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Starting from a . functional eQuation of -two variables containing a parameter B, the information function of kind
given have been obtained.' The paper contains a characterization and properties of this measure. Also the study has been
extended to the information improvement of the prediction probability distribution (¢;, ¢a... ¢,,) revised as(ry, .79.. L )

on the basis of realization (py, py,.. .. ?, ).

. o
Let P= (py, Pos -+ Pu) P 3 0, T gi=1Dbe a probability distribution of a set of n events
g=1 . R

on the basis of an experiment F whose true (prediction) probability distribution is @ = (g1, ga,. - - ¢n),

n
>0, Z ¢ =1, then Kullback’s! measure of information that P provides about @ is
$==]
noo
I1(P;Q)= Z pilog (pi ™). ¢Y)
=1 ’
~ Againlet B = (ry, 7g..; 79), 7% 520, X 7, =1 bearevised probability distribution of a
t=1 -

AN : » o n
original probability distribution @ = (g4, ¢a,- -, qn), ¢ 5 0, 2 ¢ =1 on the basis of realization
i=1 ,

n "
P=(py, Pg.-»DPn) P 30, X p; =1 obtained from the experiment E. Then the information

1=

improvement? is giver by
»

1(P;Q; k) =zpe log (ri g¢™7). o ®

‘ t=1
In this paper we shall take the functional equation in two and three variables, involving a parameter
B which under suitable boundary conditions would give the new measures named as the ‘information’
and ‘information-improvement’ of kind 3. The.paper contains the characterizations of these new
measures and some of their properties. - '
Sharma and Autart have studied earlier> some other generalizations of (1) and (2) differently.

CHARACTERIZATION OF INFORMATION OF KINDGg

We shall first take generalization of (1). S ,
Let the information of kind B of P with respect to @ denoted by Ly be taken to satisfy the following

postulates :
- Postuldte 1
D1/Pyy Po/ Py ) ’

L pl,pz,-.-.,pn)=L (Ps,pa,-o..,p”) ﬁ . I_BL (
”(Qv%v----’qn n Q2 Qse o+ s n + B G 2\ 91/Q 22/Qs

) ~ 45



Dgx- Scz. J., Vor. 2., APRIL, 1975

where Py =p; + Py Ga =1+ g Py, Q3> 0.
Postulate I1

,La (:‘1?1’ Pas Ps.

\ 192 %

permutation of ¢’s,

 Postulate 111

)isa. symmetric function such that for any permutation of p;s there is the same

ot

BYB, 1 — B1IB
‘Lz ( 1, 0. ;
Note.1: The postulate Iis a recursivity of information of kind B and it is a relation corresponding to

additivity. Also postulate III can be considered asa normalization property and here it includes the para-
meter 8 for the quantities were 0 < 8 < 1. . '

-Note 2 - : If we take

)’ =1 | (6 < B <1 |

@) =Ly (:j i:; ),ﬁ | | L @)

- then with the help of. postulates I.and II, L, (n > 3) can be expressed in terms of the single function

The poétulate I at once gives the elegant form -

;,. = ;s‘ﬂ-ﬁ WP f @wilPowlQ), @

where Py=1p; 4+ py+ ... + p;, G=qgn+¢+ . ...+¢% t=1,2 ...., nwith P,.‘=Q,,«= 1.

When r‘ecursivit‘{yk and Sj;mmetry,of information of kind B areapplied? to Ly, we obtain the functional
equation S , : -
S+ =a)f (L —y)l—8 fu/(l—2), (1 —y)] )
= f(% v) + (1 —u)B (1—o)l—Bf [ z/(1 —u), y/(L—9) ],
- forz, y, u,ve[0, 1] withz +u, y + ve [0, 1].

If we put ‘y = and v=u and take f(z, %)= f (2),(b) reduces to Kendall’s® functional equation
of information function. . . '

We now adopt the following definition.
Definition : A real-va.luéd;soluﬁon f (@, y) of (5) defined on [0, 1] X [0, 1} is said to be an information -
function of kind B.(0,1),-if it satisfies the following boundary conditions * B

S FO0=r(@1), e

| 0 JEPy=ra—pus0 =1, | (7)
Again if f (z, y) is an information function of kind B then the inform@tion of kind 8 that P provides |
about @ is given by (4). . ' . -

1t is shown- below that'f (z, y) = f (I — =, 1 —y)andf (0, kO).‘=. 0. Thus (7) follows bjr putting

#= PUB and y = 1in (5). . ‘ L ' | :

We now give characterizations of infqrmaﬁon functiﬁnhnd information of kind B(s#1) in theorems \
Tand IT respectively. SRV B S R N

1
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Theorem 1
The only solutlon f (=, y) of (5) satisfying the additional conditions (6), and (7) is given by
f(w,?/)—-[l—xﬁyl"ﬁ—(l—-w)ﬁ(1—-?/)1‘3](1—/3)‘1 - ®)
. for (z, y) € [0,1]><[0,1]~ (o, )T (1,0); ﬂe((),l), ’
' / (We shall take 0% =0 (& # 0). ‘ ‘

Proof : Taking z =y ==0in(5), f (4) 0) =0 and hence from (6), we get
FLD=F00=0. " 9
Now replacing u, v in (5) by 1— and 1 — y respectively and applying (97 we have ’ , X
f (@ 9)= f(l——w, 1——y) form,ye[O 1] - (10)

Let p1, Py, q1; g5 be four a,rb1tra.ry numbers belonging to (0, 1). Setting pl =1—g, P= u(l —x)‘l
¢g1=1—9, ¢ =91—y)™t in (56) and using (10), we have

(P @) + 1B 1! ‘"B S (pe @) = F (P1P2s 1 92) =+ (1—1911”3)3 (1“4192)1 -
o fl—p [ (=P D) 1—qy [ (1—qn 99)) (11)

for p,qe [0 1], P2, g2 [0, 1] such that pype#1 and gq¢, 9é 1.
Take the funcuon

F (p1, P25 11 32) = f(P1> 1) + [plﬁ Ol =B+ (I —p)B 1—q1)! —B]f (e 02)
where  py, P2, 91, 42 € (0, 1). : ’ (12)

We shall show that F(p1, P25 q1> 1) 18 symmetyric,ui.e., ‘ _
F 1, po5 01, 1) = F (02 915 0 00). ' (13)
From (11) and (12) we have : B .
F (91, 2 5 91> 92) = fi 9o 1142) + (l—moz)ﬁ (1—q «.12)1 —BLf(1—p/(1—p15), 1— g1
(1—q99) + (1—p,/01 —Plf’z) )B (1—q1(1—q1 2) ) ﬁ f(P&a 92) 1 (14)
 Setting pr* = (1—p1) (1—pipo) % g1* = (1—g;) (1— 190, we have

4 (pp P2 00 9y ——f( 1—py [ (L—pyp2), 1—q1 [ (1 —qy99) ) + (L—p; | (1-—?1102) )8
" (1—q; [ 1—gy92) 1 —B f (2, g2) o

=f(p* a*) + Pr*B g*(1—P) f (Pas 22)‘
using (10) and (11) we get R

1—p 1—g ) ( 1—p, )ﬂ(”l—«@ ,)l_p |
= 2 + H A
Y ( 1—pips " 1—q1¢2 1—p, 92 1—q1¢e F o)

=A(p2913000)-
So it follows from (12) that ‘ R o
F (p1, 35 41, 92) — F (P2 D1 5 2 ¢3) = O, proving (13).

‘Next' putting joz =BUB, gy =1lorp, =1—plB, ‘qz = 0 in (13) aﬁd using the deﬁnition of
F (pv P25 @15 ¢o) and (7) we get S
0=f(pnq) + [ 2B ¢! —8 + (1—101)5 (I—q)l—B]—1—Bf(p q:)
| From thls 1t follows that
f(Ph ) =[ 1"1915 @R —(1—pyP (1— FR1(1— B, f01‘ all Py 1€ (0,'1)

o
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Since f (0, 0) =f(1,1) =0, the result is true when p;=g,=0 or p=q=1

Theorem 11 o S s -
Let P = (p,, p,, v Pn)y Q= (9 %2 --+» q,.) be two complete probability - distributions

then the information of kind 8 derived from the 1nformat1on function of kind B is in general given
by (4) and if the information function f (x, y) of kind B is obtained in theoremI then the corresponding

mformatmn of kind B is

Hﬁ}(P;Q\),=Y[ 1— ZN’ g8 ] (1—-:3)"lﬁaé 1, B>0 (15)

i=1
Proof : Substxtutmg the expressaon for f (=, y) from (8) in (4) we have

R | 18 .
H.(P Q)=(1-—B) ‘ E‘[PiﬂQ;“ﬁv——P,-_;‘Q.-_i—-p;ﬁqa‘“‘ﬂJ
. ;=2 v )

‘k < =(1—pt | P Qi—p—Pyg Qll"ﬁ—~ z PP gt B

= (1—p1 1—-2 PP g ﬁ]

t=1

clearly, it is (15).

PROPERTIES OF INFORMATIQN OF KIND B

Several propertles llke non—negat1v1ty, symmetry, null-mformatlon and expansibility® can be easily
derived for H, (P ; Q). o

We mention below some other properties for HB, (P ;@Q).
Strongly ' Additive property :

[} * P’ * Pt *pr B :
H (Pl Vs 2Pyl ol n’) _i (pl,pg,...,p,.)
" a* Qs 6* Qs - 1t On " 915 925+ - +5 qn +

| +_zn 2B g1 B Hf. (g:: ) (16;)

t=1

where P;’ = (pm Paiy =, pmi), Qo" = (qli’ Jais -« s mi )

/o

m
n* ) 2 1+ =AD1P11s Py Py > 01 Pml) ete. and Z s z

foralli = 1,2, , ;
An interesting speclal case of (16) i8 glven below :

()= (§) () ronat ()8 (5) oo
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where P = (p.l’pé’ . "’ p")a Q = (91» Gas + v > qﬂ)a P’ = (Pl’ Pa’j""s Pm): »

V=0 --.Qm)andZPj~1 2@51

£ ' . = . I 7

j =1 = 1
When B 1 the last term in (17) vanishes and we have the well known addltlvxty property of Ku]lback’
information.
When B # 1 we have _ \ » ‘
Hyn , By ( ) HB,, ( ) ) f 1
(gre) <m(g) +m(g ) trn<

* 4 Recursive-property

I:IB,, (‘?1: Pas ,_pn) —-Hﬁn—l ( P1 -+ D2 Ps> « 7?’! )
915 925 s qn N + 25 Q3> s In

h Pa

' B
= (g + pf (0 + A Hy | P1+Ps pl;:?s_ -

v . 7 91+92 ’ @+ 9
with py + P, ¢ + 92 >0.
)

: ‘ m
B i s - Z D5 Qmi ; [—Iﬁ ( g « w0 Qnu‘) where g =
H., ( : : < ;- o Pi Q1o - s O E g5 =1
‘ : g = . . )

i=1 v,=1 - 4
91’--f ...... 1 ‘ J=1
R R - | m . : SRR
p ' OB
Proof Hm(zp‘q“" Zp'q"“ —(l—ﬂﬁ)“‘[ —Z(Zm;s) 45‘—’#»]
t==1 =1 j=l = / :

q1,.- se e ,q";

| < (1—p)—t [i z%qﬁ"
Ti=1 J=1
X—pr“ (% )

) ie=]1
becausel® - : - ’ o ,
(z nds ) z pig? B <1 (10)
- =1 N $==1
UOHAR.KCTERIZATION OF INFORMATION IMPROVEMENT OF icfimp !

- In this section we shall study a generahzatlon of (2). - Let the information merovement of kind B of
the probability distributions P, @ and R be denoted by U, be taken to satisfy the following postulates:

49
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Postulate IV o .
U P12 P2y« oo Pn Pz’ P> -5 Pn. ; p1/P2’ pﬂ/Pt
"\ e -0 | =Un1| Qo -5 n Py QB RE—1 U | ¢,/ 0a/@s-
T T evvs T By, 1y, .., Tn 4 : . 73/ Ry, 73[Ry
where P, = P+ P Q=01+ 0 Ry=1,+ Ty Pz’Qé9R2:> 0. |
Postulate V |

P1, P2 P3. 4 L : .
U,( G1> Qs I3 ) is a symmetric function' such that for any permutation of p’s there are
Ty, T T ’ , S :

the same permutations of ¢’s and r’s,

Postulate VI ; L
B 1—8 SR

Ul 0 =1 0<g<).

v, o0 /o ‘

Note IV : The postulate IV is a recursivity of information improvement of kind g it and it is a relation -

corresponding to -additivity. Alsopostulate VIcanbe considered as a normalization property and here 1t
includes the parameter g8 for the quantlmes where 0 << B < 1.

" Note V : If we take -
o z, 11—z . “
f(m, Y, 2) = ( Y 1—y ) ‘ . ' (18)

2, 1—z2

then with the help of postulates Iv a.nd V, U, (n>3) can be expressed in terms of the smgle functlon
fle.y 2. , .

The postulate IV, at once gives the elegant form

n
U= ZP‘ Q1B RE—1f (i) Pis s/ @is 7: | Bi), (19)
whereP, ntot oo Q=g+t ...t g R=r+r+ ...+
i=12, ,nWLthP,.-Q,. R,.——l ‘ '

‘When recursivity and symmetry of mformatmn unprovement of kind B are applied to U, we
obtain the functional equation .

[y 2) 4 (1—=2) 1=yl —B (1 —2)B—1 f(u/l -z, v/l—y, w/l-—z) .
=f(u, v, ) + (1—u) (1—0)l =B (1—w) )B—=1f(a/1—uy] 1—w, z/l—-w) (20)
for =z 9,2,u,0,wel0, 1] with =4 'u, y—l—v,z—{—we[O 1

If we put 2 = wand w = wand take f (w, y,2) =f(&, y), (20) reducss to (5), the functional equation for in-
formation function of kind B and again if we put z=y=ugand w=10=yand take f(z, z, ) = f(x),
(20) reduces to Kendall’s® functional equa.tlon for information function.

We now adopt the following definition, ‘

§90
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Definition : A real-valued solution f (x, y,2) of (20) defined on [0, 1] X [0, 1] x [0, 1] is said to be an
information improvement function of kind B¢ (O 1), if it satisfies ‘the following boundary condmons
| £0,00) =f(1, L1, , @D
JELY=fA=F0, 0=1 @)
for a given B such that 0 <\ g < 1. :

Again if f (z, y, 2) is an information improvement function of kmd B (# 1) then the information im-
provement of kind 8 ( # 1)is given by (19).

Note VI : 1t is shown below that f (ac,y,z) = f (1-—:1:, 1—-—a:, 1—2) and that f (0,0,0)=0. Now
(22) follows by putting x =g, y=1, 2=1 in (20).

' We now give characterizations of information improvement functlon a.nd mformatlon. 1mpr.ovement of
kind B (1) in theorems IIl and IV respectively.

I3

THEOREM 111 The only solution f (z, y, 2) of (20) satiSfyﬁng the additional conditions (21) and (22)5
is given by : : I

' [ 1—8 1 , 1—8 ] ) (23)
f@y2)=|1—ay —2 —(l—a)(1—y) (1—-—z) (1—-3) : '
for (z,y,2) € [0, 1] X [0 1] X [0 1] ~(x, 1,00 U (w,0,0) U (2,0,1) U (2,11) (We shall take
Ge=0 (x # V)).
Proof : Taking # =y =2=0in(20), (f0, 0, 0,) =0 and hence from (21) we get
f (@1 1 L)=f (0, 0, 0,)=0. (24)
Now replacing %, v, w, in (20) byl—z,1—y, and 1 — z respectively and applying (24) we have ‘

f@y2 =f(1—zl—y ,1—-2) (25)
for x, y, z€ [0, 1], '

Let pg py 01 qz, Ty 1‘2, be six arbitrary numbers from the open interval (o, 1). Settmg p=1—z,
pp=u(l—oyl, gy=1—y, =v(l—y)yt,n=1—2 n=wl—2"1in (20) and using (25), we have

1—8 3_-1 1—8 1
S (Pp %1 71) + P1 Vil "y S (P2 9 "2)‘ + (1= p0) (T—1, 03) (t—n 7'3)

CF A=l —pr o) 1 — gl — g1 ga) 1 — /(1 — 7y 7)) (26)

for py, gis 71 € (0, 1)s Pgs 70 73 € [0, 1] such that p, p, # 1, ¢, 3 # 1, fl 7y # 1.
Consider the function

N [ - Bt . 1—8 p—1 1
Fonpr vty ") =f o)+ |man n  +Q—p)(l—g) (1—=r) \
S (D2 @25 72)s " D1s P2, Q15 @25 "10 73 € (05 1), 27)
We shall show that = F (py, 155 q1, 925 7y, 72) 18 symmetrie, Le., ) ‘
‘ i F (py, D25 @15 925 T 72) = F (20 P15 25 @5 720 71)- ) h (28)
Lot us take B#1 (B>0), then by (26),
v ) ’ o 1—8 ' g—1
F pys p2; q15 927 74, 75) =f (Pyp2s €192 "172) + (1—2’12’2) (I_QIqE) (1—-7'1 fa .

1— '1’ 1.;.3

[f- (1 —pi| (A p2)s 1 —q(1—gq102)s (1—n 7’2)) + (1—24(1—p, p3)) (.1'7‘91‘('1—"& g2)
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S A—nfA—n ) f @e )| @9

Again setting p*; = (1-p1) (1—py poF % g*1 = (1 — 1) (1 — guge)™ Lk = (1) (L —ryr)™,
A (P13, 995 s G720 T2) = :
o= f(l—-p1|(1 "‘?11’3) 1 "!Z1|(1—'4192)’ 1"""1 | (7'—"'1"’2))-{-'
+(1——p111—-p1p2><1——91|1~—q1q2) E Ly [ 1— ). B 1 (B2 a7
P o T
= f(p*» g*p ™) + P*1 Q* S T (pagar)
== f(l"‘PzHl“Pl 1’2)! 1‘““92‘(1"91 92)’ 1—'“"2] (1“"‘71 r2))+
(1—-102[1——191 p2) (1—q2 l'l."f‘f'QI 92) (1—"2l 1‘“’1"2) f(Pp T "))
= d (P2’ P15 Qs 91: ”z’ "’1) L
Then it follows from (27 ) that
F (Pv Pz T1s q%) Qo "2) — F (P2 Pl, 42, 95 72 )= 0, provmg (28)

Next putting p, ﬂ, gs = 1 ry=10rp; = 1—— B, 92 == O, 7'2 = 0 in (28) and using the deﬁmtmn of
F (py, po qu 0o 715 7a) 80d (22) we get SR S
' - -8 -1 —1

o =swenm 4] ma' " a—ma—w T a-n

— 1 Bf(pl, q1 M)
From this it follows that . .
1-B ﬁ-—-]. —1
£ (p1r gy 1) = [ e gy 0= |a—pr

for all p,, ¢o7) € (0, 1).

The result is true even when p; = gy =7, == 0 or Pl =g =1, =1

THEOREM IV Let P =(py, Pos .. .» ]07.), Q= (ql, Qo - - -s q,.) and R= (rl, Tas . r,,) be three complete
probability distributions then the information of kind B derived from the information improvement
function of kind B is in general given by (19) and if the information improvement function f (z, y, 2)
of kind B is as obtamed in theorm III then the correaS]g)ondlrwr information 1mprovement of kind B is

He QB = [l—p.;_ilp'q.- A ](1—-:9) S B# B0 (30

proaf : Substituting the expression for f (%, ¥, z,) from (23) in (19) we have - - '

g g1 1—§ p—I1 1—8 p—17"
B (B G:R) —(1——ﬂ>—12 [P % R'* Py @it K —pia 5|

—B Bl " 1—8 p—1 n 1—8 B—1 _
—(—p [P O B P B — 5 gt ]

==
. . n 1'_' 1
i B R T
olearly, wluch is (30) -
) PROPERTIES OF INFORMATION IMPROVEMENT OF KIND B ‘

Several properties like symmetry, null-mformatlon, expa.nmbﬂlty can be easily denved for H » (P;Q;R)
B
We mention below, some other propertles for H, (P;Q;R).
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(z) Svranglry (No'n Commutatwe Additive Property)

S
PIPI: ?21')3:' sPuP'u‘ )

8 .
Huyn 91 Qv quw v @ | = )
\ ' TIR].’ Tg Rz, ,fan
) rpvpa:-e s?n'] . L . - [P
B \ n 1-,'13 p—1 B , , -
= Hy AT =~:-, o +_Z'1pa % r Ha Q| @D
- B =1 A I ,
LN, 7'2’ s s rﬂ } S - LB%) o
where ' P i = (Pm Das- - v 0> Pni) 5 Qw-@w Gain - » ’Slm)’
» , R.—(ﬁ., . a"ms) PI*PI—"(ﬁ?u’ 2”1.‘2’319 - Py Pmt) etc
and 2 p"jg- o0y — 1 2 q‘” == 1 2 l’:’g -—-1 fOT au Z e 1)2’
) j=1 , Jj=1. - 3-—1 ’ :
An interesting specml case of (31) is given below.
p*pf] , (2 P - ['P"\ n P']j
Ho QQ'} —H,| @ ( +oE| @ J +E—DE | Q | ] @ |6
LERR ‘B L& LRJ 5
where _(pls Do s Pu) and P’ = (Py, Py .. Pm) eto. a'nd o o

_ | 215—129,—19.11(1 3 Bi=1

3 . J—-l . ]-"—"1 j-——l »

When g-» 1, the last term in (32) vamshes and we have the known addltlve property of Thell’s ‘informa-
tmn-mprovement

When B# 1, we have

P*P ‘ P “
g x 8 , B ,
Hw | 6@ | z B |@| + 8 |@
LR*R'J ’ RJ R
accordingas (B—1) Ha - Q - Hp Q = 0.
, R L R J
(¢6) Recursive-Property o
r.‘pl’ Pas- - ’pﬂ.] ' l3 " + P2sPgse s +3Pn
‘ 919 925 - - -’qn J L H‘ll—l . 111 + Q2; Q3, . -ﬂiq,.
Lrl? ".2’ ,7'” ‘ 1‘1 + '2, "’3-“ . .,1‘”'
n . b ]
Ht P Pt

av q2

. ’ T — .
= (p+ Pz) (9 +)*P ("»1‘"{‘ rf 1 H‘{ gt at ;5 (n>3)

L SRR T
(41 'l' g 4y )
with 2, + 2 01, + g "1 + T2 > 0.
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w
[ T o g ‘
: "f:Z,'p;qu,...., :Sp;q,,.: 2] - R O /ST TR L/ /) ]
B i==] o=l [ L .
Hp o Om 1 = Zl' p' H"' SR PR A [
: i= .
N !rﬁ;l ' " ¥ " " g l r]_s . .- .‘.,7’,,; .
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