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In this paper unsteady flaw of viscoelastic flnids through a rectilinear pipe of uniform eross-section -has
been discussed.” The section of the pipe isa parallelogram. A few particular cases of results with pres-.

sure gradient as any function ef timei.e, flow under an impulsive. pressure gradient, flow under constant
pressure gradient and flow under harmonically oscillating -pressure gradient have been discussed in detail.

(Gthosh! has discussed the flow of *v*izseoelagﬁc fluids through x‘eétangi;la,r ducts with pressure gradient
as any function of time. We have discussed the same problem taking cross-section of tube as a parallelo-
gram. The problem of Ghoesh becomes a - particular case of the problem.

‘GOW;ERNING EQUATIONS |
According to Oldroyd the rheological equations savisfisd by viscoelastic fluidts (Oldroyd, 1958) are -

Pik= —pPdi + ik

’ ; D 4 N ; , ’ :
P+ 7 Pat mePly e = w0’y e + Pey) — vy Pl e da =

_ D
= 2"70 [ e T Ag Dt 6k — 2!"2 €ij €k + Yy €ji i O ] T
with the equation of incompressibility
e; =0 ) . o
where . ‘ -
D pn= 2 by b b b |
D Vb = 7 O+ iy +wighie + wi by

1 .
e = 5 (Vi + Vi)

wip = 5 (Vi — Visk)

and &, is the Kronecker delta, ey is the rate of strain tensor,‘ Pit the stress tensor, X; the relaxation time,
A, the retardation time, 79, the coefficient of viscosity and wy, my, py, v, and v, are material constants,
each being of the dimension of time. : :

For

>

n > 0,7 A= P1>“é=ﬂz“‘0
‘plo’=vi=v2=0 \
tgle liquid will exhibit Weissenberg climbing effect when sheared at.a uniform rate between rotating cylin-
ers.
For : S , ' ; o
h 70 > 0, 7\1=F1f'=7‘2=l‘2=0
‘ : .;40'=>v1‘=v2=-50
the liquid will behave as ordinary viscous liquid.
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EQUATION OF MOTION WITH INITIALANB BOUNDARY
‘ OONDITIONS

The equa,tlons of motion in the absence of extraneous forees are
P[ Bt +”1,jvg]=;',?j+]’(i,}‘ R . . (2)

where p is the density and p is the pressure.
We now consider a slow shearing motion through a rectilinear duc’o having its cross-section as a
parallelogram with z-axis. along the axis of duct. Initially hqmd is at rest.

We assume 4 == v =0, w ——w(m,y,t)
The stress-strain relations for the present problem are - ‘a8 fOHOWs
2w

| (1+“1*2'2")P’w="°(1+“23i) El

1 2 V' w - - ' 3. »
]’u pm: Pyy-—pw,-—-o ’ T J
The equatlon of motion Wlll thus be A | -
2y _]:. .._3__ 2P ( T2 ‘ 2% |, 2w
(o) 3 - o) o () (33
where A - . PR Y
P
Taking _:‘;. —%]—0— = any function of time = f(¢). Equation of motion becomes
Js : . S
('1+A —3-)7” ( —{—)\ )f(t)+ (14—;\ )"‘3% L @
1 ¢ 1 7 1 2 - at ( ex2 :‘ayz |
The boundary conditions are | T |
(1)%'_0 &ty::mx_l-c: y=mlr my=——a;—|—d vvvvvv s my_—_:-——x
(ii) w‘=0 att <0 ‘ _
. SOLUTION

Let us apply the hnear transformation
f—y—ma;andn—my+m

Then the equation (4) becomes

(1on2) 2 (-><—><———— -2 o

at
and boundary eondmons become - - e e e
@ w=0 a.tf—O c,n—Od T R
_ : _ .(6)

H)yw=0 att<0
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- "To solve the equatlon (5) sub]ect to the boundary aondltlons (6{ we ehoose

=z Z "”(‘)8““ M S‘“q’?* oo

.,Smce 1mtm11y 11qu1d is ab res’c therefore U e 5’ - |
BT A,,q(t)—o attga L " S o ,'(8)
Then equa:t»iOnk (5) giv'eé . ~ P o R

(1“ 3; )5 r=sf[f“>+"kf<"]~m4i+"*“aa‘f)‘ ®

where "
| 18, prr e g7
2 din?. 2 A7
Sp,q = povm sin? H—. gn® =5
and ~

L4

: o oy '2..1“‘»::‘2" P ) ; .

A ‘g AR T ‘ . G
y,.q=<r+.m=>w=(—§r.+7,;). DAY
Performmg Laplace transferm o (9) we get

Zya ()| 0t + 1 + R y,,,,)s + »rm ] = sp,q [f(S) + Alsr(s) } =

i.e.

_/.,.w

i &ﬂu1+at@fwn IR
: T A 82 4 (1 + YA er:q)s + P}’p,g , o

ERAR Spa LN { 1.1 ]
, T T A=A

§— o/ s—B
a, Bare”éhe roots. of the equa.tlon o B

A8t (1 + VAz Ypﬂ) s + VYo = 0

(10)

and : ' " e -
“a ﬂ — (1 + vy vpna) = /(1 "’\2 ,0)! — 41 ypg v
Applying (ignvolution theorem on '(10), w”ézgret o :

.

PP SRR § I PR Y
R S 0 | o .
— femff(g.; A)’-l—)\lf'(t';r—r)‘\) } dz\] oo 11y
: o - T o ] S
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Hence - - o Sse,,

Z ? ;{a%ﬁ) [?[w {f(z-k)+alf'"rzfa) }
fe*ﬂ {f(t——)«) +$1f' (t—A)} ] s p”f ;’“‘r Com
0 o

If we transform &, 7 into @ and y aud put ‘m'="0 then evxde'ntly the result comcldes Wlth that
obtained by Ghoshl, , S

‘At ‘the poiuts for Whlgh—

) ;‘*g;{_% s wherep =71,2,8,... 0uuu..
, ‘the veloclty dlstnbutmn is glven by o o e
E t 3
Soa - [ ot s TU=d+us (t——A) }
)\1(0.—-7
p=1 g=1 -0 , .
- —_— fe"ﬁ {f(t—-)\)+)«1f’(t~)\)}d)«] siu%l’
. w Y K 1 N ,n.f”‘ E - S )
. p=1 o
Graph of veloclty profile is wn in F@‘ irwiﬁh-*vhe heip (ﬁ‘ foﬂemg t&ble i
| e ’ e | e 4 Bc\ Be
¢ 0 ';i:.?> (i‘é' i——i + ¢ :f:—i i?_}‘ ir—g + 2
oo ke | kosseoz | zos| i o-gssmt“ 6| Fozseer|F 05| T 0-366028 Foo
= -
] Yt
; '1'. e 7  '|\
“ ;Hu‘i _' N
L) L]
\‘ \
,*‘ 3 h\r
e ;:.,_‘a».\.;‘ SRR St SN, YD ~
St \ R ¢ SN
OSSN S \‘t — ,
, \-a’c’-gc‘ -fe -< ‘\ fcde | %-cgc c~’\“-§c >,§rc ac L
X} , ki Yy
\‘ . \A .
’, - ’n':"i‘ ‘)~ .- - e x *,
e v . [
\} ]
. ] . oL
. - v o
K «”'ff'\’w E ’ - o : * :
o Fig. I—Varmtxon of.-.- and £.
“/"—a";“ o EY
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Case I— olutwn Jor Impulswe Pressure G-radwnt
: Here b (t) =A3(@) !

where

’

DUBEY & Smmm Eiew of szeoeléptm Flmd; Thwugh Rectnlmaar P:pe

/.

| f f(é)_-&'(é'éf J) :sf@) o

Then from (13) we get

w (¢, n, 1) Z Z X (azgﬁ) { eat — eft — ), oent +‘ﬁ,\.1'eﬁt] ain"_p%‘f_ ,Biﬁ%n”
op=1 5 . :

P S g o

If we transform £ and 4 mto x and 4 y a;nd put; m =0 the re%u]t comeldes w1th bhat obtamed b} Ghosh1

Further solving for AL = 1 = Ay We get

Lo ® w § PP . /. o
Asp,q B gl pﬂf s g7
Z zl %,! (1+vyp,q) (t—l)e sin o ’su}‘-——dv

p=1

v

[« 4 ==.v——v‘yp,g, p e 1 » -

-t

‘Q

neglecting second 'and hlgher powers of v

: at t = 0, Veloclty distribution is gwen by NG - )
_ A8y, e ) Y o pmE oy Ty
e S () (1)
w :

I(-lf——t)e—’ o

10y
.1
e .
ca 4 :
04 -
R @2 ,
a - so?Q? :a. hu.‘ vu}aA narv
'Q;" ‘v f' ‘ ! Y -
Flg. 2--Va.r1atmn ox‘ —-~—a and L
Yo
t 1 2 3. 4 5 6 1 8 9 10
w : : R L . S . - )
@ 0, —0.13534° 000958 -0.05496. ~0-02696 -0,01240 -0-00547 -9.00231 ~0:000987 0. 00041
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- Again when ), =1, Ay =
= v2 yP!’ T V¥psq » :B =1 — VYP!Q — vz Ypyg?‘

: & S,,,q | [_1 9D depa t]
7 Z ‘ \/1 + 4y o +"7’p,q)‘_’ ’

neg]écting second and high_er’powers of v

*, at 'tr‘=‘ 0, velocity distribution is ‘g‘iven by

""’:z z \/ 1’: R (1 e L e : H $
' =1 ¢=1 L b / | , . o . v B
. , » S .
—_— = 2 + vyp) t :
o 2+ e o
w ' Y a e
. — -,K—
o ( wy 1) oo ¢ ; - g'b‘ \
. oy . 7 ~4K- :
Characteristic graph is drawn in Fig. 3. o
N ‘ ~5K. -
For an ordinary viscous flow, L -
' k={aeVVp q)
‘ -6k ,
Ap—>0, 23— 0

2

Flg 3—Variation of (w— - l) _

® = WP:Q& :3'—_- j-, o :
| Vo.;‘ S . | : N
w (f, 7), Z/ z ASp,qe ‘V}'p,q P n p"f Sin ) QTdt'q :
P.=1 g=1
S ST | ggape
T (2p+ 1)(?q+1) ¢ [ i+ P ]
p= q_—_ A ) |
s ’ 2 1 - ) ' |
om LD L0 L1 I | (13)

Equatlon (13) agrees with_ the. teault obtainad by Ghoshl when we tramform ¢ and 5 into « and y and
put m=).’ Again if we put A =1 this expressmn agrees wu;h that- g:ven by Fan and Chaos

Case II——-Fbw Under C'onstam.‘ Pressure Gmdzem -
Here f (t) = K H () )
where H(t) is Heaviside unit step functlon Substltutma 1t in (1‘)) we get

"2 Z T[T g () B
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Ifwetransform §,19 mtozandyand putm O,thexesaﬁtmmth thatobﬁaiuedbyﬁhmh‘
Whenl\l-—l-.-,\,,we have ' '

x

S5
(Vyﬁs?""l) i ‘
P=1 ¢=1 e

neglecting second and higher _pov;vers of » : i
at ¢ = 1, velocity distribution is gi\feﬁ by Rk R e

w33 v
. ’(”Yp:g"“g‘)'“”
3-—1 9‘55
- "—_
w,_ '”

Henco graph of velosity profile is drawa i Fig. (?)-'.Again when
" | oA=L u=2
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Graph of veloclty proﬁ]e is drawn as follows (Fxg B). -

5 6 7 8
.
Fie. 5—-V&ria.ti6n‘ of o and ¢
L}
¢ 0 1 2 3 4 5 6 T 8 9
e 1 -2 S S S | —14 17 —20 —23 —26
For an ordinary viscous flow , ‘
A —> 0, Ag""""}O B ;

L] . &1 q’"l
f,"),t)— z q2112 [l—e-w \c”ﬂ + a )] X

® 16Kosm ———- s.u).2

3 T e / - ,
Xsmz—:—— sm—g%’)— P ‘ \ _ (14)
. Equation (14) agrees with that obtamed by Ghosh1 when we transform f and % into # and y and put
m =0 a.nd further if we repla,oe p by (Zp +1) where p'=0, 1,2, 3...........o..LL and ¢ by (2¢'+1) -
where ¢' = 0, 5,234 o PRI fhe result coincides with that. obtamed by Fan and Chaod,
Case III—Flow Under Hamonwally Osczllatmg Pressure Q’mdzent ,
Here f(t) =K cos wt. -~ — = =777 - ‘*f;ff; S s
" Hence equation (12) gives ’ .
i o @ s - b T R T
S p=1 g=1 —2 D . .
‘ ¢ : . e

——-fe/\ﬁ{c()sw(t-—-h)+A1wilnw(t—A)} ] m%ﬁ-mn—?

-

L]
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~

3 . T -
o o . T e T

~ o p=1og=l

:';+A1w(~—-ecslnwt——-meo&wt+weat)} { ﬂmwt+ : w- o

v

'+ wsmwt+ﬁ€ﬁ‘+3\1w("*ﬁs‘nwt”‘wcoﬂ‘”t+‘wpt)}]Sm—"' &n

When A ;:'1'#‘&, we l;ave, g i o SRR R

¢ =—wpe B=—1 T st T

RS O Y ESpe .
“’"’ZZ (1*—%,«)(”’??&%—‘»’) =

- negleoting hlgher powers of v a.nd w‘r

S O UL

at ¢t = 1 velomty dlsmbutlon is glven by\

(1 — V?p:q) o l’r + w’)
! g e "‘*

o T | S by

s Dl H%;,m - [ \

Hence chara.ctenstlc graph is drawn in Flg 6. Sumlaﬂy we can. dlscus;s the cg.se when 31 =1, (\3—1 -

-

“‘.
.' S4¢ .
sly 4
N I

2.

 TTEF T T Y v T

Fig. 6—;V&ria.ti<m of :—3 and t.
3 ‘ e R

pmé n”
“d

SN f‘ KSM . v .<‘ P'-f:;’r»' G *}:me“—
Z : ‘A1<m-ﬁ>t«=+m=) {%me‘“ﬁwmw eyt B
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| Forordlnarymnonsﬂow, S B

A — 0, Az-~—>0 I R e

: oe“‘m : . . - W,‘ »’ - o ) )
I KSpg - X v~ SO -
v= z z " o v "{/"ﬁ?p';q €08 &f + e st wf — v?p,q-eff‘“"‘m]’m%é 80 %ﬂ“ (15)

@? -+ v yp.q
g=1 R 4
where B _
‘ = : 2 ﬁ" 2 . L LT
.S,,g mpqﬂg “gin? sm 2 R e e

YP’Q‘":” ( 1"»-’-‘«’"‘*-”‘2 ) m (—%’ 3 % ) 2 .

Equatmn (15) also reduces o the resultnhtalﬁ'éd.hy Ghash! whear’ we put m. = 0 - after transformmg {
¢ and 7 into = and 7. Thls ¢an also be made to s‘aﬁéfy Fan and C‘haoas requ]t after smtable ad]usfment

‘,r;_i.a

DISCUSSION

Beyond the dlscussmn glven by Ghoshl we haVe obtamed the apprommate values of o for the different

values of ), and ), and have drawn gra.phs showmg the charac eristics of viscoelastic, flows. In Flg lwe

sée that at the pomts for which ¢ = ~—-, P 1,»2, 3, 4 ..... NER— the Velomty profile graph is a cotangent

. graph. Other a.pproxxma.te graphs are stx:a.lght hnen By makmg A —> o, )«2 —> 0°we have olgpa,med velocxty
distribution for ordinary viscous ﬁow A ‘ o
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