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In this paper two life testing procedures viz., the progressively censored samples and Bartholomew's experiment 
have been discussed under the assumption that the failure rate of an item is constant, though different under the two 

, different conditions of usage at regular intervals. The estimates of the two failure rates have been derived alongwith 
their asymptotic variances for both types of data,i.e., whtn the failure times are recorded and when only the numbers 
of items failing in each interval are recorded. Numerical examples have been worked out to illustrate the type of data 
and relevant calculations. 

Aroianl and 8rivastava293 have studied life test experiments, where the failure rate of an item 
changes, in steps, with t h e .  The failure rate of an item may change due to change in conditions of usage. 
Tbey have assumed the life distribution to be exponential. Gajjar & Khatri4 have discussed life test experi- 
ments where the life distributions assumed are Log Normal and Logistic. They assumed that the life dis- 
tribution parameters undergo change a t  specified times. However, we cyan visualise situations where an item 
will be used only under two different conditions of usage one after the other in a cycle. 

In  this paper i t  has been assumed that the life of an item follows an exponential distribution. Thus its 
failure rate is constant, though i t  changes periodically under the two conditions of usage at, regular intervals 
of time, i.e. if the failure rate a t  the beginning of the experiment (at time t = 0) is A,, it changes to h,, 
after time T I  when the usage condition changes. However, after another interval of time F2 when the 
usage condition changes back to previous one, the failure rate again changes to hl and so on. Thus in eaob 
cycle of duration TI + T2 the failure rate is A, in the first part of duration TI and A, in the second part of 
duration T2. 

Two life test experiments namely the progressively censored samples envisaged by Gohen5 and Bartho- 
lomew's6 experiment have been considered. The data is asswed to be available in either of the follomring 
forms : I 

1. The failure times of items are recorded. 
2. Only the nulhber of items that fail in eaoh part of a cycle is recorded. 

M O D E L  

The probability density function of the random variable t representing the life of an item, having a 
negative exponential distribution with a single parameter A, is given by 

f ( t ; h ) = A c h t ;  A > O , t > O .  (1) 
In  life testing situations the parameter h represents the failure rate of an item while l/h represents 

the mean life of an item. 
For the situations under consideration, the probability density function of t  can be written as 

f ~ 1 , j f I  (t) ;(3'- 1) (Tl 4- T2) -== t G ( j  - 1) (Tl + T2) 4- Tl 
f ( t ) =  I%jf2(8) ;  (3'-1) (TI + T,)+ ~i < t <  j ( T l  + ~ 2 )  (2) 

where 
a,, = e ( j -  1) (hi--  I: 

- e - j ( ~ ~ - h ) ~ ~  "2, j - 
(t) = hi e- hit ; A > 0, t > 0, i = 1, 2 . 

a d  j (= 1,2 ,  . . . . . . . . . . . . . . . . . . . . ) represents the j th cycle. 
The oarresponding distribution function of t is given by 

r a , , [ l - - F l ( t ) I  - 2 - 1  

1 - B ( t ) = I a 2 , i [ 1 - ~ ~ ( t ) ]  ; ( j - 1 ) ( T 1 - t T 2 ) + T , < t < j ( T l + T t )  
where 

t 

Pj ( t )  = j fi (t) at d = 1, 2 , 
0 
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P R O G R E S S I V E L Y  C E N S O R E D  S A M P L E S  

Life testing experiments involving progressively censored samples werg envisaged by CohenG. In  suoh 
aa experiment certain known number of items are placed on test a t  start. However, became of the need 
for them at  another place same of theae are removed from the experiment a t  some predetermined times. 
Such type of censoring has been referred b, as Type I by Cohen6. 

Here, we shall derive the maximum likelihood estimates of the failure rates hl and h2 alongwith their 
%syaptotic variances for the above experimental situation. 

Let n items be placed on test. 
In  the j th cycle let, 
n ~ j  be the number of items that failed by time T I ,  
n2j be the number of items that failed between times T l  and Tl 4- T2, 
rlj be the number of items removed after time T I ,  
r2j be the number of items removed after time T I  + T2, 

k k 
a1 = .Z n 1 j ,  andn2 = .Z n2j. 

j= 1 i=1 
Let the experiment be finally t e rmkted  after ktb cycle. 

( i )  Failure Times Known 
The likelihood function of the sample arising as a result of the above experiment is given by -- 

T + r ~ = i  f (ti,) 1 (%,j)% { 1 - 4 ( j  - 1 T I  + T2 + 1 
J 1 

nlj 

~ l j l i ( j - l ) ( h l - h 2 ) ~ ~ - h l C t j p l ) )  
j= 1 p=1 

'% j 

{hznw exp ( - jn2j (h1 -h2) 2'1- h2 2 G ~ ~ )  ] . 
p=2 

h l ~ l ' + ( j - l (  T + h ~ 2 )  - j r 2 j ( h l ~ i + ~ 2 ~ 2 ) )  I] 
............... where t t  are the times a t  which the pth item (p  = 1.2, , ng) fail in the ith part (i = 1, 2.) 

................ of the j th aycle (j= 1, 2, , k). 
% l j  n1.i 

1% may be noted that I7 and B refer to product and summation taken over nlj items that 
p=l g=l 

'%j n2j 
failed in the first part of the j th cycle while I7 and 2 refer to product and summation taken 

p= 1 p= 1 
over, item8 that failed in the secondpart of the j th cycle. 

Usual method leads to the following maximum likelihood estimates of hl and h2 , 
' k 
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&EQUEX~Y DETRIBUTION OF LIVES OF VAUUUM TUB= 

(Total number of tubes placed on teSt=1000) 

First 16 hrs of ayole Last 8 8 s  of oyole 
----7, I : . - : . A ,  I 

Time Cycle No. of No. of No. of No. of 
(hs)  no. tubes t u b  t u b  tub@ 

failed removed failed removed 
(nu) CTlj) P2j) ('3 

Appropriate oalculatio~s outlined in section ( i )  lead to the following results : 

A A 
V ( A ~ )  = 0.98 x 10-7; V ( A J  = 4.4 x 10-7. 

Faihre Times Unknown , 

For such situation the appropriate dculatiom outlined in section ( i i)  lead to $he following results : 

BARTHOLONEW'S E X P E R I P E N T  

Bartholome# envisaged a life testing experiment in which all @he items are placed on test at  different; 
times depending on their availability. A generalised form of such an experiment codd be as follows. 

Let a ample of N ,  items be placed on test after time (j - 1) (T1 + T8) elapses from the start of the 
experiment (j = 2, 3, . . . . . . . . . . . . . . . . , k), and the experiment be termimted after time 6 (TI  + T2) 
elapses from the start of the experiment. 

It may be notied that in its general form Barthalomewys experiment could be termed as c'progre&~elP 
added samples" corresponding to  "progressively censored samples" introduced by Cohen. 

In this section we shall derive the maximum likelihood estimates of f&e failure rates A1 and Az along- 
with their asymptotic variances for the above experimental situation. 

Let a be the number of items that fail during the experiment and r the number of items that swrvive. 
Among the r items that survive, let r,,, be from the mth sample of N, items (m = 1,2, . . . . . . . . . . 9 k). 
Further let, 

nlj be the number of items that fail in the first part of the jth oyole, i.e. between ( j  - 1) (TI ', T2) 
to(j--1) (T1-l- T2) + T I ,  

161 ' 
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w b" the number of items that fail in the second part of the jth cycle, i.e. between ( j  - 1) (TI + T2) + TI t o j  (Ti + Tz), 
rile be the number of items among the nli items from the rnth sample, 
1z2k  be the number of items among the ngj items from the rnth sample, 

kr k 
, W l  = B BZlj, &ad n2 ==c E n2j. 

$4 j= 1 

The follow@g resulba are then evident, 
- j  - 

n l j =  2' nljtn; n u  = i nsjm # .  

m= 1 m=1 

k 
2' Nm = n l + m 2 + r = 5 n + 3 - = N ( w y ) .  

m= 1 

(iii) Fcailzlre l'irnps Knww 
 he likelihood function of the sample arising as a result of the above experiment is given by 

k 
P (8) = n 'k+l j T + yz) 1 ]?+'-I [ j (b(j+l-ml) 

j= 1 [ ( a , , )  - [ l - y 2 { j (  1 - g.n=li=l p = l  11 
k j ni jm 

= II [*q (-j%+l-j (A1 rl + A2 ~ 2 ) )  v m=l II { s j m  . . ( p = l  3 ~ j c 1 - m )  . 
j= 1 4 

Izzjm 
ex*( -h2 p=l 2' k&j+*-~).  eq(n1j1(j-m)(ll-4)~2-~2jm(j,+l-rn)(hl-A~)~~)}] ' 

where t#+l-" me the timeb a t  which the pth item of rn&h sample failed in the i th part ofj th cycle. 
%jm 

It may benoted that n# and 2 refer to product 'and sumabion taken over nljm items of 
p = l  'p=l * 

%?jm n2j1n 
the rnth sample that failed in the first part of the jth cycle while II and B refer to ~roduc t  

p a l  p r l  

and aummation taken over %h Hems that failed in second part of the j t h  cycle. 
The usual method leads to Ghe following maximum likelihood estimates and their asymptotic vari&nces. 

A %z 
k k j X2 = 

, 2.2 2 b( j+l -mk + T2 xjrk+x-j  + '2 2 { fil jm (j-m) l'a-majm ( j  + 1 -m)y1} 

j=l m=l p=1 j= 1' j=l m = ~ l  

A? 
V (k )= [E  {- 1 J I-' = - E(n~nl) 

where 
B(-) = N, exp. ( - (j") (411 + V 2 ) )  ( 1 - e~ (-AiTi) ) , 

and 

E(tt2 jl) = N .  exp. - (j-nt) (AITl + AzT2)-AlTi 1 - exp (&haT2) 
'IL 
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(iu) Pailwe Times Unhown 
In such a situ&ion the likelihood function of the sample is gitren by 

' k 
"+ &-j 1 - 3% j(Fl -+ T2)  P (6) = j=s n 1 [ k S . 3 )  [ , { m=l i=l  

(-jr*+l-j) (At21 4- A2T2) 
1 

j= 1 
I 

\ exp ( - jm ( j  - "2 ) + &T%PTI) ) ( 1 - ex?( - ~ T z )  
, )"" 

e " ~  ( - 1~23rn ) exp ( -(j- m)n2 jm (AlT1 + A2 
Following .the usual prwedure, we get the following maximum likelihood estimates and their asymp- 

fotic variances. 

4 1' I 

k 

A 1 j= 1 
A, = log 

. j=1 j=l m=l 

(1.- e-AlT2)2 - 
T?' exp (-- 4571) f l  

i (l.-,AT 2 
2 )  

T22 exp (- 4T2) E (n2) 
where E (%) and E (n2) are same as in section (iii).  

N U M E R I C A L  E X A M P L E  

Table 2 gives data pertaining t o  the Bartholomew's exljeriment described. Each cycle is taken to be 
of 24 hour *duration, the first part lasting 16 hours and second part 8 hours. 

TABLD 2 
-QuB%CW ItX~IbIEX~TIOR O F  LIVBB 01 V A C U W  TUBBS 

(Total number of tubes placed on test= 100) 

I Sample Number 
Cycle Description 

no. d 2 ---- 3 ,  

1 { No. of tubes that failed in fist part 3 - A - 
No. of tubes that failed in second par6 2 - A - 

2 4 No. of tubes that failed in f i s t  part 2 2 - - 
No. of tubes that failed in second part 2 2 -.) - 

3 < No. of tubes that failed in &st part 2 2 J - 
No. of tubas that failed in second part 1 1 2 - 

4 No. of tubes that failed in first part 1 2 2 
1 No. of tubes that failed in second part 

2 
1 1 2 2 - ---- . - . - 
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1 532.16 
j=f tn=I p=l  

2 E t p / j + l - - i T  sss-a, ' 
j=l m=l p=l  

The relevant dculations as outlined in 880tion ( i i i )  lead to following res& : 
/ ,  

h A' 
A, = 0.006353, A, = 0.011204 

A P. 
V(Al) = O *  1988 X , V(hz)  = 0.7062 X 

Ecailure Times UnLmwn 

In such ortm the relevant oaloulations as outlined in section ( i ~ )  lead to the following results. 

A . A 
Al = 0.00669, A, = 0.01117 

\ J 

A A ,  
V(A,) = Ov2206X V(X2) = 0'7027 X l P 5 .  
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