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In this paper the time reversal heat conduction proklems for the spheneal shells with heat generamm and radiation
with known boundary eonditions have been solved“by operational methods. :

In ‘Time Reversal Problems wa determine initial temperature distribution when the temperature
distribution at any instant 7' (I'>0) is known to us.  Sabherwal* has considered the time reversal problems
in heat conduction for (i) semi-infinite medium, (ii) rectangular plate. Under the head of time reversal prob-
lems Mehta? has studied (i) heat low in a cylindrical sh ell of infinite height with heat generation and radia-
tion, (ii) heat flow in a truncated wedga of finite height, (iii) heat flow in a semizinfinite solid containing
‘an exterior plane crack with a circular boundary and an infinitely long eylindrical ca.vitv.

In this paper we have considered the flow of heat in a spherical shell and in a solid sphers with heat
generation and radiation. The tempsrature distribution at a given tims T is known ani the initial tsmpara-

ture Jistecibution is determined. \ -

FLOW OF HEAT IN A SPHERICAL SHELL WITH HEAT GENERATION
AND RADIATION ’ ,

* We consider here the flow of heat in a sphnrica.l shall @ £ 1 5 b. Lot the radiation take place at the sur-
faces r==0 and 7==b, and temperature distribution vy( r ) at time t=T". The beat source is within the shell.
We assume that the temperature distribution depands upon the ra,cua.l coordinate r and time ¢ only. In this

case the equation of conduction of heat is given3 by ﬂ
; -4 % 2 v ‘ .
5:=k[arz +;,*;;]+Q(7“,t) _ 1)

where v.== ¢ (7,1 ) is the temperature distribution at any instant ¢, & is the dlﬁ'usuwty constant and hea,t is
supplied at the rate of @ (7, ¢) per unit tlme per unit volume.

The appropriate physical conditions are given as °

[vg};—klv(r,t)]rzaf_—fa(t),t>0‘ Lo @)
[ o (n ,)]r:b —fi).es0 ®)

where &, is radiation coﬁsta.nt whose Ya,l“e can be‘ positigre or zeto. ‘ -
?;(r,_t)‘;=0=w(r), (unknown) w</r<b - - ‘ N 4)
”,(ht)'tﬂz%(r), (known) a<r<b “ S (5)

Using the substitution | . . : _ e
ving)=r 1 wint), . | ©
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- the_oquations (1) to (5) become

= [ a:;ﬂ?; e tin )-] +Q1” ” e 0

" “where ' ST e

e emu=rtery g

1} L fa(thtm0 e

VL e

S ;-f{"f‘““\("i*,-"?r)} ]&'q«:b"“,fbﬂt)"’t?‘giv N

') , = raw(r) —-='w1(7) (unknovirn), a<¢< b (11)

" u(rt)T = vm——— n) (known), a<r<b  ° ay
L t =7 ’0 L ‘ RS ,.7": E ,':'/"v“ e (I

- A Cmelh4 has deﬁned finite Ha,nkel transform as ,
f‘(&‘),_’__‘f rf ¢)0m(r,5,)dr,a<r<b ' . \ (13)
SR ¥ .

R

O (7, & )== Jm ( f; T") [ é.; Ym ( &

_TYm(fiT) { f@J,m (&a) +k1Jm( g’a) ] ‘ ”(14),

I A

J (f, r)and Yp( §,' ) are Bessel functlons of the first kind and second kind respectlvely and
of the order m and f, is’a root Of the equa,tlon ,

| [ ¢ y' ‘( o)+ hl Ym éi a) ] {'fi J'm ({ b)-f-JZsz( f.b )] = -

= [—5‘ Yﬁ“‘f“ )+ @Ym(f»b)][ fsJ’m‘(sga") +‘h1J,,.( ta) ] (15)
Inversion theorem of (13) is . o : : : R

AN [ Gt
e D T U ) e e

NS

_ where
‘ S

Fm(/fn'-[hz%f’»{ (5i 2}] f@J (f-a)+}al;/ J;,a\(fea)']‘z—/—
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MEHTA 'I‘lme Revers&! Problem of Hea.t Conductmn in solids

~and thg summa,twn i8 ta.ken over the posmwe roots of the equatmn (16) -

(),

The oyeratlonal property of (13) is § e j  S S 5 5 / ’

oo p L ey
[l d- o wa=ilermenron—
| L U @+Rs@ | =i 9

where L e e i RO

T& T ( &ia) + k}}m(ém]

A Applymg (13) to. (79 for the varlab}evr and usma (9), (10)-and (18§ we obtmm
A ‘ (z-

, ‘ o
“where -

o1 (Eist)

and

= *(k1+ 2.,) = (b= gy ) mmdm = e
Solvmg (20) for @ (5. ;¢ Pand using (11), we get o g |

‘ ‘ —Icft ’
- ) ’“(fnt)—'“&(fi)e - 2kf [“bfé(y)—'

‘ ;z;ﬁ'.' / % i 0 | . -Ms t— y oo ;

where - ‘ ‘ , ‘ : o h

. _ . ) ‘ b 3 ’ , = “/ . V N
wﬂf&)—f— f r w(r)C (r,f,)dr o (24)

From (12) and (23), the value of w1 ( §.) for t~— T is obtamed a8

wl(és)—vl(f.)e o 21"“ I [oeb fb(y)-- -

f"7 S
‘mw>+2kw§; w] "2 @y

. .
where
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Using ( ) and (16) we get the m1t1a.1 tempera.ture dlstmbutlon w(r) as

S b O (n &) A
o =5 2 @ Thga [0y e
R '+h2J%(’§;b)ﬁ.],2[al(y'f,-)e'”f”;_ L j{ab%f,,(y)_,
’ ;““'\:r—afa )+ o Q1(§“y) [e izydy]\ : o

where (‘ {7, & )and F (&) are glven by (14) and (17 ) respectwely Wlth

The summation is taken over all the positive roots of the equation (15) With m =

DO M""

FLOW OF HEAT IN A SOLID SPHERE WITH I-IEAT GENERATION
AND RADIATION

The solid sphere'is obtamed by letting the i inner radius of the spherlcal sheﬂ consudered in the prevxous \

section approach zero. The temperature distribution u (,,. t) satisfies (7) and the physical conditions in
-this case are given by (10), (11) and (12)

v

In this case we use the transform given by Sneddon® as -

oy , . '

‘J?'(f")~=forf r‘)Jm rf;)d¢,0<réb,m>\—-—;—— (28)
where f (r ) is & continuous functmn and satlsﬁes Dlnchlet’s condltxons in0gLr< band f. 18 a root of the
transcendental equatlon e -

«f;J'm(&b)—i-kz;Im(&‘b)#O;  o 9)
Inversion theorem of (28) is ) , *y ‘
. _2_ f@zf(fs)Jm(rfl) ‘ ‘
) =g Zf« [+ (& =m0 ) [T (BETF (#0)

and the summation is taken over the pos,1t1ve‘ roots of ‘the equatlon (29) _

The Operational property of (28) is

b T 42 1df m? ’ |
[0r[ 5+ ”;{_e— Ja e 6) dr = b T (& [f’(b) +sz<b>]—f. £ (31)

Substituting , | |
'hziklp“—z‘(,""n:”f . ’ (32)

»
‘and applying (28) to (7) for the va.nable ¢ and using (10) and (31), we obtain
Jda i |

“+k§.2u(s,,t)—kb J%(fib)fb('t)*f“@l:(fﬁt) - (39)
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- From (35) and (12), the value of wy (&) fort =T is obtained as

MzaTa : Time Reversal Pro,b_lém of Heat Conduetion solids

where

o T . ‘

wan=[ et Y

» Solving (33) for @ ( &, ¢ ) and using (11), Wé ‘get . ; A »

— k& : —kEA (t—y)

W () =y (&) e +f [kb (600 (9) + (i )| gy e

where
. b 32 /
w1(ff)"f r “’(”J%(T;fz)dr (36)

B (6 =5 (8)¢ ——f [Zcb T, (60 f( )+Ql<s,,y)] dy e
where ’ ' ' ‘ ' .
- [t 82 , ,
aar= [ a7, (60 dy &e (59)
Using (4) and (30), we get the initial tempera,ture distribution (r) a.g ‘
: 2 g 3
w(r):riéz & gl(rf) - 5 X
1 (f. : w)”" (b&)} |

k&2 l‘“kffy 1
[ma)e | ~—f {kb 6D EEATTTE aad o

tvheré the summation is taken over all the positive roots of the equation (29) ha,vmg m == %—

PARTICULAR CASES .

Here we mention some partlcular cagses of speclal 1nterest

. Case—I

‘Let the heat be generated at a constant rate Ag per umt tlme per unit volume, the temperature distri-

bution at time t=T is taken. ‘unity and the radiation at the,surfa,ce r=b takes place mto a medium of Zero

temperature. ‘ _ , : ‘ ,

/

Therefore, we have v
’ vo<r)=1,fb(t)=o
and

Q(r, )= k/K)A
where K is the thermal conductwlty of the material of the sphere:

Hence the initial temperature distribution i in this case is obtained from the general result (39) as

¥ ,
‘w(?‘)=%—; z gtJil("‘gs) SN
W e[ 00 [
_ L RERT A4, C—kET 1}
\ ‘ X Ty (G0) e [l—lﬁ‘?_(l_e )]
Case—I1 '
 Assuming

w()=1fi(1)=0
) : §5
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