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This jnvestigation deals with the fracfure produced in a disc by simple rotation cycles as well as rotation cycles
under an imposed hydrostatic pressure. - In both the- cases, relations are obtained between the critical angular speed
 and the number of cycles N, required to cause fracture. ‘

NOTATIONS
T Ty T3—Major, intermedia,t;a, minor principal elastic stresses
k, K —Slip moduli of the material
@, « —Fatigue moduliof the material
e eg, e—Principal plastic strains
oy, oy, o,—Principal plastic stresses
01, 04, og—Major, intermediate, 'npinor principal plastic stressés

. 8., 8y, S;—Plastic stress deviators

BASIC ASSUMPTION

The theory of fracture of brittle solids developed by T.Y. Thomas!2 is applied to a thin solid disc i'ota,ting
about an axis through the centre perpendicular to its plane. The fracture is produced in the'dise by simple
rotation cycles as well as rotation cycles under an imposed hydrostatic pressure. '

() The material of the disc is brittle. It undergoes an abrupt chahge from its elastic state to a state
of plastic equilibrium, immediately prior to fracture. It fractures without the necessity of increasing the
angular speed beyond the point required to produce the initial plastic deformation.

(44) A simple rotation oycle is one in which the angular speed increases continually in numerical value
from zero to a maximum value and then decreases continually to the initial value zero. The maximum
numerical value of w, of a rotation eycle, is called the peak load of the oycle. The peak load at which fracture
occurs is called the critical load of the cycle. In this paper only the oritical values of w which depend on

‘the number of cycles N have been used. It is a constant for a given value of I,

~ (44¢) A function is defined as

2(r) = (n—r) — 22 | M)

(tv) If fracture is produced during the Nth eyclie load, the equation '
(VIF B+ b)o,— (VIR —Fk)oy=2K—2a(N—1) Q(s) 2
will be satisfied by the stress field in the plastic state preceding fracture. If N = 1, equation (2) reduces to
WVIFB + 8oy —(VIFB—k) oy=2EK @

which gives the fracture problem for a single loading operation.
(v) The moduli b, » and K satisfy the inequality
' WItER+He<K (4)
where & is-very small and K is very large when measured in conventional units. '
(vt) The disc is assumed to be so thin that the condition of plane stress exists,
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(vit) Endurance limit : The magnitude L of the peakload satisfies the inequality L, <L Lsfor loads
which are just sufficient to cause fracture during the Nth loading operation. The upper limit L, is the mag-
nitude of the peak load when fracture is produced by a single loading operation ; the lower limit L, is referred
to as the endurance limit. ’

FORMULATION,

The cylindrical coordinates , 6, z are employed such that the z-axis lies along the axis of rotation of
the disc. It is assumed that there are no external fcrges acting on the disc and that it is of constant
thickness. , ' - \

In addition to the condition of fatigue fracture (2) , the following relations are satisfied by the non-
vanishing stress and strain fields induced in the dise, prior to fracture : :

Equation of incompressibility

e +eg + e =0 ‘ : (5)
Hencky stress-strain relations - A . -
Sr=tie; Sp=1v14; S:=de \ G
Equation of equilibrium ' '
’ J 0, oy— Og ) T
ar T tefhr=0 o g (7

3

where p is the density of the material.

- The proportioha.lity factor i is assumed to be a positive function and is regarded as one of the dependent
variables of the problem. ‘ '

\
i .

The boundary condition of the problem is
or=0 atr=a i = : ) - (8)
where 7 is the distance of any point of the disc from its centre and ‘a’, its i‘aﬂ.diu's}
ANALYSIS:
Following Hoffmari and Sachs?, the major, intermediate and minor principal i_)lastic stresses are res-
pectively .

oy =0y, 03= 0y, 03_—.‘0

Substituting these values of o, and oy in (2), we have

The principal elastic stresses® are ‘ " ,‘ : ‘
‘ | .
Ty = p]_a(); (7 a2 — b 9’2)
\ ‘
T3 =0
where ' T P>
Using these values in (1), we find that
. ) . pw? .
Q(T): —]F— (7 a2—5r2)—2u7 ) i (10)
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and hence equation (9) becomes

(4% +k2+kja;‘=_2K—2a( —-1)[ (7a2——572)—-2w] | (11)

From plane stress and symmetry consndera.tlons o, a.nd oy are functions of r only Therefore equa-
tion (7) reduces to the form

vd, - T L ‘
o — — (% — ) & pu? 1 =0 @

Using the value of ¢ from (11) in the above and solving, we get

_ 2K 2a(N-—1) '[Pw2(7a_5_’)_2u7]__”°‘°2r2. (13)
TUVILR4E VIFR4ELIE T3 I

on taking the constant of integra.tibﬁ to be zero to avoid o, becoming infinite at r = 0.

On using the boundary condition (8) in (13), we find that

. 6[K+2ocw(N——-1)]

TR [(W1r R + k) .|. 2a (N —1)] (14)

which gives the critical angula.r speed w, prior to fracture as a funetion of N,

Equation (14) can be written as

'(pMaa e ) [( Vm§+k;‘+2¢'(N_.1)] =2 [K--aw‘ﬁ”ﬁlg‘lf )] (15)

3

where M = w?. It represents a hyperbola in the variables M and N. The second factor on the left side of
equation (15) ig-always positive. Also the right hand member is positive because of (4). Hence

.
—28>0

3

Therefore the endurance limit L, has the value

Lim Mt = 1(

63 \
2 (5-)

P
From the relation (14), we can deduce the value of

w which will cause fracture in a single loading opera-
tion. On setting N =1 in (14), we observe that

6K
PRV 1 4 k)

(16)

N . _ N The nature of the graph of equatmn (15) forN >1
Fig. 1*—Graph of simple rotation cycles, s shown in Fig. 1. The endurance limit L is given

.M, = 6_5‘_’ = Square of the endurance limit, I, ,
pad

) 6K - '
My = Pm——— TRt ) == Square of the magnitude of peak load, L,, When fracture is Produced bY single loading

ul



bﬁ. Sor ', Vor. 24, Ocroser 19‘74"_
by the asymptote M = g:—z of the hperbola. Also it is seen from Fig. 1 that cycles with M < % wiil_
not cause fra,cture'in the material. | | S

By setting N =1, in eq'ua.tions (9) and (13) and using the value of w?from (16), we obtain the fol‘lowihg stres
field preceding fracture in the case of a single loading operation:

-~

e 2B (125
T VI LRk at )’
gy = ——me—

DISC ROTATING UNDER HYDROSTATIC PRESSURE

~Denoting the hydrostatic pressure by p and the resulting stress field bjr o', we ha,ve- o
: " 01=a'9#09—p, v |
oy =0\ =0, —p,
g3 - op=—p
where '

01;02’203

On substituting these values for ¢, and o, and for @ (r) from equation ( 10:)'1'11 ('2),1;',‘79 get after
simplification wo L

’

2E—p(VI+B—k ~ 2a(N—1) [ﬂ”; (mﬁ‘—mz)—"zé,] )

T T ViTR+k Vit k|16
Equation of ‘equil,\ibriu‘m '(12)-now becomes
“ dod, 1, o |
da';‘ —_ ;(ao——lu..)-—lf pw¥r =0 , (18)

Using tﬁe value of ¢’y in the above equa.tidn and integrating, we get

,f_"2K—p(‘\/1_+72——k)_2“(N—-1)‘[Pw2( . gf) ] poit
MR Py T VigErel B\ ) e =5 (19

3
after omitting the constant of integration so as to avoid o', becoming infinite at r = 0.
! - <

On using the boundary condition o', = — pat r = a in (19), the critical speed preceding fracture
is given by ' : f . S
| (B 4+ kp) +2am (N —1)

. 6 : -
2 : J
“ = p a? [ (v 14+ B+k)4+2a(N—1) ] 0

Or, we have

( ‘M:faz -—ﬁ a)‘ [(\/m‘-’-}k);go’c(z\,_n] , | e

‘=2[K—J,(\/_*1'-|-k2+k)]+2lcp R "?'(21')
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where M = w? The second factor an the left side
' , ) and the second term on the right side of equation (21)
: are always positive. Also the first term on the right
side is positive because of (4). Hence -

‘ )PMaz

3 —2w0 >0

.Therefore the endurance limit L; has the value

p—wio L (B2
1= =2 P «

As before on setting N = 1, in equation (20), we get
pat (W1 L B4k

Fig. 2%—(a) Graph of simple rotation cycles
(b) Graph of simple rotation cycles under hydrostatic pressure .

which gives the angular speed necessary to cause fracture in a single loading operation. under
hydrostatic pressure. '

The nature of the graphs of the hyperbolas (15) and (21) for N > 1 are shown in"Fig. (2) for the
convenience of comparison. - o

N
\

It is clear from Fig. 2 that, for a given number of cycles, the load required to cause fracture under hy-
drostatic pressure must be larger than the load required under atmospheric pressure. For a single loading
operation, this result can be verified by comparing the two values of w? obtained in equations (16) and (22).

On setfingN = 1, in equations (17) and (19) and using the value of w? from (22), we obtain the

following stress field prior to fracture when the disc rotates under an imposed hydrostatic pressure, in
the case of a single loading operation :

- 2K » p ___[ — 2
SAARYS sy (1-5) - vige [VTFF-b+ 5 ]
o 2E—p(W1+E—k

’ VIFE+k

o= —19

The above work has tremendous potentialities of practical application because of its close relationship
to the problem of ship propellers which become brittle due to passage of time under exposed and marine
conditions, The propellers can be rotated repeatedly without danger of collapse due to fracture provided the

angular speed w is always such that o < —i— ( —9—’;"—)— )%. Another possible application would be in the

design of rotor discs in turbo-prop aircrafts which rotate under high velocities and pressure.

*M, , M, have the same values and significance as in Fig. 1

6(K + kp)

M, = —
2 pa? (VIR + k)

= Square of the magnitude of peak load when fracture is produced by single loading

under hydrostatic pressure.
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