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In this paper, we have studied a few transfoiiitions, which connect solutions of Lane-Emden equstion of 
index n far plane-symmetric polytropic codpat ions in  (ug, we) -, (up, vp) - , (a , y ) - planes end . P. P (ve, "1 -, (yp, z p )  - , (YP , gp)-- planes suffixes 9 , P and p denote the variables in which the fund& 
mental equations of hydrostatic equilibrium have been expressed, and suffix P means we have consi- 
dered our fundamental equations in terms of r & P, (up, vp) and iYp, Zp) are the vari&blea which 
transform these equations into the first-order equations. The same is applicable for the variables p and 6. 

The author1 has recently shown that; like spherical and cylindrical polytropes, if we study the structure 
of e plane-symmetric polytrope in terms of r and P, then our polytropic equation of state P = K@+.l ln  
will be relevant at the origin of tXe donfigura€ion for- n -t -1 -and solutions of an eq&tion equivalent to 
the Lane-Emden equation for n -t -1 will govern the origin. If we study the structure in terms of r and 
p the*solutions for ~n +- 0 will be relevant sst the origin irrespective of the index of the configuration: 
It k s  further been found that if we study the structure of polytropic configurations in (f, 8) variables 
then there is eome dacul ty  a t  the origin. In  terms of 9- and p the explicit solutions governing the 
origin are not known. Soldtions for n -t 0 and -1 in -(up, up) - variables cannot be directly 
derived from solutions in (up, u p )  - variables. Solutions far n -t 0 and -1 in (r, P) - variables 
can be studied without any difficulty: Thus it is seen that r and P are most suitable variables 
far studying the structure of plane-symmetric configuratiw (both ~pherical and cylindrical also). 
Hence the study of a few transformations with the help of which we may immediately derive the 
solutions in (up, vp) - and ( U ~ , . V ~ ) ~  - planes from the coltresponding solutions in (tho, vg) -plane, has both 
mthematical and physical significance. The transformations connecting solutions in (yp, zp) -- and 
(y,, zp) - planes with that of (yo, ze) - plane are also of importance. 

First-Order Diflerential Equations ifi (us, vg) -, (up, VP) --and (up, vp) - Plafifz~ fw Plane-Symdric Con- 
figurntiims 

Lane-Emden equat:on of index n in ( fe, 8 )-variables, for plane-symmetric configurations, is given by 

Let the two fundions as and v6, be related with thewriehle.aales ( te,  e)  by equations 

t e  @ u 0 = -  - t e  0' fie=--- d8 - 
8' ' B ,  (Y=- 

at, 
then (1) gets transformed into the first-order differeitiil equatioi . 

Lane-Emden equations for plane-symmetric configurations in (r, P )  - and (r, p)  - variables are ' 

2 n n 
T G K - n t - 1  P C ;  - dr . (6) 

end 
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which may be re-expressed in the form 

A t @  ( ah 1 )  =-  P+ , 
d 1-r 

and - ( p ~  dJg) = - p. 
d f ~  

Where the "reduoed radii"' e p  and f p  are defined by 
2n 

r=+=aptp, txp = [ ~ ~ i l , !  4& 

and 

I" 
r=ap f p ,  ap = E ( ~ + l ) / d n G n  

The substitu$ions 
I ' . 

up = - I f p P n + l  , P f , v p = -  fp. P'IP,P'= 

298-1 
and up = - I p  PT 'p', vp=- ZP.P ' /P ,  pf = ( d p / d t p )  9 i , 3 

(12) 

redwe (7) and (8) into the form b 

UP ~ V P  = -  ( n +  ~ ) U P  -I- VP f ( B  + I )  
VP  UP ( n  + 1) UP + nur - (n + 1) * . (13) 

aad UP $*P - - =- W P + V P + ~ ~  ; 
\ VP  UP 9% ( w p  + v; - 1) (14) 

our d&hd &st-order differential equations in (up, up) - and (up, vp) - variables. 

Fr~~)sf&matb~ Om- solzltions iw (zsg, ve) - PlcGne with S o l 2 l t h  in (UP, vp) -4 (up, V~)-PJ(L,W 

From (3), (11) and (12) it is clear that there exist relations which connect the variables O(u V O )  
with the variables (up, up) and (up, vp). Such relations aretieduced below : 

Uaing the relations 
Pf  a0 1 2 n 2 n 

8'= --. ; P n + l = l l n S l  As@", (16) 
ap g (4 + 1) A1 + r 

we get from (16), . 
Ue U p  . (17) 

Similarly, using (2), (3), (lo), ( f 2) and the relatioss 
2 e - I  2 s- 1 

; pn = p - 1  (18) 

we deduoe 
M e  = UP 

' We deduce, farm (la) a id  (181, that 
U p  = up. 

In a similar way as above, it is easy to establish the following results : 

va= (n+ 1) v p / n  

11, 
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Bence we deduce, from (31) and (32), that 

Further, we caa express the variables yp a d  ye in terms of (zp, tp) and (zo , to ) respectively in the form 

> 

and 

But since 

hence, from (34) and (36) we obtain 

Similarly, we get 

Thus with the help of the transformations given in (31), (32), (33), (37) and (38) solutions of the Lane-Emden 
equations for plane-symmetric configurations in (zp, yp) - and (zpJ yp) - variables are deduceable from 
the corresponding solutions in (ze, ye)-variables. 

C O N C L U S I O N S  

(i) Substitutions given in (3), (22) and (23) reduce the Lane-Emden equation of index n in (fe, 8)  -vari- 
ables [eqn. (I)] for plane-symmetric c o n ~ r a t i o n s  into the first-order differential equations (4) and (24) 
respectively. 

(ii) Bubstitutions given in (l l) ,  (25) and (26) reduce the Lane-Emden equ'ation of index n in ( t ~ ,  P) 
- variables [eqn. (7) ] into the first-order differential equations (13) and (29) respectively. 

(it%) Substitutions given in (12), (27) and (28) reduce the Lane-Emden equation of index n in (fp, p,) - - vmiables [eqn. (a)] into the first-order differential equations (14) and (30) respectively. 
(h) Equations (17), (19), (20) and (21) enable us to derive the solutions of the Lane-Emden equations 

in (up, VP) - and (up, vp) -planes from the corresponding solutions in (we, vo) - plane for the plane- 
symmetric coniigurations. 

(v) Equations (31), (32), (33), (37) and the set of equations in (38) connect the solutions in (zr ,  YP) -, 
(~p ,  Yp) (ze , ye) - planes. 

\ 

(wi) Transformations given in (17), (19), (20), (21), (31), (32), (33), (37) and (38) are also applicable 
for spherical polytropesa. 

As has already been concluded above in brief the main idea underlying our investigation is : If we 
know, for a given n, the solutions of plane-symmetric polytropes (such as Saturn ring system and Laplacian 
disc cosmogonies) in (we , ve ) -plane, then the corresponding solutions in (up, vp) - and (up, 9,)- 
planes can be derived directly with the help of the relations (17), (19), (20) and (21). In e similar way, 
having the knowledge of the solutions in (ze, ye) -plane, the solutions in (zP, yp) -and (zp, yp) -planes can 
be easily obtained with the help of equations (31), (32), (33), (37) and (38). In other words the mrtss, the 
radius, distributions of pressure and density, and temperature, etc., which describe the structure of p h e -  
symmetric astrophysical bodies (as mentioned above) can be studied easily in different planes in view of 
the set of equations (17), (19), (20), (21), (31), (32J, (33), (37) and (38). 
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