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In' this paper, we have studied & fow transformations, which bonhect solutions of Lane-Emden equation of
index # for plane-symmetric polytropic configurationsin (uo vo) — (2p, ¥p) —, (u v.;) — planes and
(yG’ z 9) — WU Zp)—, (Yp> %p)— planes suffixes 0 ,-P and p denote the v&n&bles in which the funda.
mental equations of hydrostatic equilibrium have been expressed, and suffix P means we have consi-
dered our fundsmental equations in terms of r & P, (uP, v,) and Yp, #p) are the variables which
transform these equations into the first-order equahons The same is apphcable for the vanables pand 8,

The author! has recently shown tha.t like spherlcal and cyhndrmal polytropes if we study the ' strueture
of aplane-symmetric polytrope in terms of 7 and P, then our polytropic equation of state P = Kpl+1/n
will be relevant at the origin of the configuration for # - —1 “and solutions of an eqlw.tlon equivalent to
the Lane-Emden equation for n - —1 will govern the origin. If we study the structure in terms of r and
p thesolutions for 7 -> 0 will be relevant at the origin irrespective of the index of the configuration:
It -has further been found that if wé study the structure of polytropic configurations in (£, ) — variables
then there is some difficulty at the origin. In termsof rand p the explicit solutions governing the
origin are not known. Solations for # 0 and —1 in (up, _tp) — variables cannot be directly
derived from solutions in (up, vp) — varmbles. Solutions for #->0 and —1 in {r, P) — variables
can be studied without any difficulty. Thus it is seen that r and P are most suitable variables
for studying the structure of plane-symmetric configurations (both spherical and ecylindrical also).
Hence the study of a few. transformations with the help of which we may immediately derive the
solutions in (p, vp) — and (up,v,) — planes from the ‘corresponding solutions in (g, vg) — plane, has both
mathematical and physical significance. - The transformations connecting solutuonsm (yp, zp)—-a,nd
(4, 25) — planes with that of (44, 25) — plane are also of importance. :

First-Order Differential Equatwns n (uo, vg) —, (up,. vp) ——-—amd (%p, Vp) -—Planes for Plane-Symmemc Con- '
Sigurations

- Lane-Emden equation of index # in ( fg, 8 )—va.nables -for plane-symmetnc conﬁguratxons, is given by

L) '
dgg \agy ) : (1
where the dimensionlqss 1V31,'ia'.b¥§ﬁ,,fo is fleﬁ-!lﬁ‘rd by i
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£g = ’r og L, | &g [_——477@ Ain) @)
Let the two functions uy and vp, be related with the variables (£, 6) by equations
§ O° . g0 de. -
then (1) gets transformed into the first-order differenitial equation -~ s
vg dvy _ ug A1 |
vy dug - cwgfawy—1 | “
Lane-Emden equations for plane-symmetric conﬁgurations in (r, P) ——aﬁd (r, p) ;‘Variabl;as we
4 n dP .
A 1=n dp\ AnGn Lo
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- which may be re-expressed in the form :

4y _aP\ o » | |
wrETE) -
\ | 4 T g T NECEI |
d ’ p ™ s == — p, ) ,
kan , dfp( tg«dfp ) | p ‘ (8)
'Where the “reduced radii” gp and’ f,, are defined by o
- r=uapfp op —-[K(n+1)/ 472G ]* 9
and A r-ocpfp, Lp = [K(n—[—l)/‘inn] :‘ o (10)-
The substitutions ’ ‘ e S
S u . , L :
up=— ép Puy1 // P',vp=—ép. P'/PP = (dP/d«fP) (11)
o - w1 ; , ; ‘ ' . .
~and " Up=—fppTa [P = fp.p/p. P =(dp[dt ), (12)
reduce (7) and (8) into the form L . ~
up dvp — (n + 1) up —l— vp -+ (n + 1) . (13)~‘.
vp dup (n + 1) up + np — (n - 1) “
o up dv,) . ___ ’Wp + Yp + 0 .~ . v
.  u d, T apFe—1 8

~and
our'desired first-order differential equations in (up, vp) — and (up, vp) — variables.

I’rmwformatwns Counnecting Solutions in (ug, v9) — Plane with Solutions in (up, vp) —and (4, v,,)—- Planes

. From (3), (11) and (12) it is clear that there exist relations which connect the va.mables uvy)
with the varmbles (up, vp)and (4p,vp). ‘Such relations are deduced below :

Form {2), (3), ()] and (11), we get

Y, ™ | » P’ ' \ L
"&% = ,a!; __QT | f . (18)
0 'O'Pn-Fl ‘
Using the tqlations , . : ,
; ' P . R 2 : : ol
o= L % 1 , PitieKwgl ABOW S e

R e

we get from (15),”

Uy = up. o | (1
Similarly, using (2), (3), (10), (12) and the relations ‘ ;

- ’ . ' 28 —~1 el -
0 = ‘:T(r:—ci—) . Ez;_-l— 3 pTm = Az w - g1 o , _(18)

we deduoce o :
S , Yg=tp. : ~ (19)
" We deduoe, fgrm(la}) and (18), that ~ o
up = up. 4 ' (20)

In a similar way as above, itis easy to estabhsh the following results :

vg=vp/+1), )
vy = [n . -
= fn+ l)vp/n (21
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fmt~0¢der Dzﬁerentml Equatwns n (zo, ye)‘.
ﬁgumtwm

I‘qum ions (22) and{%) reduce(l)to the ﬁrst*orderdﬁerexfhml equatmm‘ o o : .

‘ d T s
‘ , ‘3/9 y9 + (2 wy -’—1) ?/e 'l— wg (wg — 1) 2 + ze S ey
Lévﬁ}us‘fur:t]ier' de_ﬁné o i ,
i ‘—-m ;.

5 ‘;‘V.Azps‘-::;§pf;:f~l’ ;w' ‘_7—-2(1 —l—n)/‘(l —-n), / o (25) o

udgl;; i "“’P"‘ “tp

: yp=75;‘=fl’ f{——a}Pzp’éfP-—e G AN L (26)

e e T )

and

- P“'S 1 ‘:,,—*—wpz,,., fﬂ‘"“’p ey

" then we ﬁnd that (7) and (8) are transformed mto the ﬁrst order dlﬁ'erentml equa.tlons

3 1(2 : ' 2
g e CZI;-F (—‘;?I—lf)zp_lyl’g—l"( Pn‘z )W—!—z {mp(wP—g ;:3+ (n—!—l)'l

. an ‘.‘ B : . E s - - B
T IR e
e 2 C ap(wp—m) o =L
and Yo - j:;: +___,z wﬁ(-“‘)?fﬂ‘* *"‘(J;?—l“"‘“+zﬂ ik (3‘” :

* N -

Tédnsforma,mons Cannectmg Sohmons wm (Zg, yg) -—Plome wztk Solwtwns m (zP yp) -«-—amd (zp, yp)—-—Pla'nes . o

From (22) and (25) we obtam

. . 2(1;+n) \ o 2n - S b “2.('1,}.13)' B
KA ( %9 )"" g - fg T i=n 0 = K)\l +w (d_g )— T=n zg",‘
cap Joe e S : &p L

z,;
th,atis; : : T Seni TR O :
E T 7'; S __,+_____ U e R 7 . B

v ; 21: = (% + 1) \
" In asimilar way we obtain, from first equa.tmn in (21) and (27), L
- - ’ ‘ " : n '7 ) B - N -‘:,‘:r’ ) : ‘ 3 . o .
,»;;z;,en’,‘“":i zo‘é.’ SEE o A o .(32)
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Hence we deduce, from (31) and (32), that

Lp\n+l ) 1 - B

2p b=>(n P ) n—1 zpl + " . o ‘ ‘ (33)

Further, we can express the variables y, and yg in terms of (zp, {p) and (%9 , £ ) respectively in the form
’ s = ¢ dzp_ | . 34

yr=_£r g - (34)

’ ’ : dzp . -
and : Yo = £ e ) (85)
But since ' ' ‘

| 9 s+l : _
§P = 6 fg,' p = (ﬂ + 1) n—1 29”+1 . . . (36)

hence, from (34) and (35) we obtain

29 ' : ‘ ,
yp'»z (n+ 1)1&——1 y020”. (37)

Similarly, we get

2% —1 ; 2n
yp j— n'n——l yo zeﬂ—l’ yP = [ n;:_ ] -1 yP zpl[na . (38)

Thus with the help of the transformations given in (31), (32), (33), (37) and (38) solutions of the Lane-Emden
equations for plane-symmetric configurations in (zp, yp) —and (2, y,) — variables are deduceable from
the corresponding solutions in (24, yg)—variables.

. CONCLUSIONS _

(¢) Substitutions given in (3), (22) and (23) reduce the Lane-Emden equation of index n in (£g, 6) —vari-
ables [eqn. (1)] for plane-symmetric configurations into the first-order differential equations (4)and (24)
respectively. ‘

(¢) Substitutions given in (11), (25) and (26) reduce the Lane-Emden equation of index # in (§p, P)
— variables [eqn. (7) ] into the first-order differential equations (13) and (29) respectively.

(#4%) Substitutions givenin (12), (27) and (28) reduce the Lane-Emden equation of indexnin (£, p,) —
— variables [eqn. (8)] into the first-order differential equations (14) and (30) respectively.

(w) Equations (17), (19), (20) and (21) enable us to derive the solutions of the Lane-Emden equations
in (up, vp) — and (%p, vp) — planes from the corresponding solutions in (ug, vy) — plane for the plane-
symmetric configurations. ‘

(v) Equations (31), (32), (33), (37) and the set of equations in (38) connect the solutions in (zp,yp) —,

(zp, yp) —and (75 , yp) — planes. ‘ ,

(v3) Transformations given in (17), (19), (20), (21), (31), (32), (33), (37) and (38) are also applicable
for spherical polytropes®. ‘ :

As hag already been concluded above in brief the main idea underlying our investigation is : If we
know, for a given n, the solutions of plane-symmetric polytropes (such as Saturn ring system and Laplacian
disc cosmogonies) in-(ug , vy ) — plane, then the corresponding solutions in (up, vp) — and (up, vp)—
planes can be derived directly with the help of the relations (17), (19), (20) and (21). In a similar way,
having the knowledge of the solutions in (26, ¥6) — plane, the solutions in (zp, yp) —and (zp, yp) — planes can
be easily obtained with the help of equations (31), (32), (83), (87) and (38). In other words the mass, the
radius, distributions of pressure and density, and temperature, etc., which describe the structure of plane-
symmetric astrophysical bodies (as mentioned above) can be studied easily in different planes in view of
the set of equations (17), (19), (20), (21), (31), (32), (33), (37) and (38).
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