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In this paper, the problem of torgion.al_ vibrations of s homogeneous, iéotropio poroelastie hollow oylinder of
faite length is solved. Results of solid oylinder of finite length and, classical theory of elasticity are obtained as
« parbicular case. Frequenocy is ealoulated numerioally for different materials and presented in tables.

An undepstanding of the free vibration of any beam is a prerequisite to the understanding of its res-
ponse in forced vibration, Propagation of elastic waves and vibrations in circular rods of uniform cross-
section has been ex’ensively studied in the treatises of Kolskyl and Love?. The theory of wave propa-
gation in solid circular rods was extended by Ghosh®# to consider wave propagation along hollow cylin-
ders. Later this is developed by Stanisio and Osburas to study torsional vibrations for inhomogeneous
anisotropic hollow oylindera. .

The study of torsional vibrations of an elastic solid is important in several fields e.g,, soil mechanics,
transmission of power through shafts with flange at the end as integral part of the shaft. It is now re-
" gognised that virtually no high speed equipment can be properly designed without obtaining solution to
what are esgentially lateral or torsional vibration problems. Examples of torsional vibrations are vibra-
tions in gear train and motorpump shafts. - Thus, from engineering point of view the study of torsional
" vibrations has greater intereat. In this paper problem of torsional vibrations of a homogeneous, isotropic
poroelastic hollow oylinder of finite length is attempted and it is shown that solid cylinder of finite length
is & particular oage of it. Neglec'ting ﬁ.uid. effecta, re.sults of elagtic case are obtained. The expression for
frequency is expressed in non-d}menslonal fo%'m sultab}e fqr numencfal computation and calculated for
different poroelastic materials dissussed by Biot®, Nowinski and Davis” and are presented in tables. The
material given by Nowinski and Davis? is bone. It can be considered as a poroelastic material® as a model
of bone in a sense that osseous tisaue is considered as a perfectly elastic solid and fluid substances
filling the cavities as viscous compressible fluid. . :

FORMULATION AND SOLUTION OF THE PROBLEM

Torsional vibrations in a finite hollow circular cylinder of uniform cross-section of a homogeneous
isotropic poroelastic material is taken up. Let the length of oylinder be I, and outer and inner radii
be ¢, and a, respectively. For torsional vibrations the displacement components are

.

Uy =u, ==0, Ug =Yg (f’z,t) =y (r,z)' P » »
Ur=Uy =20, Up = Up (rzt) = U(r,2) e . )

The equations of motion for a poz'qelastic solid in presence of dissipation® are

2
N&a+ gad[(4+ N)e Q] = ‘agt‘a‘(Pna + ps0)+ b ;t (a—0) (2)
2 .
grad (0 +Be) = (g 8+ 0) —b Z (1—0)

where A, N, Q, R are elastic constants in Biot’s theory. 4, F are displacement vectors for solid and
fluid. The ‘p’s are the mass-coefficients such that the sums p,, + p;gand p,, 4- p,, represent mass of solid
and fluid per unit volume of bulk material. The coefficien’ p,, is & mass-coupling parameter between fluid
and solid phases. e and e are average dilataion of solid and fluid which are

1 olrw) 1 oy, 3%
€= > + r g0 + 32
LTy 130 3T
T v T T 90 + Y ~ , (3)
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Using (1), (3) gives ¢ = ¢ = 0 and excess pore pressure (s) developed in the system is
8=¢@e + Re=0
whick is obvious becanse the waves considered here are shear waves, ~ . T ot oow

The non-vanishing siress components interms of displacements are

Nr—-“(—@) -
Nr )

S A az - ‘,(4)
Usmg M and ( ) a.fter s1mp11ﬁca.t10n one obtains . . )
? 1y 1 ;) S
) (_373 + oot el '+ 3z2 + B .0 (5.)
- P 'f_lll%_—_fli_- R SRR s
ﬂ_ N. . T B L ®
end. 7 ook o ‘ - ‘ oo
hem L T =py 2b,p, T2 = P12 + blp, T = N 7b/19

If the visoots forces are nob mcluded in the equation of motion: which is- equlvalent to .putting
b =0, then = ;== pij. Hengce the th- ory including viscous losses is forma,lly identical to the purely ela,stlc
~ theory if the densities are regarded as conplex numbers. ° :

'Letthe solutlon of(5) be R _“_ R o i T ’
- o abm=RZ. T Ty
where Risa fun.otlon of rand Z isa functaon of zouly. ~ - o | e | L

Substitution of<{7) into equation: {5)g;v R et S

. @R 1 dR [ N1 @z
T['drT+-T ra (’3*_)R]=——é=..-"-"

h being a constant. o ] ‘ o A
. The solution ofitis . - .- . . - _. 7 ;-: .
; B0 05 (e R
5 - - L Z= 03003”2+04smnz ’ o o T @®)
.= ﬁz—mﬁ L ~:’ o o)

and Oy, C,, Oy; Cg are arbltrary oonstan‘rs, J1 (qr), Y1 (qr) are Bessel functwns of first and second kmd
of order one mth argument qr- I -- )

The bounda.ry condlmons are’;

o~

when '
(a) z =0 and: l, s .
) r =g, and aa (10)
i‘ . ' (c)’ 2 O ll,a;,ag =
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(10 ¢) is automatlcally satlsﬁed | | 7

09, =0 atz —0 Zi.gives .

04 =0 ,n=mmfl; . o | (1.1)
where m is an integer m = 0, 4 1, :]: 2 i
Thus (8), (7), (1) with (11), gives }
ug = { 4, J1 (¢r) + 4, Y, (qr) }eosmzett . 12y

Ay and A, being constants.
Substituting (12) in oy of (4) gives
’ o= Noosnz{d qdy(gr)+ 4,9 Yo(gr)} e?
From boundary conditions (10 b) a" r = @, and ¢,; we have ~ )
Ay gdilqa) + 4,9Y, (qa,l) == 0 I
: Aquz(Q%)'f‘A qyz(qaz)-—o
The frequency follows from the conditions for a non-trivial solu ion to be ) B v
PG T —Nan igal=0 E Ty
Setting o ‘
§=ga, B=afn (e
equatlon (13) can be ré-written as . L
P20 Y (6h—Ja (B Yy (T=0 (s)
From (6), (9), (11) and (14) it follows that o o

s i 02
T Taz — 712

P =

which can be p‘ut in non-dimensional form as ,
(011 g0 — 013%) (@1 P1/co)® — by (ay Pufeg)? + o {32 mia? (“1/11 } (ay pyfeg) —
— by {8 + m? 7 (a/,)2} =0 : (16)

where p; = — 1p, (a; py/cy) is & non-dimensional frequency oy, @5, 053 and by are respectively non
dimensional masses and dissipation cozfficien’ defined by ‘

o1 = plp, o1 "=‘"A°'12/P’ 028 = agglp, by = aybfpcy
with ' S
P =rpu+%p + Pazs '302 = N/P
Neglectmg fluid affects the smallest value of p is

A ¥
4 P11

whoere pj; = p, in case of elasticity given by Stanisic and Osburns,

The numerical values of first and second roots of 8 of vibration for various shape ratios = 'a,/a-l
for hollow cylinder ware given by stanisic and Osburn®. The parameters of interest studied here are

B = ay/ay 8, LY
(1) o0 - 5136 8-420 ﬁ
s (2) 0-5 - 6-814 . 12-855 .
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B =0 corresponds to solid cylinder of finite length Frequency is calculated numerically for solid
c,linler and hollow cylinder (outer radius is twice inner radius) for different masses, different values of

a/l, and for various values of dissipation parameter Thesge are
I O35 %13 .
(¢) 050 0+50 0-00
() 065 065 —0-15
(é1)  0-92 0-08 0-00

\ b, = 0401, 0°1, 1, 10
afly =1, 3J8, 1/2, 1/4
0/ shese first two ma ,erlals are given by Biot® and third one eo*responds to bone element.

DISCUSSION

In Tables 1, 2 and 3 the complexfrequency of vibration in a solid cylinder of three different materials
are given for various values of b, and ratio of radius to length of the cylinder. Frequency is found to dec-
rease as the density of solid medium increases in the absence of mass-coupling effect and again increases
when mass-coupling effect comes into picture, as given by Bouts, ~As the ratio of radius to length
decreases the frequency also decreases. ‘

Paptm 1
COMPLEX FREQUENCY OF VIBRATION IN A SOLID CYLINDER OF THREE DIFFERENT MATHRIALS Oy = 0°50, 0, = 0-00 aNp
Oy = 0-50,
: Solid cylinder
Y dyfly N ) ; . e s
1st mode o 2nd mode -
0-01 1 0-030000 L 8:732195 ¢ 0-080001 - 12-705885 ¢
3/4 0:029998 4 8-222852 4 0:029997 + 12-361375 ¢
1/2 0-029997 L 7-838801 1 0° 030000 4 12-109298
1/4 0:029999 4 7-838801 ¢ 0-030001 -+ 11-958601 s
0-10 1 0-299839 L 8-733886 ¢ 0:299922 - 12-707050 ¢
3/¢ ©0°299819 4- 8" 224646 ¢ 0°'299916 + 12°'362573 ¢
1/2 0-299805 4 7-840683 4 0-299916 - 12-110521 ¢
1/4 0-299793 4 7-601000 ¢ - 0-299915 4- 11-956738 ¢ -
i-00 1 2882300 - 8838207 ¢ 2.936232 4 12-798973 {
3/4 2-871111 + 8-329221 ¢ 2.933143 -+ 12-455848 ¢
1/2 "2-861681 + 7-944854 1 2.930740 4 12-204778 ¢
1/4 2-855309 L+ 7-704628 ¢ - 2:929224 4 12-051596 {
TaBLy 2 -
CoMPLEX n‘gmqvwcv OF VIBRATION IN A SOLID GYLINDER OF THREE DIFFERENT MATERIALS Oy = 0-65, 0;y = — 015 Aiw
G4y=0-6
Solid cylinder
by ayfl . e s
1st mode - 2nd mode
0:01 1 0-020193 L 7-871091 ¢ 0-020192 +-11-452929 ¢
3/4 0020191 -+ 7-411976 ¢ '0-020192 4 11-142301 ¢
1/2 0020193 4 7-065797 ¢ 0-020193 4- 10-915172 ¢
1/4 0-020192 -1 6-849696 5 0-020193 4 10-776540 4
0-10 1 0-201847 4 7-872430 ¢ 0-201884 -+ 11-453851 ¢
3/4 0-201841 4 7-413399 ; 0-201886 L 11-143338 ¢
1/2 0:201830 + 7-087288 ; 0:201884 4+ 10-916140 ¢
1/4 0-201823 4.6-851234 ¢ 0-201880 -+ 10-777520 ¢
1:00. B - 1:956234 + 7-978208 ¢ 1-986384 + 11-535796 &
) 3/4 1-949725 1. 7-522820 ¢ 1-984712 + 11-227036 ¢
1/2 1-944174 + 7-179408"¢ - -+ 1-983412 1 11-001158 ¢
1/4 1.-940386 -+ 6-965019 ¢ 1-9825685 + 10-863360 ¢
10-00 1 x - x 15-604858 L 9-025577 s
3/4 x x 15.545815 4 8-478144 ¢
1/2 X X 15-501984 + 8080760 ¢
1/4 x x

15-474976 - - 7-798048 ¢
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TasLzs 3

CoMPLEX mEQUENcy OF VIBBATION IN A SOLID OYLINDER OF THREE DIFFERENT MATERIALS O); = Q. 92 Oyq == 0 00 axD
o ._0 08
g ]

Solid eylinder

5 g afly S
lst mode “2nd mode

0-01 1 0-133226 + 6 432467 1 0-133254 -+ 9-358676 ¢
3/4 0-133222 4- 6-057416 ¢ 0-133268 4 0:104970 ¢
1/2 0:133215 4 5-774629 1 0-133251 4- 8-919335 ¢
1/4 0°133211 + 5°598104 ¢ ) 0-133254 + 8-806076 ¢

0-10 1 1-288676 -+ 6-539682 B 1-310072 4 9-438388 ¢
3/4 1.283997 4 6-169276 1-308896 4 9-186554 ¢
1/2 1:279988 4 5-890190 ¢ 1:307980 4 9-002343 ¢
1/4 1:277244 -+ 5-716059 ¢ 1307398 4+ 8-880976 ¢

100 1 9-119736 - 6-154394 ¢ 9762878 4 10-132904 ¢

N 3/4 9-025879 -+ 5-539562 ¢ 9-712654 4 9-820914 ¢
1/2 8:953156 -+ 5-043387 ¢ 9-675331 - 9-590049 ¢
1/4 8-906868 -+ 4-715093 ¢ 9-6562176 - 9°447810 ¢

In Tables 4, 5, and 6 the complex frequency of a hollow cylinder whose.thickness is equal to the
inner radius are given for three d]f.ferent materials; (1) for various values of b, and (2) ratio of radius to
length. The same conclusions as in above case are valid. The cross in the table indicate that v1brat10ns do
not exist for those values of parameters. ‘ -

TanLe 4 _
CloMPLEX FREQUENOY OF VIBRATION IN A HOLLOW OYLINDER OF THREE DIFFERENT MATERIALS oy = 0-50 33 = 0-00 aNp

029‘:0 -50,

Hollow cylinder

b ayft e . . . — i
! fh 1st mode 2nd mode
70.01 1 0-030000 -+ 10-611349 ¢ 0-030005 -+ 18-714737 ¢
3/4 0- 029999 -+ 10-196314 ¢ 0-029996 - .18.482574 4
1/2 0-029999 - 9-889202 4 0-030006 <+ 18-314941 5
1/4 0-029997 £ 9-7002684 LA 0-030005 -+ 18-213623 ¢
g-10 1 0-299894 - 10-612743 ¢ 0-2009062 £ 18715530
3/4 0-299888 1 10-197764 ¢ ? 0290962 4 18-483368 ¢
1/2 0-209880 + 90-890697 ¢ 0-299971 + 18-315750 ¢
1/4 0-299871 L+ 9-701793+ 0-209962 4 18-214432 4
i.00 1 2-913609 L+ 10-7125569 ¢ 2-968226 - 18°786331 ¢
3/4 -2-907797 + 10-298931 ¢ 2-967484 - 18- 554871 ¢
1/2 2-903146 £ 9:992779 1 2-966921 - 18-387741 4
1/ 2-900114 -+ 9-804385 ¢ 2-966583 - 18-286743 ¢
Tasts §
CoMPLEX FREQUENOY OF VIBRATION IN A HOLLOW CYLINDER OF THREE DIFFEBENT MATERIALS 6 = 0-65, 0, 18 = 0:15° Arn
Uﬁa =
Hollow cylinder
b aflly . .. i .
. i 1st mode 2nd mode
0: 01 1- 0-020189 - 9-564938 ¢ 0- 020192 + 18-869247 ¢ "
3/4 0-020191 + 9.190831 ¢ 0020196 - 16- 659958
1/2 0-020196 4" 8-914004 ¢ - 0-020192 2-.18- 508865
1/4 0- 020194 + 8-743702 4 . 0-020189 - 16-417562 5
0-10 1 0-201872 4. 9566042 ¢ 0-201907 4- 16-869858 ¢
: 3/4 0-201869 L+ 9-191979 ¢ 0-201908 - 16-660599
1/2 0-201860 1+ 8-915188 ¢ 0-201905 4 16-509506 4
1/4 0-201862 1 8-744908 ¢ 0:201902 + 16-418167 ;
1-00 1 1-973995 + 9-659598 i 2-003266 + 16-929092 ¢
3/4 1-970754 - 9-288112i 2:002863 - 16-720474 ¢
1/2 1-968139 + 9-013284 ¢ 2:002593 4- 16:560870 ¢
1/4 1-966423 + 8- 844232 ¢ 2:002405 -+ 16-478836 ¢
10-00 1 15-229904 + 5- 083576 i 16-493988 1 16-614044 ¢
3/4 15150841 “1: 3946270 ¢ 16464005 - -+ 16- 356766 ¢
1/2 15-001248 + 2-852038 ¢ - 16-442154 1 16-169952 ¢
1/4 15-054123 4 1-904152 ¢ | - 16428879 - 18.056625 ;
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Tasre 6

e ol ERS PN

dommx mnqvnnoy or VmBATION IV A HOLLOW OYLINDER OF THRER DIFFEBERT m'rmux.s 011 = 0 92, 0,, = =000 AND

‘ an_Q.QS ‘ . —

Hollowhcyhnder o

TP VU

N AR A P SV SalPET— —
S , } Ist mode C . L 2nd mOde
oo0r ‘ 0133247+ 7-816233 ¢ T 0-133270 & 13783801 ¢
: . 3/4 0-138245' ke, 7510602 ~ 1 ..., - ool o P 0-133271 % 13-612000.1
12 0-133241 £ 72844505 : 0-133267 1 13-489453 ¢
_ 0133287 £ %148324¢. . .. 4. 0-133270  13-414834
0-10 1-301335 4 7-90870% ¢ - ‘ , 1:821828 + 13.840307 ¢
. , 3/4 . 1-200037 £ 7-606027 ¢ i 1-321567 13669983 i
A 17 < 1-297M7 £7-382068% L < ot 1-821366 £ 13-547009 ¢
.- 14 . 1295088  7-2444065 . - 1321250 & 13-472686 4
100, T 1 7T ooty & 801811144 T . 10-506645 - 15-155230 i
i34 v 9-374188 £ TT4BI9TE . oL L g . 7l 10-481934-314-970843 ¢
) 12 9-322625 L 7-426783i . 10:463905 = 14-837370 5.
. Yg oo 9:290314 T 2280345 ¢ L e 10452842 14.750567
. B N A N SN N i

Numemcal work wag carr;led on when the non-dimensional parameter b isequakto 10, It.is. cbserved that
the frequency equatlon has real roots and hence no vibratory mothxr eamsts for the ma,terla,ls

(i) oy =050 oy = 050 013 = 0-00
(#7) oy =092 oy = 0-08 a1 = 0:00
Exceptionally-in the case: of -hollow -cylinder -in the ‘second mode; the complex frequency for material
cited (¢) above is given by : _
94,455490 - 13,711852 5
- 24,418304 - 13,300437 ¢
244,391281 + 124997577 ¢
244374847 - 124812004+

v

sorresponding to value of 1:00,0-75,0-50,0-25 of thle ratio of outer radius to the length respectively.
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