF a

t a = 0.4, a = 05 a = 0.6 a = 07 T a = 0.8 a = 0.9
. L :
- . G(t)

0.0 1. 610502 . 0.945766 0. 851306 0:720272 0.646074 0. 874526

o1 —2.030301 2215690 2424081 24523310 2. 483664 2. 616739

0.2 . 2.377681 —2105161 ~-2. 380990 —2+469027 —2:361796 . -2.110441

03 2.099760 —1.197811 —1.829901 —1-418553 —1.874070 —1+467455

04 - 1.725797 —0+ 302368 —0. 318659 —0-341436 —0+ 370513 —0.487782

05 1. 504941 0- 284561 +0.317193 . 0.321143 0.298713 . 0195983

T8 1.363574 - - 0767976 /" 04709906 0. 776887 ~ 0-683910 0-835821

el -—13.245369 0+ 943963 0+ 998520 0890971 0: 915634 0929253

/08 1.133612 —1.164640 —1.175746 —1.139201 —1.089020 —1.144206

0.9 1.012538 —1.360071 . —1.357158 —1.273169 —1.191533 —1.319490

1.0 0. 879761 £+ 546469 1.835426 1. 667255 1.295728 1.476437

S - . b() S

] . 1.610249 0- 944868 (0:847788 - - . 0.729271 - . 0.846092 . . 0.874525

C 0.1 " 5+ 507357 —4.780946 - — 12872559 —4+404738 - - . —3+ 580300 —2.871389

02 3.088808 = —1.382808 - '0.002798 " 1.208999 1.733528 1984724
03 . —0: 105358 1.324798 2.139254 2316567 2.037190 1.519741 .

0.4 —1.527387 1.939778 © 1.881728 1.515115 ‘1+145640 0+ 835089

05 —1. 569660 1.611845 1.233096  ~ 0.622642 0+ 266051 0. 127000

- 0.8 —0.928177 1.037781 0. 488903 0. 034279 -—0-232163 —0+230633

047 . —0.046548 0. 179700 —0:050209 - - —0:230857 - —0:467243 0331967

08 —1.804925 0. 064093 —0+ 379267 —0+ 551343 ~—0- 522895 —0+306880

0.9 1. 640006 —0- 239908 —0: 561321 —0+ 591715 —0¢464479 . . —0.199006

1.0 ' 1+460349 0430839 0+ 630592 0. 572038 04337459 0+ 083640

TaBLE 2

VALUES OF 8TRESS INTENSITY FACTOR, CRACK ENERGY AND DISPLACEMENT VEOTOR FOR VARIOUS VALURS OF a

K] VIK EW/2n(l—nf)p,? By (1, 0)
/2 4 —
a v2K|p, V2K'[p, [2m(1—y")p, U — ) P =0
- o o - A N -
) 9 =20 0= =/2
004 1+ 550020 04879761 3.916553 24515766 2. 812636
0.5 04301587 10546469 1.419600 0216593 0.671944
0.6 0485558 . 1835246 j 1. 723601 0-426968 0.769388
07 0474792 1.667255 Z 1.063726 0- 399072 04930902
0.8 0-300339 1.295728 0.900061 0. 325612 ~ 1.014110
0.9 0- 078562 1.476437 1.222053 0.914185 04976187
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- . Y e ‘ APPENDIX
74 The results preéented.below can be found in® '

L co8 (£ 7 cos 6) (%),. (s @0 4 1)0
@) f 3 b, (ft){sm (frcos 0) } f » ,'.2n+1 {COS @n + 1) }

o co8 + op fo08 (Ersin 6) Ha cos (2n 4 1) 8)
(7/(:) fe’_f' 6J, (ft) {sjn (€ rsin-0) } § Z( 1} \n ,,.2n+1 {Bm @n + 1) 0}

with the help of above integrals it is qulte sunple to derive the following results :

cos (£,7 cos §) } 2 {cos (2n+ 1)0 }

—ir in 8
(é9). f.f eersind ], () sin (&  cos 6) =F \2% == (2n + 1)8
; ‘ ,

@ o : » )
) » sin 0 cos (f r cos 6) ) eA #* [sin (2n 4 3)0
() ffﬂrf sin 6] (ft){sm (E ’ oos 0) d _I_. @n +1) @n +2) s o {cos on + 30
- 0. R " ’n::() _‘ TR L
~¢r cos cos (£ r sin 9) u 2 (Ycos 2n +2)8
() fge ¢ oJ (Et) Jtsm (frs1n,0 Z( 1y 22 2n + ) s {.sin_(%@ +2)}0}
T e | : : | : : S
) v cos . cos (¢ rsin0). (1) cos (2n - 3) 8
(m)f& P 5: co l9 Jo‘ (&) { sin (5 r sin 0)} ¢ = Z 1) 2 2+ ) (2n 2) Fngs {Sm (2n -+ 3) g}
T . ~ - . S
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