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This paper considers a st&ndby redundant system consisting of two identical modules. Fach module is composed
of N distinet components connected in series.  The failure of a module may be attributed due to the failure of any
- of its N components. The ith component of a failed module has an arbitrary repair time CDF, G, (f). The

standby module has been assumed to have a nonzero hazard rate even when unpowered. The failure of an on-line
module is identified through a sensing device which has a probability <’ of successfuily recovering a fault in the
on-line module. Expressions for the distribution of the Time to First System Failure (TFSF), the expected
TPFSF, and the reliability of the system have bgen derived by using the theory of ‘Markov renewal processes.

Many 1arge systems e.g., oomputers radars ete. consist of an arbitrary number N of distinet components
connected in series in the sense of reliability; i.e. the system is good if and only if all its N components are
good. Bach component exhibits its own peculiarities as regards the probability of failure, the times to repair,
the cost involved and its effect on the reliability of the entire system. A failure of a component results in
breakdown of the entire system, and the time.s pent in repairing the system varies according to whether to
relates to the failure of a major component or a minor component. The rehablhty cha.ractem‘cms of such
systems have been analysed earlier by Garg! and Srinivasan?. : :

‘Sometimes, these systems are required to operate for long mission times without interruption because
system failure during this time is costly and dangerous. Redundancy is often needed when the approach to
increasing system reliability through the advances of component technology is insufficient. Thus, in the event
of the failure of the system due to any of its N components, the entire system is replaced with an identical
system. Such a procedure is essential in the modern complex electronic equipment such as a computer where
a faulty module is replaced by anew module. A recent survey? indicates that due to advances in the solid-
state technology and integrated circtits, modular redundancy involving standby modules have earned an
edge over other types of redundancies. - ‘ :

In this yaper, the rehablhty of certain systems composed of tWo ideptical modules connected in standby
redundancy have been analysed. Each module is, in turn, composed of a finite number N of dissimilar com-
ponents connected in series. Both the modules are individually capable of performing the same system func-
tion. In the event of failureof the on-line module, the system continues to function with the help of the
standby module which becomes on-line by replacing instantaneously the failed module. ~The 7th component
(=1, 2, . eerrierrs , N) responsible for the failure of the on-line module is repaired with an arbitrary repair

“time distribution G; (t), and after repair is completed, the repaired module is put on standby. The process
continues in this way until both the modules are down together.

In order to enable immediate identification of a fault in the on-line module, a sensing device is associat-
ed with the system which constantly probes the state of all the IV components of the on-line module. The
sensing device has a probability ‘¢’ of correctly recovering a fault. Consider the case of a warm standby, i.e.,
a standby module has a non-zero hazard rate even when unpowered. Thisis a realistic assumption for most of
the present day electronic equipments.

The theory of Markov renewal processes®5 has been used to derive expressions for (i) the distribution of
the TESF, (ii) the expected TFSF, and (iii) the reliability of the system
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NOTATIONS

CDF = Cumulative dlstrlbutlon functlon ‘ ' )

F; )= l—exp (—At) = Failure time CDF of the sth component of the ou—hne module (s==1,............ N).
H; ()=1—exp (—)t) = Failure time CDF of ths ith component of ths standby module (v==1,......... ,N).
Y=22 N = Cumulative hazard rate of the on-line module.
C o=l
Y =ZM “Bumulative hazard rate of the standby module.
Ti=1 ‘ ' . v
_F(t)=l—exp (—71) = Failure time CDF of the -on-line module.
" H(t) = 1—exp(—"'t) = Failure time CDF of the standby module
G; (t) b —/Repalr time CDF for the 4th component of & failed module.
. o i
g (8)= f e dGi@ =7Lap1aee-St1elt]es transform (L-S—T) of & (i) (= LiiooererenN).
0 k ' el
S; , gta.te j of the qystem, j goes froft 0to N1 Spoevervein Sy are tra.nsient
« states, Sy is the a,hsorblng state.
Qi (t) o = CDF of the sojourn time in ; (1—0 ), ), glven ‘that the eystem next
' visits 8 (=0, ciiiiiennnn. N £, N ‘
P; (1) = \ = First-passage time CDF from Si (1=0,...........c. ..., N) at an initial moment
. , to the absorbing state S Nyt _ ‘
gi5 () . = L-8-T of Q(t).
$i(s) ‘ = L-8-T of &; ().
* o . o= Denotes the convolution operatlon i .

— o ) ‘ = TImplies the complement e.8. G- )_- 1-G’( ), g.( )_.. 1—%( )

MATHEMATICAL MODEL AND ANALYSIS

Deﬁne the followmg states of a M.a,rkov renewal process ohataebemzmg the system

S, : One module is operatlve the other is in standby

: 8; : One module is opera.tlve, the other enters. ‘repair due to the fallure of its sth component
(s=1,...... , N).

SN.H System failure. A
System moves to the absorbmg state S N+4+1 In the followmg two mutually exclusive ways :

a

(i) The feilure of » component of the on-line moﬁule is undetected by t}e sensing device.

(i) The on-line module frils qurirg the er?]I‘ ‘duretion.of a eomponent of the other module,

~ The first-pe 88, ge time CDF @; ® from S; to SN+1 can he represeptnd 88

N : » | ,
@i (1) = Qi N1 (f) +Z Qii(t)*Pi(8); 1 =0,1,. .......,N. -
; =1
88 '
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Equation (1) implies that the system'moves to S N-,x-i either directly or via Sjor s e
Taking L-8-T on hoth sides of (15, we get I ‘

i(9) = z,N+'1()+ZO q,,(s 953(8),%-—01,, annees ,N.“ (2)

v u' > . J-— ’ ’ ! ’ . N

The various 4 (s) appearmg in (2) ma.y be obtamed by eonsxdermg Eransmons from the transxent |
states, \ o

e

,Trcmsztwns from Sy : T K

From 8, N+ 1 mutually exclusive and exhaustwe tranmtmns emanate These can he grouped as
under :

(’5) From 8y to & (¢ =71, vivevies, N):The sth component of either the on-line or the standby
‘ : module fails and repair on the eorrespondmg module
starts, :

e,

(n j From S' to Syyq: The failure of the on-lme module is no* deteoted sucoessfully by the sensmg
~device.

The L-8-T of the sojourn time’ 0DF5s (cbrresponding to the aboﬁe transitions are given by

qo.-(s)=‘-;—fe H, (t)ﬂ F ). ch.(t)+f F () ,Ii_ﬁj(t).dﬂ.- ®)
.0 i « ‘
. e —|—)\ . ) e : .
=B =l L ®
=t ri ()= fg H(t)cdﬁ'm-fs““,. N
Transitions from 8 (i=21,..... .,N) e

- From §; two mutuallv excluswe and exhaus’mc transitions- emanate

(s) From S; to S, : Repair of the «th component of the failed modme is completed before the on-line
module fails,

(1¢) Frém S;to Syyq: The on-line module fa ils durmg the repalr dura,'uon of the ith component of
the failed module :

The L-8-T of the sojourn time CDF’s correspOnding to these\transici:ions are giveﬁ by -

w@=[ ¢ FOMBO=a(oty)i=L D LN @)
by v ‘ e
‘\}-3’» g, N+1 (S)=!ei Gi(t%dF(t)"‘(“:F_ ) [l—gg(s-}-y )] yt=1,....,. ‘,-N. _ (8)



" Dag. Sor. J., Vor. 26, APB’IL 1976

Tt can be easﬂyvemﬁed from (3) to'(6) that T B
N+1 r ""“ N ‘ ‘. - /¢w -., - A - -~ s
Fowt
=1 " o : : : R
@ F@Fa O =1, i=1,0 0L N 0 (5)

The L-8-T. ¢, (s) of the first-passage time CDFfiom 8, 8t =0 to SN-H can be obtamed by solving
the syst,em of snmultaneous hnear equatmns (7) 1 e. by the set of equatwns

-
e “ BN
B L.

"; ﬂ(&;‘g—— gByNﬁl(s —{_ Z%J(S)% 8)3 ‘, . N ‘\: .

&?(8) — ql:N+1 (S) +gln(s) ¢¢1(}9)3‘?’ - , DTN | N‘ - ELyH —~ Rl 4 o~

qo, N+1 (s) + 2 qm (3) & 3 N+1 (3 _
¢o(s} — — N T oL L. .\,9)
s a0

i=1

On substltutmg from (‘3) Y0 6) in (9;, we obt L
- .. ,-JP N . ) ) h

v“ B R os+y+v’—-z (cA + A;’) % (s + ‘V) o
A ’ y \ @__ . ~
do (5) = ;(S +y) — 1, e : | (10)
R s+7+y1“Z(g&-¥ § S e o -
L Q-l o . ’ o

It can be verified from (10) that ¢, (0) _.»1 “ie. » “the dlstnbutxou D, (t) of the time to ﬁrst system
failure, is a proper distribution, with ¢0 (0)=1.

The Laplace transform, R (s), of the rehab1hty R (t) of the system, glven that the sysbem startet! in’
30, can be obtained from » _ , S - .
A _ o N )
, R(s) = qSo(_?)/s i - ' -y
’ Substltutmg from (10 jinto (11 ), We obtam ‘ R A -' '

R(s)—8+y+c(3+y)/[s+7+7' Z(czeﬁk )g.(s+7)] - (1'2)

" The expected TFST, To, gwen that the svstem sterted in S can be vbtamen from (12) hy takmg the
limitas s - 0. Thus - _

R
e[S (@H 0] o

$=l

FTU=
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An examinatiori of (13) reveals that Ty depends very strongly on ‘¢’ therprobablh’ev of successfully recovering -
a fault in the on-line modu‘e Tt is therefore, essential that the sensmg device should be made extremely .
reliable. : iy

Let Ty denote the expected TFSF conespondingto a repalr Bohcy in which each failure of a module
has the same repair time CDF G 1), 1rrespect1ve of the type waeomponent responsible for its fallure '
Then (13) reduces- to L o . o S :

=l o —~ T
y ('y+y') [15 ;_:—,,’,’ 9(7)] Lo e (

(‘omparmg (13) end (14 ;, We can ob‘cam a condltxon in Whlch the former repa.lr pohcy is superior to
: thelatter Thus, T, >T1, : e s .  ; : .

S )z (vx, +—As:)~y: (7) > (r + 7’) ‘q(") ” (15)

. PARTICULAB GASES
Sensmg Demce Perfect, Wafm Standlby ) e
\Pu‘otmg o= 1in (10) and (13), we obtain . -

() ) [ 3, B n |

,","7'

bo() =% R L gy
o '_15;(?31/-—;{:’%)95’(3*7)" : _
| (V+7')[1¥Z(A;iy)ge(v)] R (17)

d==1

Results (16) and (17 ) are the generahzatlons of the results obtained -by Osaki & Nakagawa$. Furtker,
condition (15), reduces to,
++)
y +7

“Sensing” Device Perfect, Cold Stmzdbg o
" Putting )’ = 0,i=1, ......, N;in (16)and (17), we obtain

(S:_y)z[l-—”z/;‘ 9.'(8—1-7)]

(M +A")g @) >“g () . » (18)

M;

Il
i

%

o (5) = — ¥ ;o ay
coT 1—;(8“‘”)9.(s+y) -
To=—-+ 1\} ' (20)
7[1—22—,‘94(7)]
=1
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(19) and (20 ) are genera.hzamons of the results obtained by Gaver?, Further condxtmn (18) reduces to

~ ~

Zwo(yby(y) o . R 1 §)

|==1 PR

Equatlon (21) may be mterpre'red as follows: If the Welghted average of the functions g,(y) w1th welghts
M, v=1,..........,N is greater than g (y), then To>T,". In other_words, we can improve the expected
TFSF if the components that fail more frequently are re;.c 1red in “shorter intervals of time then those
componepts whmh fml less frequently... ;

s

AcKNOWLEDGEMENw .‘ o e

[

Author wishes to express }:us. g;-atltude to Dr.1.J. Kumazr, Ofﬁcer-m-Gharge, SAG, R&D Orgamsatmn

* Ministry of Defence, for his permission to’ ‘publish-this paper; to Dr. R.C. Garg, Prineipal Scientific Officer,
Defence R&D Organisation and D, $:M.- Smha‘ﬁead of the Department of Operatlonal Research Umver- :
sity of Delhl for tba‘ir‘ Faluable gmdunce in the preperation of thls pap%r ,

e e &

REFERENCES

1. Gana, R. G, IEEE Trans. Rel., R-12 (1963), 11-16. . Cmeedt T LT T
2. SriNvasaw, V. 8. & Sussa Rao; 8, Opsearch, 2(1965), 46 e LA

3. Smorm, R. A., Comput. Group News, 2 (1968), 2-17. k

4. Pygn, R., Ann, Math, Statist,, 82 (1961), ’1»2‘3‘1'. .

5. Pvk, B., Ain, Math, Statist, 32 (1961), 1243. S R
‘8. Qsm,s & Naxaoaws, T., Opns. Res., 19 (1071), 510-523. ¢ *
7. GavEE, D. P., IEEE Trans. Rel., R12 (1963), 30-38. .-~

,,,,,,,

62



