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The paper analyZesa queneing model consisting -of a single queue serviced by two servers alternately. A change
over time is required when one server is replaced by another. . In & busy period, only one. server is servicing and

when it emptles the queune, the second server takes over and thus the two servers work alternately. The
actual service starts after the change over time of the parbmular gerver under operation. ,

In the single server queueing processl;? it is assumed that there is only one server serving one or more
queues. With the advent of complex mechanism in the elegtronic field two or more similar modules serving
a single queue are highly likely but this process is essentially différent from the multi-server queueing process
considered by various workers in the sense that all the modules are not operated simultaneously but work
alternately to process the jobs coming in a single queue. This increases the operability of the system for
- more time than using a single server unit. An additional advantage in studying such a system is that

Cif two or mere similar modules are provided for service mechanism and if they work alternately then
there is a possibility of providing an efficient repairing schedule for the modules which are at rest. Tt is
this motivation which leads to consider the alternatmg servers in queueing process.

Recently Scott? has considered the alternating servers working in shifts and has also indicated briefly the
genera.hzatlon of the model. In this paper we propose to study the alternate servers with initial set up time
i.e., whenever server’s switching over takes place some initial time is spent (which is random Va.nable)
in settmg up the service mechanism. For example if two central processors are provided in a single | .compu-
ter unit and these two work alternately to process jobs coming in a single queue. The loading of the momtors
of central processors can be viewed as initial set up times before processing the job. .

: The study of queueing problems has got immense use in organisation of service facilities in various
“sectors such as Ordinance Depots, refulmg of aircrafts, computers and communication network in Defence

STATEMENT OF THE PROBLEM

‘We consider that customers are arriving in the system according to a Poission process with 1ntens1ty A
and joining a single counter queue operated by two servers 1 and 2 who work alternately with independent
service rates. Iach server hassome initiation time @; which is a random variable. The odd number busy
periods are serviced by server 1, and the even No. busy periods serviced by server 2. We shall use the
method of supplementary vama.bles4 for the formulation and solution of the problem. The prohability
density function (p.d.f.) of the service time of the servers be denoted by 8; (9) and Sz () with 111 (0)dé and
12 (6) df as the conditional probability that the service completes between (9, 8 + «f) given that the
service is not completed up to time 6.

Let M (t) be the number of customers in the. system and N (¢) the number of customers already
served at time ¢ and 6 denote the time elapsed in a particular service. Py (n,t) and P;(n,t) are the:
probabilities that the system is empty followed by the switch over period of Ist and 2nd server respec- -
tively. ¢; (m,n, 8, £) d6 is the probablhty that the server (i =1, 2) is busy with m units waiting, # units have
been serviced, 6 is the time elapsed in the carrent service at any time ¢. Q; (m,n, 0,t) d6 is the proba.blhty
that m units are waiting, % units have been serviced. in the previous busy penods with switch over time
lies between 6 and 6 4-df. The switch over (set up) time distribution are assumed to be 8; (6) and S, (6
of server 1 and server 2 respectively ¢, (6) and ¢, (6) are the conditional -probability densities thaj
set up time will be completed between 9 and 6 4-dé.given- thab these have not been completed upto time 9.

Equations governing the system are as fo]lows
37,(m, n, 6, 1) + 3¢, {(m, n, 0,1)
-9t a6

+[A+n1(9)]q1(m,n 9, ) =Aq(m—1, n, 0, 1)

form > 1 (1

20 (m, 1, 6, 8) _3g, (m, 1, 6,)
Rl Al ’+[M—na(o)]qa(m,n,et)-qu(m—-ln,et)

. ‘ for m =1 (2
* : 35



- Dep, Scz g, VoL 25, Jmmav 1975

30, (m, , 6, ) + 2Q, (m, n, 6, )

+[A +¢1(0)]Q1 (m! nyo t)= /\Ql(m“—‘l n,O t)

a A a0
, ' et i . form =0 ‘ (3)
0
l‘; aQZ (m;tn: ] t) an (mwn’ 0 ) + [)\ + ¢2 (0)] Qz (m n, 0 t) o A Qz (m___ 1 "’1 0 t)
AP LAY S AN
d" ; 1’(”' ) "; 1(9?/ t? = fqz (l,r,—l, 0,;’t) 72 (O)dQ o K ‘ . (5)
‘d Py (n- t)'}‘t g (7, 1) _ f42‘(1: n—1,0,1) n, (6) d8 , . ©)
Btmmzlary Cmd@twns ‘ | ' - o
Q, (m, m, 9;t) =0 PR . o f°r,m> 1 m
@, (m,, 0, £) = A Py (m, ). [ S formal - (8)
" @, (m, 1, 0,1) = O FE R form>% . . (9)
Qz (m’ 'n, Oa l) =A P2 (”” t) ' ) v ' : form =1 : (10)

ql(m,n,o = fql<m+1 n—1, et)m<0>d0+fczl (m,n,ot) ¢1(0>d0 “ay

g2 (m,,0, 1) —fq2<m+1 n—-l,m)ng(o)daJerz(m,n,o DhO® ()

‘The range of values of n depends upon the initial condmon and with the initial condltlan
Q, (1, 0, 0, 0) = 8 0, n will take the values for the equations (1) to (4) as
: (1) n=0 (2) nF1l ’ (3) n/() (4) n =1
SOLUTION OF THE PROB LEM '
We define the generating functions as under :
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Multiplying (1) to (4) by y™ and taking the summatmn over appropriate values of n and then mnltiplying
the resultant egn#hons by o™ and taklng the summatm over suitable values of m we get making use of
the generamng funotions, . ‘

al"l

U e )

""‘ B DOt nO) F=0 | (14

‘fs_’ L FRO—D+hO G=0 (15)

’G" et D+ H@I G=0 . )

~ Similarly multlplymg (15) and (16) by " and taking the summatlon over n we get

o BeH A Eey = yf fo1 (69,0 % (6) 0 an

& B0+ H 0 ——yffl,l(o,y, Dm@d BT

We deﬁne the laplace transform of a real valued function f () as |
Fo=[ e ou.me >0
4

Applying the Iaplace transform to (13) to (18) and making use of the initial cendition

Fi(0,2,9,8)="10,2y,9) ,e—?[?«ﬂ%{nﬂle rfﬂx“‘” L ¢ ) N
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Now we evaluato the value of constants F, (0, 2, ¢, 5), 72(0,%, ¥, 8), G1(0,2,y, 8) a.nd Ge (0, 2, Y 8)
as under. From the generating function, a.pplymg the bqundary condition (11) and multlplymg by 2 and
taking the summatlon ; o R

F1(9,2,9,9) =yl z g+l J.f:, my (9 Y» 8) m (6) d6 + f Gl (6,2, 9,8) 951 (0) 40 =

~sb f B (0,590 m 0 d—y f T .39 m ()0 + f 50,0 9:5) 1 () d6

" . :"»‘(25)
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F’ 9= y/”f hi e %s) m (9)40~(f) + s)H 9 = fG& ©a " a) - N

substxtutmg from eq (19)
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" where . S4 @) = :ﬁz (0) e ‘
e o N

Denominators of (34) a.nd (35) each ha.s got a root: msude the unit mrclo 1x 1 =1 Deﬁmng the roots
as. ‘&, (y, 8) and o, (y, s), the numerators of (34) and (35) should also va.msh for 2 = ay (y, s) and a, (y, s)
reapectlvely , : ;
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| | C Dape) m sm (2 9] K
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where, Pa(“, s) =T 01—, 8) +s nwl =B, (F—u) 9+l
Deﬁmng the genera.tmg functwn of the queue lengbh proba,blh1 ies as ‘
" (@, 9, t)-,——-jHl @0+ 500 + f B 00w+ f F (6,7 y,0) 0+
+ f Go(6, @, 4, 1) do + f 6 wy 2 w - @
N 0

‘Substltutmg the values a.lrea.dy obtamed laplace transform ‘of the genera.tmg functlon of the joint
dlstnbutlon of the No. of units in the system and No, of servwes completed up to time ¢

+Aa;H1(y,s)83 ALl —a] +5)— (A 5) Hy( g,s)}
T IS D=+
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)\(l—w)+s [ S ¥ Py (39)

when S (s) = 1 and ;5'4 (s) i.e. when set up time is 1dentlcally equal to zero, the result -
obtained here agrees with the results of Scott

s "(w,y,s)—Hl y,s)+H (y,s\+{

+{w+ Ale (y,s)]

Laplaoe tra,nsform of the generating functmn of queue Iength dlstnbutlon 1rrespect1ve of the number of
services completed is given by o

‘ _ : Fac+/\xH1(1 8)83[A(1—x)+s]——()\+s H, (l,s)
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T XA~ fs " 11§, A1—a)+ 3] }
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The steady state distribution of the queue length dlsmbutlon can be obtained by taking the limit as
§->0 87 (z,1,8) =7 (x,1)

n (z, 1);—.111(1)[2 + %

i_(sl Sa-—‘ 1) + (s 8y — 1)}] (41)

% — ,§ % —8,
where ‘ '

o [14Am, 1+A1,4]-°1 |
[ LA |
v =T T,
which is the probabili ty that no unit is present in the system Then maan number of units in the ‘Sysbem
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is given by Do
Umtx-—> 1 ~d— # (2, 17

B L) A (i g

=”“1’(‘2A2) [mﬁpﬁ“i‘la = T
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.where 3 = f wS.- (x) dz
) :
o

b= f # 8 (@) da (=14

Similarly ‘the system of (1) to (6 ) gan be aglvgd iq; any g;xgp mxtml gggd;t;qm
coNchLUSION

In this paper it is assumed that sdb'u tmiﬂ initiatstl ohly whenp oysfemer grrives, during lug tep nre
of servicing but it may be noted that sef uptingg of & sefver can algo be nitiated when the previous server

finishes his job. In that case empty state of the prooess will gob: rgach, snch A proqpss will bedeg}t with in
 the subsequent paper. ’
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