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Springs are extenslvely used in various defence equlpments ranglng from tanks to delicate ins-
truments.  This necessitates their optimum design with respect-toweight or volume. The present - ..
paper disousses. the design of conical helical sprlngs leaf springs and torsional helical springs using opti-
mization procedure, ) o .

Springs of different types occupy an important place in mechanical devices and machines. Depending
on the application; the springs may be of the helical, leaf, torsion, etc. types. The selection of springs is
further restricted by various considerations such as weight, space, leng th, ete. For example, a clutch sprmg is.
required to have maximum deflection for least space whereas the springs used in vehicles should have mini-
mum possible weight to perform the reqmred task~ Conical compression springs are most useful for applica-
tions where a varying load deflection rate is needed. Such conical springs have smaller solid height, greater
lateral stability, reduce sensitivity to buckling, and constantly increasing natural period of vibrations as
eaoh coil bottoms. Such types of s %prmgs can be used safely in automobiles as isolating devices.

In this paper designs of different SpI’an‘ta are presented by op timization with respect to parameters like
weight and volume. : . . .

- The optimization procedure for comcal hehcal sprmgs glven in thls pa.per - follows that given by Hinkle
and Morse! and Rao?. It is shown that the curves obtained have a similar trend as those of Rao?, .

NOTATIONS

4 = design constant for optimum F, P = maximum spring load
weight and volume v . .
W = weight of the spring

B = oonstant

s _ ‘ ¢ == material constant which depends on
== spring index = D/fd the serverity of the loading -
d = wire diameter

v . P = density of spring wire material

D, = = smallest mean diameter of the coil - . ) .

> _ Tmaz = maximum shear stress in the spring
D, = vgreatest mean d1a.me"oer of the coil . "~ allowable shear stress |
D”' = m%n ooil diamster 8 . = deflection under maximum load
G == torsional modulus of elastlclty' | M = Bending moment in kg, om.
H = Height o,f the cone : - a = distance from the load line to the
) = number of inactive ‘coils spring axis
Ky, K = Wahl’s correction factor - B = modulus of ela.sticity
ky = direct shear-correction factor - © L = length of the leaf spring

m = material constant - - S b = width of the leaf spring
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w == number of active coils et = thiokness

7, = volume occupied by the spring when = graduated 1
: compressed solid . e TF ua eaves
~mp = fully graduated leaves

DESIGN OF ooni‘cn‘fﬁELICAL SP‘RINGS
Minimum Weight
"~ . The expresmon for weight of a comcai hehoal sprmg is gwen by (see Appendlx)

W= pDs ”DB (H+h)(n+»)—,

or
W B L.

L . p“g (H-]—ﬁ) —',Dﬁ(n”!’ﬁ)d o ) (1)
where D2 0d. putting this value in (1) 4 ’
: - 8W H . T ‘
; ;_; e, = Cnd?® 4+ Cid?® . 2).
The maximurm shear stress in the spring is given by the fbllowing equation

- 8EPC Ll L
where | . - | .
_40—1 | 0615 . - |
E=q—1t 0 ST L

Wahl’s correction factor K,usedin (4) is norma.lly used for oylmdrma.l sprmgs But the same can be used ,
for these conical springs also where the cross-section dimensions are Bma&ll in eompamon $o the mean ooxl

diameter5, .
For design . purpose

-

vy <@ } ®)
The shear stress = deoreases with an increase in diameter which is expressed as )
| "= * e
From (3), (5) and (6)
: . -
~(sEpo\ " | |
- = (=) o O
The deﬂeotlon, 8, for conical sprmg istakenas
2n(EP _ dGKS§ : 3
’=Zex ' "“I¢P . | ®

In the case of a conical spring when the deflection is to be accurately calculated then iti isneoessary to smbsti-
tute (D2 + D) for D? and = (D, + D,) for.mnD, D, and D, being the smallest and greatest mean dia-
meters of the goils. But for the case wherethe cross-section dimension of the spring wire is small in com-
parison to the mean coil dlameter then the above formula gives fairly acourate results®.
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Substltutmg the va.lue of d and # from (7) and (8) in (2), we get
' £ 4 3

8w ‘H GS K 8P “--m ‘ 2= Ry P m
s HER 2P O ( ¢) BT *0”( )
‘ RS : : 3 3
= e T ’_1— e K S—m 0 2~—m
This equation ¢an be wﬁtten as: ’ o
- 7 s 3 & 8P 1 G=m 2m 3  5—m
R T Qe—m _ _ 2ot g QM oy Bt ) Bt yDe=m
ol a5 ) = '(w) E-me k00
or - :
S _m 6—m 5—m s . :
BW=A4C*~ ™ g* " +¢*~" g*~" : ©)
. G8 (BP\%=a ,_ 8 {7$ \o=m ' 10
A'“ 2P (w'ﬁ) - iBs= : P"'ﬂ(l"i‘klﬂ)" ( ) - a0
To optimize for weight, (9) is dlﬂ‘erentlated with respect to 0 and by puttmg %%7— = 0, we gefb
6-—3m dK . ' :
A=—-03_:‘ » v R 1)
. Ka=e "“M ‘“(5,*m)'*+2m—@— |
The value of glé is obtained by différentiating (4) with respect to ('
dE _ —1'36508 4 1:230 — 0615 a2
i¢c ~  CC—1E

For hght services the effect of curvature is neglected a.nd only direct shear stress is considered. (T) can |
be written in this form

d= (E_K_&_{Q )2—1"' B - (13)

| ¢ |
where Ks=142°% 0'5 | o (14)

To obtain the optimum value for hght oond.ltlon,K is replaced by Ks in (11). Therefore the value of 4 is
given by ;

C ?3-:—_31:‘ dKa + 0‘ (5 ___ m) 7 N :
A=— | dK Ve : : (15)
E—m ‘ (6~—m) +2m 0‘
From (14) ‘ -
iE, 05 ~
‘ ac ) C? 1 ) ; (16)
Minimum Volume for Conical Helical Spring R -
The expression for volume is given by the following eqqg.tlon 4
2 —nd’(m+0+1)+4d”<02+0+1)7 o
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By putting the value of a4 a.nd n from (7)and (8) in (17), WOget: . ot “ R RN St e

- ] 3~ 1+m o8 2m —1 ' 3 $m—8
Bym AK?““O@*““iAKZ—m;z‘m +AK2‘mefmft}
L _f;,, 2 6—2m 2 7 dem ) 2
.

where = T 4= ikl LSP ~-?-%?’” “2 B
oL TR ”“21% )T s ek

dC’

Differentiating (18) with respect to C and puttmg

5_sm [ AE k;fb?\‘\"}fwi?ﬁ Ku Sl 4 2

CTom [2+2—*+2——]+_@_[(6_2‘m)+( )+—0-2'
m

dC

c
. ! dK- 3.K 2 K . 4o ',L,’ﬂﬂm_l:?f.l \ - 3 ‘___3
Ki=n de[w ot ]_,.éj[,.(l-+m)+( — )+(—6§"—)
For hght serviees. replace K by K, in (19).- ,

DESIGN -FOR TORSION, SPRING I
The welght expression for t}ii‘s”ba,se is ngen by B 'm‘-iffr?” Rt ‘

“;—-‘p(n+a)~——d2w..,., L

' The maximum stress in a spring is 7g1Veﬂ by th“evfoll‘owmg‘ equatmni T

7 onddeﬂectlonls givexi by g - RN rf .’", . ;,.,, - ‘/ i e “ v',’V Lo e N

5= 64.- M Dnan
| ) e Ed4 -
. The maximum stress is taken to be in the followmg form’ '

T 1
95 o 2M-\3m
o r .(z1¢) ool
"Substltutmg the values of @ and'n From (23) and (22) in (20), we ge’c S

sW _ F M Viw 32M :
pﬂrz_'_ﬁ‘iMﬂ {K } + {Kl ,0

BW

(22)

T —

T
_ Es 1 BRM O\ FT=w o

3—-—ka

E= paﬂ = { 32M S e R

O F

+K2——m O 2—‘:-‘m + K2——m O2——-m +K2——m C2-—-m (18) :

T TR ey

"(@23)

Af13"m +K13—'” é - ‘ R
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1-**-»“‘\ R
i

‘By differentiating (24) with respeg_ §g Q an,d ,ﬁmtmg 7%7_ =0, we get

3 Bl

[ I ~ m
: . . : Ki 3—-151?«‘;%‘_ 3 S AKla-Tm O d‘Ki R
ro , 4= > : 3-——— S Tda ’ : . (25
! o = —— | | )
’ 3_;*~K 3'"”‘M.c'l/aw |
when - m =022 A——_.” 1°8+ Kl“"” iKI/dC' C'><108
L - ‘ : 2:16 K11 dKI/dO S
wﬁe;é K} is glven by the followmé c;ému;t;onv :' / ‘ M T e » 3 e
Sl e s e s '“_"_* 402 01 : ' .
\ e »K’"—'*”__-—‘LC«(C———l)“ | |
L 4R, =8 yad—1 L. o ';26)‘

ac 402(0'——1)2 : S
- To set the optlmum welght of the sprmg put dK,/dC from (26) 1n (25) and we get the requ;lred result,

The value of 4 agamst Cis shown plo’oted in Flg 1 fonm = 0 22,* . ,
. DESIGN FOR LEAF SPRING
The equation for maximum stress and deflestion for leaf spring is given bys
Caby o o P 18FL :
‘ . ™ bR 20y + 31) - ( 7)
R Y . /

s == : ~ : 28
-8 EE@n T3 @)

0 1
. The welght expressmn is gwen by ]
L W= mmB e @9

« 401 ﬂmTﬁV~L—m&~ugf'(w
| ey S T @)
Putting the value of (2 ny + 3uy) from (28) in

201 (29), weget = " ... )
Ewd W _ mit =y

. : P b2 12F T8
o . . . Dlﬁ'erentmtmg (32) w1th respect to m; and keeping.
2 4 Py e w0 a2 mg constant R

LA aw 17 o (d&) 2
d TTMH 6“* \ Aoy ( ).

- Fies 1—Spring index for minimum weight.
The value of % is obtained by differentiating (28) with respectm;
1 . I

TR S o
dml | E - LT . -

I’uttmg T 0in (33), we get -
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S 6F  mp )

,T4m1 : 33 : {mzaE(z"o'l'?’”f) =0

.4m18 1__ T 9F md 120
5 7T emPE@n +3n)

(me\3 _ . OF S S
(%) = FEmrom )

t=1L s
S {8E<2ng+3nf>

STEPS FOR THE DEBIGN OFA SPRING BY OPTIMIZATION PROOEDURE

From (35) it can be seen that for optimum design of the leaf sprmg, it is necessa,ry to specify the
maximum permissible deflection, 8. Then with the help of Flg» 2, the value of myf/mg can be calculated -
and hence the value of .

w’fo use the present optimization procedure in an actual desxgn of a spring, the following steps are
t4!

(1) Select a sultable spring index. ) : -

(2) Find out the correspond.mg value of 4 from the graph.

(3) Use the values of K, P, C and $ in (7) to get the va.lue of d

(4) Dy is calculated from C and d.

(8) 'W1th the givénn va.lueé of D, atid D, the deslgn is thus complebe&

: NUMERICAL EXAMPLES
Ezample 1
, Design a conical sprmg for the following condltmns
(Data taken from ref. 2)
Load P = 40 Kgf, Deflection § = 15 mm, p = 7 8 gm per cm3
Material—hard spring steel G = 8100 Kgf per mm? 240-

Ends squared, Service condltlon——severe
- Por severe sémees : 2004
d = ( 8 KPC )2_—-3‘
¢ , 160+
here m-—022,-——— 0562 3
2—m 2 j204
¢ = 0-8:50 = 40. X
40—1 |, 0615 . .. '
K—40_4+ G =1-263 for C = 6. ‘eo- )
~ [ 8 1°263 X 40 x 6 \'552 N
Thereforg d= ( % 40 ) . 504
= 5'28 mm. R
B 0,‘ * T T T \
~ Using (8), number of coils. 2 4 6 .8 10 12
dGES | , ™,/ m;, .
- 2.?03 P L Ficy g‘—Mas'g i-at;o for ;ninjinu;n degecﬁon,
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ae agoas |
¢ ~\.d‘"" ’ i -o—RAO[z] S e
el (& © ] ~e- PRESENT AnALYSIS . .
' 6407 : ) ) i
2.2 L, o
i S
a0{ . ©
< 4 2
& 2.4 3 B
¢ : 3
o
3204 -
tsb AR g
.98 —— Ra0 [2] 160+ :
—— _PRESENT ANALYSIS. o
ot T T 0 . - - - . — ; - oy wr >Q'V o
o2 4 s 8T el 17 N R S S — >
Fio. 3—Spring index for minimum weights - - Fra. 4—Spring index for minjmum volume.

5.28 X 8100 X.1-253 X 15 _ 0.«
2Xx3 X6x40 - :

| Total number of coils == % -+ ¢ = 47+5.

' Emmpze II
TIn addition to conthlons specified in Example I, design the spring for minimum weight.

Dq’slgn Constant :°

- - l
4 =288 (.25)2—"

= 9P wd
8100 x 15 ( 8 x 40 )m
2x40%1 - X 40 \
Therefore . A = 2580 '

log A = 8-4116

- The value of O is obtained from the Flg 3
C' = 10-1

Putting this value in (7), we get the dmmeter . ’
e ( 8 X 1:27 x 40 X 10_1 )"562= 10,
: a X 40

Putting this value in (18), we get o (
 B08 X8I0 X 12T X 16
i v (U5 5°% el

;J.‘otal number of coils =n - ¢ = 134,
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DISCUSSION

The present design concerns with conical helical springs, torsion springs and leaf springs. For
conical springs it is shown that the value of springindex is greater than that for a corresponding
cylindrical spring for a given value of parameter 4, for the design of spring for minimum weight. It can be
observed from (Fig. 4) that in the case of optimization with respect to volume the conical spring gives a lower

spring index for the same value of 4.

The problem solved in the paper shows that for the same data (. e. load, deflection and material of the
spring) the number of coils needed to satisfy the requirements increases when the design is optimized. |
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Appquiz‘

. A conical spring is shown in Fig. 5. Consider an element of this springat a distance z from the apéx

of its cone. The length dL of this element is"~ . -

— ap, (2+9) ~

where D, = ";;—Dz- o e

Therefore, the length L of the spring is

H
L=f1r%D2~%-fT;)—dx.
h .

H
__ m Dy(n 1)
=“ma=n | %

_ aDy(n+419) )
= 2Bt gy

lHence . e
— ,_mDs ) g |
W=pggt Ethmt) Ta. @

] - Fya,” 5—~Conical spring,
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