~

SOLUTION OF INTERNAL BALLISTIC EQUATIONS FOR
~~ RECOILLESS GUNS :

V. K. Gupta

Armament Researéh and Development Establishment, Pune
(Received 7 February 1974) - -

Internal ballistic equations for the three cases of recoilless guns, e.8., in which shot start is before, at, orafter the
nozzle start have been numerically solved using Runge-Kutta method: - A computer program is developed that can
be used to give ballistic design parameters, effect of loading conditions and Pressure/Time, Pressure/Velocity/Space
curves for such type of guns. Pressure/Time/Velocity Spaces curves calculated for two guns with this method Eave
also been shown, : : - ) : .

After the first published work of Cornerl, sttempts have been made by several authors viz., ‘Thiru-
venketachar & Venkatesan?, Aggarwal®, Asim Ray* and othels to solve the internal ballistic problems
of recoilless guns, Practically cvery one has assumed that the deviations of the ballistics from that of
normal guns can be expressed as linear functions.of ¥.  The same assumption has been recently made
by Tawakley and 'Ahuja’ who obtained expressions for calculating the basic internal ballistic quantities
upto ‘all burnt’ for orthodox guns added with a correction term accounting for leakage. Tawakley and
Ahuja’ like Corner! and others have neglected the covolume term in the equation of state. To some
extent this may suffice for routine ballistics work, but an aceurate pressure-tinie, pressure-space curve and
effect of loading conditions viz., variation in burstiﬁg"ﬁfé{ii‘@?h of liner or disc for the opening of the
nozzle, chamber capacity shot travel and nozzle throat area etc., are necessary for the design of such
guns. e

The first attempt to solve directly the basic internal equations of ballistics without any such assump-
tions was made by Dewis® who cclved such equations by iteration. Though the details of the method or
the computer program followed by him are not completely given it appears that in order to take P and
dx/dt as the mean of the values ot the beginning and end of a step  Dewis has assumed a linear law of
burning in which dz/dt is given by a simple relation : '
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1t has been shown below that 25 many as five rimultaneous differential equations connected with four
other simple relations are to be solved simultaneously. It becomes a lengthy and complicated process
to achieve the self consistency of these variables during iteration. In this paper the internal ballistic
equations for the three cases of recoilless guns based on equations given by Corner have been numerically
solved by Runge-Kutta method (Dewis® has discussed only the case where shot start occurs before nozzle
opening).  The following solution gives all the ballistic parameters of interest i.e., P.f.¢. V, ¢, N and x
throughout the motion of the projectile inside the barrel.  The value of f Pd¢ which is required for the
calculations of recoil momentum of the gun is also obtained at each step from all burnt to complete
gas exhaustion. :

NOTATIONS

Symbol Dimension Meaning
A4 IR Gun bore area
¢ M ' Charge weight
U I3 ' Gun chamber capacity
D L Propellant web size
7 — Fraction of ‘D’ remaining at time ‘t’
z L Shot travel at time ‘t’
14 Lr— Shot velocity at time ‘>
é - _— Fraction of cha?ge burnt at time ‘¢’
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Symbol C D@mnswn SO Meaning
N , = o Fraction of Cha,rge burnt at time ‘ t’ present
: . : . in the gu : .
T, (°K) ' — : Adlavba,tlc ﬂa,me temperature of propellant
iy - gases

T(CEK) . S - .. Gas temperature at time o

o : —_ o Pressure index for power law burning
Tt (°K). ' : — oo Ratio BTy
S; r Ventury throat area
w ' M . Projectile mass :

B Sl R2TM— Propellant rate of burning constant
0 - - "~ Propellant form factor
] ‘ {L3 M Propellant gas co-volume
¥ - Propellant gas specific heat ratlo ‘
) L—3 .o Propellant density
k \ o " Emperical Constant (Corner)

R ) L2T“2°K—1,'" s (as Constant
p MI—T—2 - ' Mean gas pressure at any tlme
¥ o — Factor for heat lOSS
£ - Pt NI —¢

~ ¢ B ¢ —N 7 '

g PR * Nozale discharge co-efficient g

LUy . L3 S SN . Total internal capacity of the gun

: Subscmpt ' 88 o Refers to condition at Shot start

o NS ‘ . Refers to condition at Nozzle start
E - o -~ Refers to condition at Shot exit

) INT’ERNAL BALLISTIC EQUATIONS
The balhstlc equations to be considered are glven below for the five possible conditions.

(@) Upto shot or nozzle start whichever is earher ‘the solution is that of a closed vessel and the
~ equations are :

'P[U__'_g'_n(,,,_._)og{,] C4RT, | o M
C g=(—pH A+ | @

(b) It PN,s > Pgg, from shot start to nozzle start the system behaves as a conVentlonal gun '
and equations are :

P[Uﬂ-Aw—,—g—‘ (n———)0¢];VO¢RT0+%(?—1)(W+?O) ye 3)
 where | p=1+@F—11+y) (Ref 1 Page 260)
‘ ‘ o\ 4V '
»(WJF‘?T)W,:AP‘ | | @
df = pP* : (5)

$ is given as before by (2) \
(e) If  Pys < Pgs, the equations from nozzle start to shot start are :

B [ ‘ 0‘18“‘?” NC‘n] = (JNRTOT%[ 1+ w—N] ' )
AN _ a4 ySPEYE M
d Ta ORI )R |
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@ m_ d  YSE@YR
. where! - ; 2 o o '
o f"y’]=' =D
or . - A ' RIS ‘ ‘
= 1+ (')"”‘1)[ ;TPT], ] | o : (9)

(d) If Pyg = Pg,g or a,fter shot as well a.e nozzle ha.Ve started and propellant is still burning the
equations are : ~ :

[U—!—Am 4_8_¢>;Non] ;:\GZ,YRTOTI( N kON) L
4,‘ (W+1kC'N) ‘f;t’ Logp }. an
4P : d¢ ¥ S, P(T W2 Cd

(NTl) —(y—-x)(CRT dt)+ s

Equatmns (2), (B) & (7) hold good. v
(e) From the propellant ‘all burnt’ upto shot €] ectlon the equa,tlons are:

[—U+ Aw—NOn] — ONRT,T* [ 14 %‘7_] o (1)
AN W8P ny o ay
@ =T ogryr | s
d(NTY) _ - . AP Cdr ¢S,»(T1)1/2 ‘ o
—a = (y—1) C‘RTO pr ORI , ‘(15?
and equation (11) = S '
W 1 b0 ‘f;’ — 4P
H After the shot ejection upto complete gas exhaustion theequat’iens are :A S
P[Uy—NCn] = CNRT,IT* e n (16)
anN. o _ &P gy —12 '
- oEmw Mt m
d o, (8t A)P (Tyie R
—_ D) = ! 4 e
at (NT,), RS v O &I, )1/2 - L (18) ‘

RECOIL MOMENTUM AND RECOIL ENERGY OF RCL GUNS
The thrust Co-efficientl,8 of a nozzle is deﬁned as o
-PrSt

Where P,. is- the reservoir pressure taken as the maXImum pressure 1n the .gun at that 1nstant
The recoil momentum can be calculated as follows ;

Case A :— “ : Pys > Pgs .
Forward momentum from shot sta,rt to nozzle start ‘
NS NS o
D .df
“AIP‘Z’:=”‘AJ‘""§W\= B(fzvs_”fas) ,
¥ o A e
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"From nozzle start to ,‘all burnt’

Burat ‘ Bumt
= (8- mfm @&.mf 2z
from. all burnt to shot e]ectlon v
: - B = : | %
= (¢5i— )f TR
‘ Bumt .

from shot e]ectlon to complete gas exhaustmn

. R -—(gs,—-A)det'

. Total forwa,rd ‘momentum lmparted %o the gun '

‘ :B [fS;st——Afss ] (§S, ) det- '

Similarly for Case B : (Pg& < P,’g,s) and Case C : (PN s = Pgg).. : Y /
It can be shown that the expression for recoil momenfum is the same. | Pdtfrom all burnt to . gas
exhaustion is determined by SImple summa.tlon of P x dt. 3
METHOD oF SOLUTION
(a) From ignition to sho’ or nozzle start whichever i is earlier :—

Taklng P = Pgg or PNg (Lower of the two) the value of f* is calculated from equation
- (1) using the value of ‘¢’ in terms-of f” from (2). This value of ‘f’ gives fgs or fyg. In
the case Pyg = Pgg, fss = fvg-. At the end of this stage the ballistic parameters
are V=0 =0, P——-PNgOI‘ P,g,g, J= fN,g or fgyand ¢=0,

(b)) Case A:— Pyg > P,gs From shot start to nozzle start, the equations (3), (4), & (5) can be .
put as follows : |

o DV ‘
$=(01= 1+ \

av . 4Dpre. - oo

F TR ._jy'”'(P) ,

¢ .~ p

i = — B‘qu o = Y (P)

P=¢MRT—&W~JHW+ﬂmW
u Aw—-C‘/S—('r)——l/S) C¢

for eonvenience  ths functions have beon daﬁnﬁd as. abovu Tae Runge -Kutta steps for the solutlon of
above equations are : S :

""‘ Y’p (qS, V w)

(‘b) Initial conditions : w == ¢o =0, V X Vo,,m 0, t = = O, P = Pgg, f=f0 -...—.f,gs
=Y., Ph . V=T, +m?2
W= @b f=f—h2

1l
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m=¥,Ph = 01=N0 -I;0f)l S
& =2+ k2 - ) P Y’P(?‘,Vf) oL
[h= —adfis the step length]. ’ ,

Usmg new values of V and P, ks, | l &nd g -are again. dstermined, Slmﬂarly Ics, I3, mg and lc,, &
and m, are calcula.ted in the usual way. of Runge-Kutta steps? giving : ,

', ‘”*‘9’0+(k1+2k2+2k3+k4)/6
V= V0+(m1+2m2+2m3+m4)/6
b=t (2L 2k +1)/6 ,
The Value of ballistic parameters ‘after’ the first step, ie., f = j;, — hand V, P, ¢ and ¢ as

caloulated above are taken as the initial conditions for the second step.  The process is repeated till
P ;> Pyg.  The parameters at P = ‘Pyg can be found by inter-polation.

(c) Case B -m{PN,g < Pgs From nozzle start toshot start the equatmrls (6), (7),( ): &'_(9). can bef ;
put as follows , : ; , o : o

I

N

ONTOTL( 14 IéOI/ZVV ) S ‘ ST
- T-0a—9)]5—NCy =¥ N, T)say . 07
‘ ’d(l) '__‘ EUS P¥T“D¢(T1)-1/2 k o - | g
i tﬁ'o (RT 12 = ¥y (PT) say
a(é) y P8 PTYED .
e Tlf— - ﬁlO(RTo)yz *- VetP, Tl) say /

y has been kept equal to yin VleW of Corner 8 éolnmentl
-. L =(0—Ha+ef)
Here the initial conditions are P — Pyg, f=fns, N=¢ng, £€=0, {= 0 and T1 =1, the Runge-
Kutta method is used. to glVe the value. of ¢ and ¢, N and T1 as follows : o

ky = ¥y (P, T h RS
l, = WEIP, TY)h
f=Ffo—H2 x5
¢ = (1=F)1+0f)
b= §0+k1/2 '
& = fo'l"&l/z E
N $—L .
w+wN ’
P...‘WP(P )

The Runge-Kutta process is repeated to gt kg, by kg, l3 and k4, l to give the final value of all
these va.rlables upto P = Pgs.

(d) This section deals with the solutionupto the all burnt of the propellant The equatlons (10), (11)
- &(12) neglectmg heat losses through barrel can be put as folloWs S ey el

- ONRT, T‘(1+ 0N ) e
T w = ¥ @ 4, N, T
. [ U -I—Ax ( NO"]’]" , o
Cav App—a hie ~ ;
?37,“_ 7+ iwon) = (PN) L T
Ahwu+m“p TR |
@ ﬁp—a___y,(P B TP Fa
F=7D ) R | ,

89.
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&y Pre@)IE D

= T pomryr - —HRBT)
df (F 1) AP—a DV y 48, Pre D(Tl’)l/z ' -
i = BCRL, ' ‘ﬁ’(RTo)W =¥ (P, V, T
N =¢—¢ = -
Tt = (49N
d VD |
7 =g =¥ (".P)

‘The last equation has been obtained by writing qlag/dt# V and then dividing by equation (5). It may
‘be noted that in the above set of equations there are five differential equations all with ‘f* as independant
variable connected with four simple equations giving P, ¢, N and T, The initial conditions are :
(3) Case A :— P = Pyg,f =fns, V= Vys t = tyg (given at the end of section 5(), T1 = 1,
¢ =¢ng, N=¢ngand { =0 =0 - A -
(i) Case B :— P = Pgg, f =fg5, V=0, ¢ =¢gs, t =0, 2=0. N, £ { and T! are given
at the end of section 5(a). '

‘(i@'i) Case C :— when Pyg= Pggi— P = Pyg == Pggs, f == fyg, (Calculated) in section 5(a),
¢=¢ng t, 2, V, & L =0;T"=1.. Thesuffix ‘) is used for initial conditions. i

. The steps of Runge-Kutta method followed are 2s below:

ky =W (P, Vo, Tol) (—B) £ =&+ k2

11 =,‘I’§ (Poa Tol) (—‘h) ‘ C=§o+l1/2 -
my =¥ Vo, Po) (—h) - N=¢—-(

”1=q',v (Po: No) ('—k) T1=(§+¢)/N

O =Pi(p)(~=h) —  m=atmf2
f=f—"H2 V=Vt m2

P =(1—f)(1+8f) P =W¥p(z,¢ N, T*)

In the same way ky, ks, kg by, Iy, Ly, mg, mg, my, 1, 15, 1y ;and 0,, 03, O are determined giving :

§= &+ (b4 2k, + 2 ks + K, )/6 o V="Vo4 (1 + 215+ 2 03 + n,)/6
=0+ (L+2L+20+1)6 t=1ty+ (0, + 20, +20; + 0,)[6

&= ag + (my + 2my + 2 mg + my )[6 : '
The values of P, N, T, and ¢ are also calculated from the. above equations the valuesof all the nine -
variables at the end of Lst step, i.e., at f = f — h and taken as the initial values for the second step and

the process is repeated till f= 0. If at any stage (f — ) < 0, by inferpolation the variables at f = 0 are -
calculated, S .

~(e) Froin ‘all burnt’ to shot ejection, the set of equation (13),{ 14) & (15) can be written as follows :

Cov (14 L)
P oL\ T Tew
(U -+ Az —NC 1)
de C (RT,)1/2 (THL2
iN T 45, P
aé (y—1)4 TV2PV .
iN= " g5 ETyE TV

AV AC (RTy)M2 (Tiyie
dN = (W1 kCN)¢ 5,
de O (RT,)1(TiyiV
| , ‘ WaNT Ty §P |
Takihg the values of P, ¢, £, V, », N, T (¢ = 1) from the end of last section (d) the Runge-Kutta method
is applied as before, N being the independent variable in this case, the step length is taken as dN= — A1,

90
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This process is continued till w—-x?,, Le., the total shot travel :The values of para.meters p,t v,
z, N, Tt are calculated at 2 = ;. , S

f) From shot e;ectmn upto complete gos exhaustmn fal AT L

wame L A=
o o «‘*» - Yo. - P v
Equations (16), (17) & (18) can be ertten as L
) : RT,ANT* Bt
- = T:zm'— 507 1o
aN__ S+ AP o6
. DU 0 (BTN (T‘)1 ‘ ‘ e
L g @mepn @
or RS IR N R e D)
giving ; SRS
o dTl : - dN - )
o —y &
‘ , | E d
integrating from shot exit. RS 3 ‘.e,,{
™ « : » N N
T'g SR ' : Ng - N L
or . ; L , g ‘
n "N 1—=NgpAqlr— >
Ty ~ [A% ‘ 1*~Nﬁﬂ] S @
Pu_ttmg values of P and m from equations (20) and (22), (21) can be written as:
=t : y+1
: 1 2 , 1 . 2
o _—olmmot [y
aN = n/:(S,—I—A)(RT W [ )1/2 N '
giving? ' : :
‘ 1—-y ' : Cy+1

| 1% Yoo\
0{~—A"’j ’ f (TVi—A’)) N
=k $(S -+ 4) (RT0)1/2 (P12 A Na o o

After the shot e]ectmn the parameters of interest-are P, ¢ (for calculating J Pdt and time for complete
gas exhaustion). Initial conditionsare Py, Ny, I" u and ¢z (these values at the end of prevmus sectlon)

The following ﬁmctlons are defined

T Ve
e ¥ o 1N o
Y (N) =TIy [7\?;;“,71 “ﬁ_ﬁgﬁ ]?

ST 1y e ,v-*’l
| 1TTTTUTE 1 :
e = {TV‘;“A”} [NE“ | A“n] |

; HE A T)”2 T B |

01
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L N=Np=W

P =¥, (N, T
M=Yn (N) 3
. S A ) W
NE'—,'IT/ LT o ) N
f Pdt = P, dt (from above)
N, Co .

This process is repeated till ¥ & 0 the value of [' Pdt is obtained by summation.

FLOW CHART FOR THvE COMPUTER’PROGRAM

For calculating the complete internal ballistics upto gas exhaustion, the flow chart for the Computer

Program areshown in Appendix “A”. Appendix “B’’ gives the Pressure/Velocity/Space curves calculated
by this method for two guns. ' : : :

. APPENDIX 4
MAIN PROGRAMME ; B , SUBROUTINE 1 o ‘
. p PUT INITIAL
~ g o CONDITIONS
] : I
| compuTe K, fzf-n/2
! : - 3
) ‘ COMPUTE @,E ¥
NoThe

]

, - [PUT INITIALT] /7 PRINT
COMPUTE l COMPU ,< )
®L fns L TEfss CONDITIONS["\¢,PvXf/ - ~ COMPUTE

[ computeg G| | compuTe
-3 £s,ly S ON,TLP [ Ka,ls
PUT INITIAL | CALL ! .
CONDITIONS SUBROUTINE 2 ‘ ff-h COMPUTE ] COMPUTE
: 1 [lTesiNnte ™ xatg
I
QQOMPUY'E
~] 1 ] - L3N TP
T CALL e o B} ' ' -t -
SUBROUTINE 1 1 i
tve
N CALL 9 + e INTERPOLATE
SUBROUTINE 3 : NT 8,6, FOR
E - . p=P’,
CALL ‘
SUBROUTIN { PRINT B
8 2 E 4 ) 4.0,V, 6.7 =1

CALL

‘ : CALL - S )
1 Pmax,MV SUBROUTINE § s P @
c). ” : T e ‘ )

-~ Aol

Fig, 1—Flow chart for the eomputer programme. Fig. 1;Z‘—;Bmllirstic parameters from nozzle start to .
' start. .
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SUBROUTINE 2

PUT INITIAL T
CONDITIONS
N COMPUTE fetoh
— ~h/2
‘Ml. =, l
COMPUTE COMPUTE COMPUTE
X, P - Kz,lz xX,0,V,P
4 - - o {
COMPUTE , COMPUTE
oty [ f=f-h 1 Xe.v.e
 compuTe [ compute COMPUTE
4P [ oxot [ g0,
PRINT

PV X,

INTERPOLATE
x,f,V»t FOR
P-Pys

PRINT
PV, x.f

Fig. 3—Ballistic parameters from shot start to nozzle start,

T ———

SUBROUTINE 3

PUT INiTIAL
CONDITIONS

COMPUTE - -4
[ K, L, MMy, 0, mf =t-h/2

I COMPUTE OMPUTE(’ %5
I l kz: Lz;mz,“z,oz N, T Jx’VJP |
COMPUTE §.9, COMPUTE =fa
'I’.v x,v,;: ' H !Ll)m5!"3l°5 f f " l
¥ ]
COMPUTE COMPUTE ®,5,%
k‘,‘-‘,ml,"4:°4 N:T‘, x,V,P

-[COMPUTE §,4,N,
1,%.V5t, P

[INTERPOLATE gv,
l¢,f,N,t, FOR x-X3

PRINT
t,e, v, of

), [INTERPOLATE T;8,5]
P,%¢,V,N,t, FOR fz ¢

PRINT M=
t,P,v, %,

Fig. 4—Ballistic parameters from shot and nozzle start
upto all burnt or shot exit whichever is earlier.
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SUBROUTINE 4 — ' : ‘ SUBROUTINE 5 ;

PUT INITIAL | |  ppr-o ‘] JUU S

CONDITIONS
: ) N. = N :
T =T =] Vo=UrAX,
PUT NEW PUT -
COMPUTE | | VALUES OF feN=N =h/2 [ i v
2,%2,M'2 g,%,uT.P |- paly Mty ) y ‘
T CAEN COMPUTE i
VALUES (?F > ko, la,Msy,Ns ] NzN-h A =Cluo
1 £V, T, P 3s13,T9,73
COMPUTE COMPUTE . PUT NEW
ot j«— VALUES OF
clxlv“T,PpAtlt k4' L4:m4inﬁ vgﬁ’v,r()’ P.] .
1 . ‘ I N COMPUTE
' , T,P
. PDT=Pxdt N
INTERPOLATE
£,P,V, T, N,POT FOR |
>exs i POT=Pxdt fed tstedt fe—f COMPUTE
i /'l
~ PRINT ,“
" t,P,7,PDT,N
Fig. 5—Ballistic parameter from all burnt to shot exit” " Fig. 6—Ballistic parameter from shot exit to complete gas
. exhaustion. :
. \ i
APPENDIX B
a0 "7 MAXIMUM PRESSURE =3.9 TON IN.3 : :MAXIMUM PRESSURE 4.0 Ton v, !}
ALL BURNT POINT ~ 4.09 " 1600 *
: HI050 1 v
—~ w ALL BURNT ]
« " 3-04 . » POINT
s E e~ 1200 &
= 1 750 o ':'z -~
z ‘
2 2.0/ r= 2 2
- O 2.0 (%]
s ] o & 5 9
ES b— /NOZZLE START o g b
% 1.04 PRESSURE | : H :
’ _ 1.04
g ] Muszv%i. L1so ,":’, § sHor START E
SHOT START PRESSURE . 3 * REsSuRE womLE e 3
o ey r _— et NOZZLE START PRESSURE o
s 1o s 20 - 2.0 4.0 o"o 80 i
SHOT TRAVEL IN INCHES SHOT TRAVEL IN FEET
Fig. T—Pressure/Velocity—Space curve for RCL gun ‘A’. . Fig. 8—Pressure/Velocity—Space curve for RCL gun ‘B’.
As fired ballistics : Max. Pressure = 4:1 Ton In™3, As fired ballistics : Max. Pressure == 4:1 Ton In—2
Muzzle Velocity = 1010 Ft. Sec~2. Muzzle Velocity — 1673 Ft. Sec,
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