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In this paper two life testing procedures namely fhe - piﬁg‘feséiirély censored . samples - and - Bartholomew’s

experiment have been discussed. The discussions are based on the assuniption that the life of an item follows

normal distribution such that the mean and standard deviation are -different: under two different conditions

of usage of the it9m at regular intervals of time, The maximum likelihood éstimates of the two parameters have
- been derived along with their variancess: . = . I ’

Aroian!, Srivastava®? have studied life test experiments where the failure rate of an item changes,
with time. The failure rate of an item may also-change with the change in conditions of usage. They have
assumed the life distribution to be negative exponential. Gajjar and Khatrit have discussed Life test
experiments where the life distributions assumed are Log Normal and Logistic. They assumed that the
life distribution parameters undergo change at specified times.  However, we can yisua,lise gituations where
~ an item will be used under only two different conditions one after the other in a cycle. .

In this paper it has been assumed that the life of an item follows normal distribution. However, the
_parameters are different under the two different conditions of usage at regular intervals of time. Two life
test experiments namely the progressively  censored samplés envisaged by Cohens and . Bartholomew’ss
experiment have been. considered. ; oL : o

4 .
MODEL

The' probability density function of the random variable ¢ representing the life of an item, having a
normal distribution with parameters u and ¢ (mean and standard deviation, respectively) is given by -

Fema=UoyInep{ (=12 ¢—wofi—w <t<o (1

For the situation under consiﬁiéijation. ‘in this paper the probability density function of the variable
¢ representing the life of an item can be written as-

‘6 {am'ﬁ(t); (=D I+ T)<t<(§—1 (@ +T)+ 1

. p (2)
agifolt)y (J— D T+ Ty + Ty <t <j(Ty + Ty
The corresponding distribution function of ¢ is given by ’ i
) [ ayi[1—Fy @] — 1) (T, + T)<t<(j—1) (T;f"f‘ T,) .1y
1 F (1) =< | IR (3)

L g1 — P50} =D+ T+ 11 <t<j (T, -+ 1)

where ’ -
;
F;(t):fﬁ(t)dt, i=12.
. - w . | |
J = (1,2, ............) representsjth cycle
and S 4 R

U = TF A
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It may be noted that time period of each eycleis T'; + T',; the mean and standard deviations are oy

and o;, respectively, during the first time interval 7; and g, and g, during the second time interval
2. . . : 4 ~ ‘ . :
'PROGRESSIVELY CENSORED SAMPLES -

Life testing experiments,. involving progressively censorédksamples,vwere envisaged by Cohen®, In
such an experiment ce_rta;in known number of items are placed on test to start with. However, because of
the need of these items somewhere else some of these are removed from the experiment at some predeter-
mined times. Such type of censoring has been referred to as Type I by Cohen. :

In this section maximum likelihood estimates of the parameters p;, py, o, and o, ’alongwith their
asymptotic variances for the above experimental situation have been derived. “ -

Let n items be placed on test. In the jth oycle, let n,; be the number of items that faled by item T,
“Mgf be the number of items that failed between times Ty and Ty + T, 7 j be the number of items remo-.
ved after time T, and 7,; be the number of items removed after time Ty + T,.

Let the experiment be finally terminated after kth cycle.

ESTIMATION OF PARAMETERS g, % pp AND o

The likelihodd function of the sample arising as a result of the above expefiment is given by

A 2 "”t“ o - g . . . ' .
p@ = 1t B[ {1 f e} @)1 RGoInT T i |Y)

j=1 i=1 ~p=1
2 | | ‘ iy
= B [ T @ e [ o) > )
. . p=1
Ar—randr{i-rGn 5 {™ ]
It may be noted that IT and X2 refer to product and summation taken over-my items that failed
~ inthesth (i = 1, 2) part of the jth cycle. ty7 are the times at which the pth item (p==1, 2, ...... s Mij)
fail in the 7th part (¢ = 1,2) of the jth cycle (j =1, 2,....ccccceennn , k). A E

Taking logarithm of the likelihood function, we get
s .
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L (ss,y) log P(S)

= Z I Z {(m; +f»5) (log anj-logm)* ' s

§=1 =1
-—(llza#} > (wwm)z-km 1°g {“‘F (y, 1)1}+m log {1*F(a +1, 2>}]

p=1

= Z{ (”1.1 + "u) (log “m 10% 01) + ("37 + "'27) (Iﬁg az, , — log ”z)} +

J=2 - -
ok » , AT , o
+ > [ e { 1— F (G Dy }.-17;33 log{ 1—F(j +'~1;,@}.] +
+ (ny + "11) (log @, —10g o) + (Mg + 15,) (log “Qu —log o) —
E 2 ' 7]
P I
, leferentia.tmg L with respect te y,l, G aﬁf’d‘:o; and équa,ting to zérd; we get the maximum likeli-
hood estimating- equatmns, for ﬁhese parameters . ERREaE ,
k
7 j—";='—nz OO +Z0,0,S (g £+
1 ‘ o j=1 e
k7 : '
> > [w + {zm-—l 1)1-Z<m, 1)} =
]=2 m=2
) S
+ (nw-f-w){ (m, 1)y~ Z (m, 1)}
nIJ "~ ‘ Vo -
+ Z{"u Z (J, 1)1 (1/"1) Z tpr’ - Ml)} =0 h (4)
‘ j=1 Cooesl e - '

. gf_l= —rBDIAY LA ZG 1>IZ (s +rza>+

j:].f

k 7 .
+ZZ[ (m + 139 {(’”—1 1,2 (m—1, 1~ (m, 1) Z m,l)} +

j=2 m=2 »

SRRy {m 1)y Z (m 1), — (m, 1) Z (m, 1)}

+ z{"ﬂ (.7: 1)1 zZ (.71 1)1 ‘l“ (1/01?) zf (tmd — #1)2‘—%1, -——'rlj} =0" (5) , ':~ :

i=1" L p=L
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where : , R
(J,z)—{(a—-l) (T, + Ty) — m}/a. S
(i) = A(f— T,) 4+ T, — o :
(.7_:”»)1’ {(.7 1) (T1+ o) + I .“4}/ . ?’_:\1’2
J=1, 2uuee.n k

L(ji)=Z {(3—1) (T, + Tz) & ,L,}/a.

S Z(jin= 2 {u—l (Fy + Ty + Ty — m}/m

Z (t)’s being the hazard rate for reciﬁroéal of the Mi}l;’g ré.tio, {1 —F 2t) } / § 0]
where

=

f@= VT

- 112 a,nd F (t) =f f (t) dt"

Equatlons (4) and (5) can be solved with the help of ‘Newton- Ra.phson s iterative method to get
estimates of p; and o, Slmlla.rly equations (6) and (7) can provide estimates of py-and o-8

0



Snrusmu & Snunmm Llfe Tests in Llfe sttmbutmn Parameters

VARIANCES OF y.papy.. AND 0, .

o It can- be easily venﬁe& that

ymptotic vama,

0 aziare g1ven‘ b‘ th Ilowmg ma.tn,__
; ° | : \: . - : ' N ' - . 4 v _’
- - 9m@ey /j T
| E\(—— :az'L_;') . E(-—x— 325 ) R 6 L o 0
- 3y 301 © 30y ' .
L o aaT- - af
I R R T E‘.(%-‘,jatl,-’g"),,»:.: Ef— ._3._1_;_)
! - . TN Tk N7 3k 30y
0 _ o B(=5E—) 5(—2%) -
‘ o ks 303 30 ]
Tt can be easﬂy verlﬁed thgt T o
R ‘~ ; A L (a.,"a') o
; v @ = D (m o) |
) V (o‘,) = D ([LT’G':)— ) Where . P = 1,. 2,
L (piyooi) .

A A
Oov (b ) = = D (s, o)

w\here“

o) |
. 3 1 00; | |
‘a,ndsoon - ‘\  «

Thus the asymptotm vana,nce-covana.nce matrlx of the estmim ean be completed with the help of

the follomng equations

od B( — jzf) = —nd L, I)+A(1,1) Z {E(m»w +
. =1

Zk ZJ [{E(”u)‘l'ﬁ;il -{A(m——l 1) -»—A(m,l)}»{—

=2

i . - - - k f
,»‘ . - . . . N ‘— . - r.\\
+{Bom -t} {4 ,,1‘.)‘,—4,.,1)} + D (A G D+ B}
{ (ngs) + 725 (m, 1)y _}»(m g ] : i"u (5 Iy E"(”u)

3=1
1
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BARTHOLOMEW’S EXPERIMENT

Bartholomew6 envisaged a life testihg experiment in which all the items are placed on test ab different
times depending on their availability. A generalised form-of sueh an experiment could be as follows.

- Let“a sample of N, items be placed on test initially and sa.mples of N jitems be placed on test after a
tlme (j— 1) (I'y + T,) elapses from the start of the experiment (j = 2,......... «.k). Let the experiment be
terminated after tlme (T, + T,) elapses from the start pf the expenment

" It may be noted that in its genera.l form Bartholomew s expemment could be termed a3 “progressively
added sa,mples corresponding to progressively censored sa.mples mtx:oduced by Cohen.

In thls sectlon the maximum likelihood estimates of the parametars _B1» g, 0y and oy along with
thelr asymptotic variances for the above generalised experimental situation have been derived.

Let n be the number of items that failed during the experiment and the number of items that
- survive, Among the » items that survive, let r; be from the ith sample of N. items (¢ =1, 2 ....;'....k)
Further let, _

n,5 be the number of items that failed in the first part of the ]th cycle ie. between
(j— 1Dy + 1) and (5 —1) (T1+T2)+T1, \

ny; be the number of items that failed in the second: part of the jth cycle, i.e. between
(§— 1) (Ty + Ty) + Ty 005 (T, + Ty), »
er be the number of 1tems among the n, i ltems from the ith sample,

nys be the number of 1tems a.mong the ”z,i items from the 1th sample,

fy == Z n”,' and na_ z 'n,j

j=1 ' j—l

The following relations are then ev1dent

1

' J
Mj = _2_ ”130’ n2,= § "w»

=1

Z N; __n1+n2-}—r—n+r—N(say)

=1 ,

~ ESTIMATION OF PARAMETERS m, 0, AND o
The likelihood function of the sample arisen as a result of the above experiment isv given by
y .
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P'(s) 11 (o»zj)’“”"J {1~F'(j+1,2)}”‘+1-i,x'
J—, : . .

Ry, ‘ ;
’_1 {“’1’(5+1——t) } (0”1)%1.’! %

Xexp{(*—l/Zef)z tpl -—-,;.1)2 1)( . \7

- X {ag, (j+1—¢)} 25‘ (o 2)"'2” o . )
i . ', . ; n?j'. +l—;t S
- X exp {(— 1202) > (s -,»2)2}
p=1 ’ '

i1 . . , ‘
where t;+ is the time at which the pth item of ith sample failed in the *first. part of jth oycle

and f,,f 1s the time at which the pth item of ith sample failed in the second part of jth cycle
Takmg logarithm of the likelihood function we get,

L (say) =log P (S)

=Z [["k+1—£{l°g“2’a+1°g(1_‘FJ+1 %) }]
+ Z [”wo {108‘11’ G +1—n + log 01} +

i=1
+ nzj.{logaz,(j_l_l —i + log«a} -
S Mg , o
- {(1/2 o) z (tpl - l"1)2
b=
.
N j+1—i
+Red) D — ) }]
- , =1 - 1
T TR s ' :
It may be noted that - H and refer to product and summation taken over n1 i items of the
p=1 = . .
L Nags ‘ .
ith sample that failed in first part of the 3th cvcle ‘while 1'! and » refer to product and summation
p=1 :
. op= v

taken over myj; items of the jth sample that failed in 1 second part of the jth oycle leferentmtmg L
with respect to p,, oy, pp and o, and equating the derivatives to zero, we get the maximum likelihood

estimating equations as follows:

o 2L =eNz(1,1)+(r+n2)Zﬁ(1,1),+
dm . ‘

pE
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g .
ASYMPTOTIC VARIAN“&ES”@.F'M";,H, AND .,” .

The following equations help in calculating the vanance-cova.nance matrix of the estlmates

olZE(»-—,__;'_;%-‘)‘=——NA(11 +{N E(nl)}A(l 1), + ”
i e o s |
22 [ Z { } :
. o +71__@ ’ o ok d
glaE(; —— )—9— NB(LY + {N "E m)}B(l D; + ~,
.+322 E(Wo+1 —4) Z { m:l)l‘B(m: )}] S
k “'—,-1 s ,zf!‘-I—-z -
A .—l—’E(‘nzl,-.)j\ ,
)3
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Further, it can be easily derived that |

| L1, —F @11
E () ="', F(l,_)lp(l i) )

re? o
nm) == {N1 F('ﬂn)} (1——)F(1 (2)1 S } | '
”E(nlji)‘; {VN@'-— Z z E(qu. } { ‘7’1)1 T 1) 1)} wherei=1,9 . .,J——'I
. - g=1 m=+1 g . k
= Nj{ {,BIF_(fl;, 1) } where z—y andj =2, 3 o k.

B (nggs) = {Ni—E_(mji)} {4FU —{_—t;’)(], g;l(j’ 2)1 } where‘z,'==j’

3 - i i ) , , N
-.—{N.—qz Z‘E(WM)——E(””‘)} { 1--“F(j,2)1‘ 3 } ,b

=1 m==
wheret=1,2, ....5—1
and
k ,
E(rj) = Nj— Z E (1 p5 1 N995) 3 wherej_l 2 eeee ,l

P=.?
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